
10 Review of nonlinear dynamics concepts covered in the course
1. One-parameter bifurcations:

(a) 1d: saddle node,

ẋ = µ− x2

transcritical,

ẋ = µx− x2

pitchfork: super-critical and sub-critical.

ẋ = µx− x3

ẋ = µx+ x3− x5

(b) Hysteresis in the case of two back-to-back saddle node bifurcations, and in the case of
a subcritical pitchfork.

(c) 1d bifurcations in higher dimensional systems
(d) 2d: Hopf, super-critical

ṙ = µr− r3

θ̇ = ω+br2

and sub critical.

ṙ = µr+ r3− r5

θ̇ = ω+br2

(e) Hysteresis in subcritical Hopf.

2. Nonlinear phase locking via analysis of flows on a circle, firefly and flashlight.

3. Two-parameter bifurcation: quasi-periodicity route to chaos in circle map.

θn+1 = θn +Ω− K
2π

sin(2πθn)

4. Relaxation oscillation, analysis via nullclines of the Van der Pol oscillator,

ẍ−µ(1− x2)ẋ+ x = 0

5. Saddle node bifurcation of cycles.
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