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Continuum models for particles sedimenting in a fluid often assume that the diffusivity is a local
function of the particulate volume fraction. Since the hydrodynamically induced diffusivity is a
result of the velocity fluctuations of particles, the recent identificafag., Teeet al, Phys. Rev.

Lett. 89, 054501(2002] of particle density stratification as a controlling parameter for the velocity
fluctuations also extends to the diffusivities. In particular, the stratification control strongly affects
the diffusivity in the vicinity of the falling sediment front between particle-laden fluid below and
clarified fluid above. The resulting scaling for stratification-controlled diffusivities in creeping flow
sedimentation is presented and compares favorably with measurements from dilute-limit particle
simulations. Steadily falling concentration profiles for dilute sedimentation with these diffusivities
are then presented, and an extension of the model to higher volume fractions is discus28d.3 ©
American Institute of Physics[DOI: 10.1063/1.1564824

I. INTRODUCTION Recent investigation$ (cf. Refs. 25 and 26have dem-
onstrated that, in fact, the velocity fluctuations depend on
While the “microscopic” dynamics of individual solid system geometry in subtle ways, both through the system
particles suspended in a fluid are well understbddhe  dimensions and through particle concentration gradients.
“macroscopic” properties of flows with large numbers of This understanding of the velocity fluctuations calls into
particles can be exceedingly complicated. The dynamics ofjuestion formulas fob which are solely in terms of volume
particles sedimenting in a highly viscous fluid has receivedraction. The goal of this paper is to propose a simple model
significant attention over the years, including consideratiorfor D and test it on a process where diffusion is important,
of polydisperse, flocculent, and nonspherical sedimentinghe evolution of the sediment front between particle-laden
particles(see, e.g., the review by Davis and Acrivesd the  fluid below and clarified fluid above.
collections which start with Refs. 4 and.SNevertheless, In a continuum model, the particle concentration profile
answers to fundamental questions about monodisperse no@f a sediment front evolves through the competition of dif-
flocculent rigid sedimenting spheres have been slow in comfusive front spreading and self-sharpening due to hindered
ing, primarily because of the long-ranged nature of the hy-settling?’ described as an advection-diffusion process
drodynamic interactions between particles at very low
8 ap 9 al ¢
Reynolds numbeét: o L g[V(d)—Veed} = —| D —
The average rate of settliny, and its dependence on gt oz 9z| oz
particulate volume fractiong, is well understood in dilute jn 3 frame falling downwards at speatl.s where V()
systems,®and a number of empirical(¢) relationships at =VoH(¢), Vo>0 is the terminal Stokes velocity of an in-
higher volume fractions have been tested successfufigii-  gividual isolated particleH($)>0 captures the hindered
vidual partiCIeS, hOWeVer, move with velocities that ﬂuctuatesett“ng effect, andz increases moving up against gravity_
about the mean over time, both in the direction of gravityOur understanding of the velocity fluctuations leads us to
and in the perpendicular horizontal plane, giving rise to apropose a model for the diffusivity that depends loth
hydrodynamically induced diffusivity.** These velocity concentration and vertical concentration gradient,
fluctuations have been the subject of significant controversy (¢, a¢/3z), over a wide range of parameters, and deter-
focusing on whether or not they are system-size dependefined in part by the system dimensions. Solutions of (.

(see, e.g., Refs. 16 and 17, and the review by RamasWamycan be compared with particle simulations to test this model
and references thergirNevertheless, macroscopic models of against theD =D () assumption.

: @

sedimentatioht~*3°%"*ypically assume that the diffusion This paper is organized as follows. We describe the scal-
coefficient,D, is a local function solely dependent on particle ing for stratification control of the diffusion coefficient in
concentration, i.eD=D(¢). Sec. Il. In Sec. lll, we present diffusivities obtained near the

sediment front in dilute-limit simulations of up to 400 000

This paper was originally presented as part of the Dan Joseph Symposius€dimenting par_tiCles betW_een a pair of no-slip side walls,
at USNCTAM14 in Blacksburg, VA on June 25, 2002. and compare with the scaling from Sec. Il. In Sec. IV, we
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solve Eq.(1), with this diffusivity model, for the steadily due to stratification at a scaleis the same as th&¢ fluc-
falling fronts separating dilute sedimenting particles belowtuations wheng¢¢ ~/¢a’/€3. Since the effect of stratifica-
from clear fluid above. We then describe an extension of thision increases with size, the largest fluctuations not sup-
model to sedimentation at higher volume fractions in Sec. Vpressed by stratification then scale like

followed by concluding remarks in Sec. VI. ¢

a_
Jz

—2/5

€~a¢—l/5(18a)—2/5~a¢1/5 (2)

Il. THE ROLE OF STRATIFICATION , , . ,
This scale is smaller than that set by the container size pro-

The seemingly conflicting velocity fluctuations results vided g is larger than some “critical” value which would
that have been obtained in experiments, simulations, and thgjve ¢ ~d, B.~[d\#(d/a)®] L. At B> B, the fluctua-

oretical ideas appear to have been resolved recently with thgons controlled by stratification then have velocities

central idea being that the magnitude of velocity fluctuations oy

can be controlled by exceedingly small stable vertical gradi- A\, _y/ ¥5(Ba) Y5~V a% 3)
ents of the particle concentration. LiRelemonstrated that 0 0 Jz ’

stably stratified particle densities can cause the fluctuationg, 4 create an effective diffusivity

to decrease at short times below those predicted by an inde-

pendent Poisson distribution, and recent simulatdhave A U5 _35 45 d¢ I
verified that the presence of a container bottom is important D~(AV~aVo¢™™(pa) ""~aVod aE @

in decreasing velocity fluctuations. Although we agree WlthThe above arguments in terms of number density fluctuations

Iayke feccjeeixﬁtnhpttlr?g Z];tsheert?:r?rttr;grt‘nfhieg?é;f ﬂuecrtsuizttlso?:,awle reproduce the same scalings as a related argument in terms of
Sag y b Yime scale€? both of which are in agreement with a model

cally constant stratification; rather, the velocity ﬂucwat'onscomputation in terms of the structure factr.

relax to yalues Wh'.Ch are smaller thgn tho'se. of an indepen- We now proceed to test whether the diffusivities mea-
dent Poisson distribution and remain statistically steady at

long times in a locally constant density stratificatfdrBe- sured from partlclg simulations agree Wlt.h th? proposed de-
low some “critical” stratification, the fluctuations are set by pendence on particle concentration gradient in @
the cell size; above the critical stratification, the fluctuations
decrease with increasing local stratification. The fact that thé”' DILUTE-LIMIT SIMULATIONS
critical stratification between these two regimes becomes ar- The evolution of the sediment front was investigated
bitrarily small as the system size increases is obtained aswith simulations of dilute-limit “point-force” interacting
direct consequence of the theoretical argument outlined bearticles sedimenting between a pair of no-slip side walls.
low, so that many physical systems are in the stratificationSimilar simulations were used previou&iyo investigate ve-
controlled regime despite the self-sharpening of the front dugocity fluctuations. The particle advection interactions are de-
to hindered settling® termined by the point-force incompressible Stokes equations,
Velocity fluctuations are driven by fluctuations in par- with no-slip side walls separated by a distarttén the x
ticle concentration. Under Poisson number density fluctuadirection, and periodic boundary conditions in theand z
tions, a region of siz€ has a typical concentration fluctua- directions (with periodic lengthsw and h, respectively,d
tion of A g~ \/$pa®/€>. The velocity of this region in a fluid <w, h). The fluid velocities generated by a single particle
of viscosity 7 is determined by balancing its buoyant weight, can then be manipulated in a two-dimensional Fourier series
gt3ApAp~(3Ap(nVela?), with its Stokes drag, representation, and organization of terms into “source” and
~6mnlAV, giving AV~Vyy¢t/a. The largestAV fluc-  “response” coefficients leads to an(N In N) algorithm for
tuations are then obtained by the largest such regions in thealculating the interactions betwebhparticles. The top and
system, the determination of which is dominated by thebottom surfaces of the cells are approximated by free-slip, no
smallest dimension of the container holding the sediri&nt, normal flow surfaces, obtained by including simple images
¢~d, giving AV~V,y¢d/a. This physical argumehtre-  of the sedimenting particles, which is a good approximation
produces the same scaling obtained from Poisson averagesdistances d from these surfaces. The typical simulations
by Caflisch and Luké® These Poisson concentration fluctua- presented here were initiated with particles uniformly distrib-
tions at a scalé are produced and destroyed due to randomuted in thedXwXxh cell up to some maximum height at
ness on the same time scaféAV; thus they are advected a leastd below the top surface. This restriction was made to
distance~¢ in their lifetime, and create an effective diffu- minimize the hydrodynamic interaction of the particles with
sivity, D~€¢AV~V,y/¢d%a. the top surface, so that the primary effect of the cell bound-
The presence of a stable macroscopic particle densitgries in the vertical direction on the development of the fall-
gradient changes the above picture. If the change in conceing front is that of a simple barrier which prevents the pas-
tration due to stratification is greater than thé fluctuations  sage of particles.
at some length scale, the buoyancy mismatch is lost, the The horizontal mixing in the simulations considered here
fluctuations at that scale can no longer advect as far, and tHeads to observed particle concentrations that are essentially
suppression of this motion further suppresses density fluctuasonstant across the horizontal plane, so that we will only
tions at that scale. For a locally linear decreasepinvith concern ourselves with the evolution of the particle concen-
height, = ¢o(1—Bz), >0, the change in concentration tration as a function of height and time(z,t). The compe-
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tition between diffusive spreading and self-sharpening typi- 100
cally complicates the accurate determination of the

diffusivity from experimental concentration data, with fur-

ther complications due to the inherent polydispersity of ex- 10
perimental systems adding an additional front spreading
mechanisnt?°=22These complications are avoided in the
present simulations because there is no hindered settling in 1t
the dilute limit of point particle§H(¢)=1V($)=V,], and
because the polydispersity inherent in a real experiment is
absent in our idealized monodisperse simulations. Under

D/(aVo

these conditions, the advection-diffusion model, EQ, in 0-1

the frame falling at the Stokes velocity becomes 10-% 10-° P 10-4 102
i d| _dP e . o
—=—|D—|. (5) FIG. 1. DiffusivitiesD in the region of the front, measured at single instan-
at Jz Jz taneous times via Ed6), vs local concentratiomp, from a series of simu-

. . lations of 400 000 particles with dilute-limit interactions sedimenting in
Assuming Eq.(5) to be the correct macroscopic model cejis of seven different sizesi{a=80, 120, 160, 240, 320, 640, 128The
equation for the simulated sediment in the frame falling atdata, plotted here as a collection of overlapping symbols resulting in the
Vo the diffusivity at a specified point in space and time, dark regions of the figure, were obtained by smoothing concentrations with
D(z,t), is obtained after integration over ignoring the ef- ~ Gaussian envelopes af=0.321, and span concentrations between 10
. ; . 20 . < ¢l $9<0.95 whereg, is the initial concentration in the bulk.
fects of the vertical boundaries. The diffusivity is then given

by

D(Z't):_(g dz’W, (6)  pothesis, the nearly vertical asymptotes dat ¢, of the
seven separate conditions considered in Fig. 1 align, since

assumingp—0 asz—x (i.e., that there is a sediment front  ¢o(d/a)? is directly related to the number of particles in the
We use Eq(6) to measureD from the particle simulations, simulation(at fixed cell aspect ratjoNevertheless, since the
computingd ¢/ dz from smoothed particle concentrations that seven separate blocks of data in Fig. 1 are not simple hori-
are average&onvolutions of the microscopic particle posi- zontal shifts of one another, the collapse of the data for these
tions with Gaussian envelopes in space. Since the typicaeven conditions is not particularly good. More importantly,
correlation length(“swirl size” ) of the particle motion is at data from simulations with different numbers of particles re-
or slightly below the side wall separatiah we consider main completely separated on such a plot, particularly near
variations in¢ over lengths larger than this scale, and thethe ¢= ¢o asymptotes. Even if these nearly vertical asymp-
standard deviationsy, of these envelopes are typically a totes on such plots could be aligned, the extremely sensitive
significant fraction ofd. The results shown below do not dependence o® that they would indicate would be prob-
significantly depend omwr. lematic; the fact that this alignment cannot be achieved from

A series of simulations were performed id8w=h the simulations under independently varyi®g andd/a is a
cells (using 32< 32 modes in the Fourier series representa-direct indication that the diffusivity must be functionally de-
tion of the velocity fields with particles initially uniformly ~ pendent on additional quantities.
distributed with concentratiot, in the lower 7/8 of the cell. The same diffusivities from the region of the evolving
Vertical particle positions in the falling frame at each time front that were plotted in Fig. 1 versusare replotted in Fig.
were separated into 10000 bins, with smoothed concentr@ versus¢* —a(d¢/9z)]>®, with good collapse of the
tions obtained by convolution with Gaussian envelopes. Theata, usually to within a factor of tw@with no averaging
diffusivities were then calculated by approximating the de-except the Gaussian envelope averaging to smooth the par-
rivatives in Eq.(6) by centered finite differences. The result- ticle concentratiop while the calculated’s vary over two
ing diffusivities, D, in the region of the front, are plotted in orders of magnitude. This range ~¢AV is consistent
Fig. 1 versus the local smoothed particle concentratiin, with velocity fluctuation decays in similar simulations,
for a series of simulations with 400 000 particles sedimentingvhere AV~ \/¢ decreases over time from the Poisson pre-
under seven different conditior(sell size,d/a, and initial  dicted values by a factor of 5—8. The apparent noise in the
concentration,¢y). The specific values oD vary slightly  data of Fig. 2 is particularly pronounced near the left edge,
with the details of this procedure; but the qualitative proper-corresponding to the very small particle concentrations
ties of the figure are insensitive to these details. In particulanwvhere the concentration smoothing operation is more sensi-
the effective separation of the data into a differéntvs ¢  tive to density fluctuations, and also near the right edge,
curve for each simulation condition persists across the rangeorresponding to particle concentrations very close to the
of parameters considered for the measurement of the diffusulk concentrationp, where the uncertainty in the measure-
sivities. ment of the smalb¢/dz dominates. This collapse appears to

One might propose that the diffusivities in Fig. 1 should hold across a wide range of independent valueggfand
instead giveD/(aV,) as a function ofp(d/a)?, the relation- d/a, as indicated in Fig. 3, which includes data from 30
ship that would be expected for velocity fluctuations whichdifferent combinations ok, and d/a from simulations of

4

ada)ljw do are exclusively controlled by the cell size. Under this hy-
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FIG. 2. The same measured diffusivitibsin Fig. 1 vs the product of local 93 _2'5 _é _1'5 _; _0‘5 6 05 1
concentration and local stratification of concentratienpd/ 9z predicted by ’ ’ 2 / d

the stratification scaling of velocity fluctuations, Eg), from a series of

simulations of 400 000 particles with dilute-limit interactions sedimenting in . . . . . )
P 9 é:_IG. 4. Comparison of dilute-limit continuum modé&olid), defined by

cells of seven different sizes. The data plotted here come from measur ith ob d . heightz fi inal
ments of single simulation time frames, resulting in a large number of over-]?qs'(s)’fm’_ (8)" W_'t 0 _sherve conce.ntlran(zrrfvsb €19 té rom a single
lapping symbols which appear as the dark region of the figure. The dasheljdme of a simulation wit 50000 particles. The observed concentrations are

Gaussian envelope averages with=0.006d (dotted and o=0.161
(dashegl The continuum model used here has paraméierd/2,C=1 (cf.
Figs. 2 and 3

line, D/(aVy) = ¢*Fa(aglaz)| %5, is given as a reference.

between 5000 and 400 000 particles. The smaller numbers of
particles considered as part of Fig. 3 leads to even greater
noise in the resulting plot; yet the near collapse of the data iThe data do not precisely collapse orftw parallel t9 the
striking when compared with Fig. 1, demonstrating the im-reference line, but this scaling does capture the gross behav-
portance ofd¢/dz in determining the size of the diffusion ior of D[ ¢,(d¢/3z)] as measured from the simulations. The
coefficient. Because of the direct connections between theemaining spread in the data may be due to finite number
advection-diffusion equations and stochastic models foeffects or may indicate further refinements that could be
sedimentatiori? the identification ofd¢/dz as a controlling made to the theory. We proceed by using this simple scaling
parameter must also carry over to the parameters of a stas a model for the hydrodynamic-induced diffusivity for con-
chastic model. ditions under which the velocity fluctuations are expected to
The predicted scalingD =aVy¢*q —a(d¢/dz)] ¥  be controlled by stratification. In particular, we use the model
from Eq. (4) is included in Figs. 2 and 3 as a reference line. ) Cdvox/m for =B
D( b, —¢) = ﬁqb“% (7
9z a—r
0z

CB*aVy¢*® for B= B,

100

where 8= — (1/¢) (dpl 92)
-1

: ®

10

d 3
ﬁcritEB[d ¢(5)

and B and C are dimensionless constants. Where values of
these constants are needed below, we takel/2, which
appears to describe the crossover from cell-size to stratifica-
tion control of velocity fluctuations in the simulatioriee
01f caution that the constam has been included in the defini-
0.1 1 10 100 tion of B, here, as opposed to Ref.)24ndC= 1, which is
¢*/5|a52|-3/5 of the order observed in Figs. 2 and 3.
The resulting dilute-limit model for front evolution
FIG. 3. Diffusivities D measured via Eq6) vs the product of local con- given by Eqs(5), (7), and(8) can be directly compared with
centration¢ and local stratification of concentratierb/ 9z predicted by the the concentrations obtained in the simulations. The observed

stratification scaling of velocity fluctuations, E@), from a series of simu- . . . . -
lations under 30 different conditions, including simulations of betwilen and pred'Cted concentratlor(agaln, takmgB— 1/2 andC

=5000 and 400000 particlesNE5000: d/a=5, 10, 20, 40, 8o;N  =1) for a given single frame typically compare favorably,
=10000:d/a=5, 10, 20, 40, 80N=50000:d/a=5, 6, 7, 10, 12, 15, 20, such as in Fig. 4. Discrepancies are apparent in the figure,
25, 30, 40, 80, 160, 320; and thed7a values atN =400 000 plotted pre- jngicating imperfections of the model, but this model per-
viously). The dashed line/(aVo) = $*a(9¢/92)| %, is given as aref- g, similarly well over a wide range of parameteis,(

erence. These data were obtained with Gaussian envelopes-6f27d, . .
and spans concentrations between 205 °< ¢/ ¢,<0.80 whereg, is the and d/a) without any changes to th@, ) coefficients. In

initial concentration in the bulk. contrast, Fig. 1 demonstrates that restricting the functional

D/(aVo)
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dependence ob/(aV,) to volume fraction alone, or to the A\ %% Vo—V(yo) s o5
product¢(d/a)® alone, is insufficient to model the range of (— E) :WVOQS +0(¢™), (12
conditions considered in the simulations without changing
some free parameter. For instance, a given choice of the fregith
parameteK in D=KV,+/¢d%/a can be selected to give re-
sults comparable to those in Fig. 4 for a single set of param-
eters, but that fitting paramet&rwould need to be modified

for a different physical condition. Indeed, even a constant-

e . as z—z; from below. The ratio which must remain larger
diffusivity D=KVy\¢od*/a model can give reasonable L e . o
looking results with a selectei~ O(1) for a single or small than unity for stratification control is thep/fer=~{d[Vo

_ 512 ; : .
range of physical conditiorfé;but in such casek remains a V(o) J/(CBaVo)}™" immediately belowz;. That is, the

1

Vo— V(o)
¢m 4B3a2

5
oV, ) (2-2)°, (13

fitting parameter, whereas th@, C) coefficients of the ratio
present model appear to remain fixed over wide ranges of the d[Vo—V(¢e)] 6.55 d
simulation conditions. rg= ~cBay, _cB%%a (14)

determines whether the steadily falling concentration profile
immediately belowz; in this dilute model is determined by
diffusivities in Eq.(7) which are controlled by cell sizer g

We consider the model for the evolution of the concen-<1) or by stratification of the particle concentrationg(
tration defined by Eqs(l), (7), and(8), with V(¢)/Vy=1 >1).
—6.55) as indicated by Batcheldf, and with B=1/2, C The first-order steady equation given by E®). is sepa-
=1. The concentration profiles of steadily falling fronts be-rable (A=0) and can be readily integrated for dilute hin-

tween a bulk concentratiog, below (asz— —x) and ¢  dered settling wittD either set by cell size or by stratifica-
=0 clear fluid abovdasz— ) then depend om, and the  tion, and those regimes can then be matched to each other at

ratio d/a. Interestingly, the stratification effects described inthe crossover height between stratification control above and
(7) can lead to situations where the region of stratificationcell-size control below. Alternatively, Eq$l), (7), and (8)
control extends significantly into the suspension below thdor steadily falling profiles in this dilute model, subject to the
sediment front while the front itself remains relatively sharp,boundary conditions of concentration asymptotingppbe-

in part because of the significant decrease in the diffusivityjow and ¢—0 above, can be integrated numerically using a
there because of the stratification. simple shooting method. The resulting solutions are indeed

Restricting our attention here to the steadily falling pro-quadratic at very smallz—z)>0, with coefficients as pre-

files, we drop the time derivative from E@l). Integrating  dicted above. Examples of these profiles are plotted in Fig. 5,

IV. DILUTE STEADY-STATE PROFILES

out a derivative with respect tothen gives indicating some effects of changing, andd/a.
” At small ¢, and smalld/a, whenr ; in Eq. (14) is less
_ _ than unity, the stratificatior is below B everywhere in
V Veed +D —+A=0. 9 crit
V(D) ~Vsed D5 © the steadily falling profile, and the steady solutions to the

model equations in th&/ 4 frame are a balance between
self-sharpening due to hindered settling and the diffusivity
controlled by the small cell dimension. As seen in the solu-
tion plotted in Fig. %a) (¢o=10"3, d/a=70, r;=0.917),

the self-sharpening effect at these small concentrations, scal-
ing like ¢, is weak compared to the diffusivity, scaling like
J¢, and the resulting concentration profile is spread out over
an O(100d) height.

As either ¢, or d/a is increased so thats in Eq. (14)
becomes larger than unity, the steady solutions in\thg,
frame havep increasing with increasing, and 8> B in
25<z<z; for somez; where f= ;. This distance be-
tween the crossover heigig, and the top of the sediment,

Assuming continuously differentiable concentratiofpso-
files that contradict this assumption are unstghitee bound-
ary conditions az— *% on ¢ (with d¢/9z—0) requiré®
A=0 andVg.~=V(dy).

We definez; to be the minimum height in the frame
falling at Vgoi= V() at which ¢=0, with ¢(z)=0 at all
z>z; and ¢(z)>0 for all z<z;. The asymptotics of the
concentration profile immediately belay vary according to
whether the velocity fluctuations and diffusivities there are
controlled by cell size or stratification. For diffusivities set
by cell size, Eq(9) becomes

0¢  [V(do)—Vol [ad

0z CV, FER O(¢™*), (10 z¢, is found analytically in the dilute model to satisfyr
. +2)\r ;—1=(6.55C)%?B 3%~ 1 ¢p5(z;— z). Examples of
with such solutions are plotted in Fig(d (¢o=2-10 3, d/a
ARy 2 =70, r3;=1.834) and Fig. &) (¢o,=5-10"2, d/a=100,
a (Vo= V(o) 9 B . ;
~®#\ 2cv. (zi—2)°, (1) rz=6.55), with the front profiles sharpening &g andd/a
0

increase. The hindered settling effect is indeed increased
asz—z; from below (¢=0 above. The ratio which must with increasingeg,; but also important to this sharpening in
remain smaller than unity for cell-size control is thenthe dilute systems considered in these figures is the sharp
Bl Beir=d[Vo— V(o) 1/(CBal,) immediately belowz; . reduction of the diffusivities in the region of the front, be-
For diffusivities set by stratification, E¢9) becomes cause of the stratification control of the fluctuations there.
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FIG. 5. Steady traveling wave solutions of the dilute sedimentation n{8eel 1\) for the front between particle-laden fluid below,¢gt ¢, and clear fluid
above @=0): (a) $¢=0.1%,d/a=70; (b) ¢y=0.2%,d/a=70; (c) $o=0.5%),d/a=100; (d) ¢o=1.0%,d/a=300. The dashed line itb)—(d) indicates
the heights at whictB= B, with 8< B, below the dashed linéluctuations and diffusivities controlled by cell sjzend 8> B, above(controlled by
stratification.

Indeed, the crossover poinf; is belowzgyg, the pointin the model neglects a number of issues, including the role of
steadily falling front wherep=0.9¢,, whenr;>10 in the collective vs individual diffusive motion, and the possible
dilute model. breakdowns of assumed separations of length scales between
As ¢q andd/a are further increased in this model, the  the characteristic length of concentration chamgje!, the
point moves further into the bulk of the sediment, away fromswirl size ¢, and the discrete particle lengthsanda¢ 2.
the steadily falling front. For instance, Fig(d shows the Additionally, the model as presented in the present section
steady solution in thé/..q frame for ¢o=0.01,d/a=300 completely ignores polydispersity effects, which are neces-
(rg=39.3), with a much sharper front than the previous fig-sarily present in any physical experiment. Nevertheless,
ures, with the crossover poia}; separating cell-size control since the purpose of the present work is to emphasize the
below from stratification control above occurrir@(20d) necessity of extending the functional dependencedato
below the steadily falling front. vertical concentration gradients, we continue to ignore poly-
Figure 6 indicates the relative importance of the stratifi-dispersity effects here, despite their importance. Also impor-
cation controlling effect, expanding on the sequence of figtant in many real experiments are effects due to the break-
ures discussed above, as a phase diagra#yiandd/a. As  down of the dilute approximation; before concluding we
indicated by the diagram, stratification control of the fluctua-consider a possible extension of the present model to sedi-
tions and the diffusivity can extend well below the front mentation at higher volume fractions.
itself. Figure 6 also includes a number of symbols indicating
some parameters that have been reported in the literature J\P
studies of velocity fluctuations and hydrodynamically in-
duced diffusiont!:12:24.31-34 The presentation above is built upon a foundational un-
It needs to be emphasized that the model considered iderstanding of particle velocity fluctuations in sedimentation
this section and the resulting steadily falling concentrationat low volume fractions, with emphasis on fluctuations con-
profiles are rough approximations, and the positions of therolled by local stratification of the particle number density. A
“phase boundaries” in Fig. 6 are thus only estimates. Thesignificant number of experimental measurements of the ve-

EXTENSION TO DENSE SEDIMENTATION
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B [S(6.0
BCrit:a ¢(d/a) ’ (15)

which differs from Eq.(8) only by the factorS(¢,0). Con-
tinuing the stratification arguments in this setting, the largest
surviving swirls in a given stratificatioB> B.,; are at a
scale

B
Bcrit

Combining Segreet al. proposal for the role of effective

viscosity’® with the assumption of otherwise Poisson fluctua-

tions corrected by the structure factor up to the séatleen

(A) A 1 . . ‘ gives

0 0.01 0.02 0.03 0.04 0.05 ~1/5
o AV~VyT0 ( i ) J6S($.0)d/a, 17)

FIG. 6. Phase diagram in the parameteis and d/a indicating selected 7(P) | Beri

behaviors of steadily falling fronts in the dilute continuum mog&sgc. I\). giving a diffusivity D~ €AV
The different regions identify the extent of stratification control in terms of
the small cell dimensiord, and the relative positions of the top of the front,

-3/5
7 [ B
z;, ¢(z;)=0; the point of the front at 90% bulk concentration, D=CdVO—(—) VoS(#,0)d/a, (18
$(290) =0.9¢¢; and the height at which stratification control begiag, 7(P) \ Bei

separating cell size control belory, from stratification control foz>z,. ; ; ; ) -
The solid curves indicate the boundaries between the regiando strati- with dimensionless consta. When S< B, the stratif

fication control of the diffusivities anywhere in the fronp<1 in Eq.(14); Cation_ correction ratigs/ B,; in Eqs. (16)—(18) is replaced
(B) stratification control foz>zg, zgy<z<z;, 1<r<10; (C) stratifica- by unity.

tion control extends below the frontzdy—3d)<zz<zgy, rs>10, 2r s We use the same empirical relationships as Seta.
+2)r y— 1-24<345(d/a)(6.55C)**B %% (D) stratification control ex-  The Richardson—Zaki relationship for hindered settfihg,
tends further below the frong;<(zgo—3d). The plotted symbols indicate V(¢)/Vo=(1— ¢)5; effective viscosities for high shear rate

the parameter ranges reported by Ham and HofRsy. 11 (X); Davis and 38 _a Y
Hassen(Ref. 12 (+): Nicolai and GuazzelliRef, 33 (O); Segre Her-  and large Peclet numb& »(¢)/7o=(1- 4/0.71)"2; and

bolzheimer, and ChaiketRef. 31 (0); Guazzelli(Ref. 33 (®); Lei, Ack- S(4,0)=[dll/d¢] ! with the Carnahan—Starling equation
erson, and TongRef. 34 (¢); and Teeet al. (Ref. 24 (A). of state®® II(¢)=(¢p+ ¢p>+ ¢°— ¢*)/(1— ¢)°. Continuing
to use the dimensionless constaBts 1/2 andC=1 com-
pletes the definition of the advection-diffusion model in Eq.
(1). . . . .
locity fluctuations and diffusivities have been made at higher ~ Adain, we restrict our attention here to the resulting
volume fractions. In particular, the recent work of SegreSteady-state concentration profiles betwegrbulk concen-
et al® directly connected measured velocity fluctuationstrations below the front and=0 clear fluid above. While

through the full range of volume fractions to previous experi-the first-order Eq(9) continues to be separable in eggh
ments and hypothesBsabout dilute systems, the higher vol- '€9ime, the integrals are not easily found in closed form.
ume fraction results being related to dilute behavior in terms>ince thez—z; asymptotics in Sec. IV did not depend on the
of well-known empirical functions of volume fraction for detailed form of the hindered settling function, only that it
hindered settling, effective viscosity, and the structure factorVas & POWer series ih at small concentrations, the discus-
While the existing theory of stratification-controlled fluctua- SIon Of dilute asymptotics extends to the dense model con-
tions is restricted to dilute systems, we might hypothesize §idered here, the addlt!onal factors' of eﬁectlvg viscosity and
similar extension to higher volume fractions from the sameStructure factor appearing only at higher ordegirThe ratio

empirical relationships. Further experimental measurements d[Vo—V(de)] 1—(1—eg)®/d
) . . e dense_ 0 01 _ o (=
are necessary to investigate the details of stratification effects rg "= =
. 4 . . CBa\, CB a
in dense sedimentation; in the absence of such knowledge,
we consider below a hypothesized extension of the diluteletermines whether the entire steadily falling front has cell-
theory. While the details of this dense model certainly remairsize controlled diffusivities r(‘gens% 1), or whether there is a
open to question, we consider it likely that stratification con-z;<z; where =B and with B> B for z;<z<z
tinues to play an essential role in the development and be(+%e”se>1).
havior of fluctuations, and therefore the diffusivity should A phase diagram in¢g,d/a) for this dense sedimenta-
continue to depend ofi¢/Jz in dense sedimentation. tion model is shown in Fig. 7. As indicated in the diagram,
Using the structure factd®(¢,0) to describe the effects stratification control of the fluctuations and diffusivities does
of excluded volume on the number fluctuations, the physicaéxtend significantly below the front for a wide range of pa-
argument that the critical stratification(igp to a constanB)  rameters, though the distance decreases at higher volume
that 8 where theA¢ due to stratification over a heightis  fractions where the hindered settling effect is stronger. The
the same as that expected due to number fluctuations yieldgyure also indicates some of theb{,d/a) parameters re-

—2/5
€~d< ) ~a¢ YIs(¢,0]"(Ba) "%~ (16)

10

: (19
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diffusivities!~131519202%5 fynctions ofp may be a conse-

s e Mt 499 e e quence not just of detailed differences in the experimental
measurements, but may also be strongly influenced by the
stratification control considered here. Meanwhile, the phase
diagram for the dense model, Fig. 7, appears to indicate a
o o X6 4992 o wide but limited range of conditions under which the strati-
fication effect is relatively small; in these cases, the
=D(¢) model is probably not too inaccurate, though the
diffusivities at low Reynolds nhumber should then be cell size
dependent. Outside of these limited conditions, the particle
diffusivity strongly depends on bott and d¢/dz.

10
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