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Electrostatic Edge Instability of Lipid Membranes
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This paper considers the effect of electrostatics on the stability of a charged membrane. We show
that at low ionic strength and high surface charge density, repulsion between charges on the membrane
renders it unstable to the formation of holes. A free straight edge is unstable to modulations with
wavelength longer than the Debye screening length. Hence, at low ionic strength membranes will
disintegrate into vesicles. We use these results to interpret stable holes in red blood cell ghosts [T.L.
Stecket al., Sciencel68 255 (1970)]. [S0031-9007(98)08370-7]

PACS numbers: 87.16.—b, 87.10.+e

Lipid membranes, the sheets which form the boundarietensiony, the energy cost of a small hole § ~ yR —
of cells, must maintain their integrity for cells to live [1]. 0%« '€, !R2. For smallR the line tension dominates, and
Since a tear in a membrane exposes the hydrophobic i hole closes.
terior of the sheet to water, tradition maintains that mem- In the opposite limit, the hole is much larger than a
branes have a high line tension (energy per unit length agcreening length. The cloud does not fill the hole, but
exposed edge) and never spontaneously form holes. Wehabits an additional volume equal to that of a tube of
show that membranes can form holes in a simple modeladiusx~' and lengthR. The total energy i¥/ ~ (y —
of a chargedmembrane. By examining the competition o>« ~2¢,,')R. Depending ory, o, andk, the energy can
between electrostatic repulsion and line tension, we find &e positiveor negative The latter case corresponds to
parameter range wherein electrostatics dominate and mermstability and hole growth.
branes are unstable to hole formation. Although much We quantify this argument by calculating the energy
previous work examines electrostatic effects on lipid asof an idealized membrane hole. The relevant dimension-
semblies [2] and the bending moduli of membranes [3—5]less parameteP is the ratio of the line tension to the
we are aware of only one study addressing electrostaticslectrostatic energy per screening length of edye
and line tension [6]. e, k>y/a?. We show that when line tension dominates,

These calculations were motivated by experimentdoles close. WheP « 1, large holes grow. At inter-
which observed stable holes in red blood cell ghostsnediateP = 2 metastable holes exist due to the competi-
[7—10], the size of which depends on the ionic strengthiiion between energies. We then discuss the stability of a
of the surrounding fluid [8] (Fig. 1). We compare our straight membrane edge to sinusoidal perturbations with
calculation with these experiments, and argue that the
observed morphologies require the spectrin skeleton.

Consider a thin, axisymmetric membrane with constant
charge densityr on each side (Fig. 2a). The membrane
attracts ions of the opposite sign, creating a screening layer
(of thicknessk ! in Debye-Hiickel theory). We assume
that the membrane is flat; this is a good approximation
when the hole radiuR and screening length~! are small
compared to the membrane radius of curvature. The plane
of the membrane is at = 0. Throughout this paper, the
membrane area and charge are held constant.

Repulsion between charges on the membrane favors
the creation and expansion of holes. Heuristically, the
electrostatic energy is determined by the volume of the
screening cloud: the total charge in the screening cloud is
constant, so expanding the cloud lowers its energy. First,
when the hole size is small relative to a screening length
(Fig. 2b), the cloud expands by a volumeR?« ! over
the hole. Since the electric field strength~igre! (e,
is the dielectric constant of water), the energy decrease is

~a’k '€, 'R*. The energy increases because an edge|G. 1. Image of hole in red blood cell ghost; from Lieber
of membrane is exposed; if the membrane has a linand Steck [8], Fig. 7.
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(a) z For larger¢, the energy is shown in Fig. 3. Wheh=
2.2, the energy increases monotonically as a function
of &, so holes always close. F&0 <P <22, we
find a local energy minimum witly ~ 1. In principle,
holes in a membrane could be observed in this region of
metastability. In practice, however, we believe that the
range of parameters in which such holes exist is prohibi-
tively narrow. WherP < 2, the energy decreases linearly
at large¢, so that large holes grow. In this regime there
is an activation energy barrier to hole formation of size
e kylo~?/2.

A membrane with a growing hole ultimately has a long
edge; is this edge stable? We consider a straight edge
segment (at = 0) modulated by a sinusoidal perturbation

FIG. 2. (a) Sketch of a membrane hole; shading denotes — ecogqy). For this problem the charge density is

constant charge density. (b) Sketch of the screening clou%_ = 0@ (x + €COS where ® is a step function
(shaded) around the membrane (bold line). Wibn: «”/ The en(t)ar : follows fr({)yn){the linearized Poissgn—Boltzménn
(top), the screening cloud fills the hole.  Whet > « ! ay

(bottom), the cloud extends onk/! from the edge. approximation by expanding the potential and the charge
density in powers o€ . The first nonzero correction to the
energy from the edge perturbation occur®é?), and this
change in the electrostatic energy (in dimensionless units)

(b)

wave numberg. We show that at smalP, and in the
long wavelength limity < «, small perturbations lower T
g J g < K P rdue to the edge modulation ise’«*q~" In(1 + «x~*¢?).

the overall energy. In this regime, a flat membrane wit Th bation i he | h of edae\ly—
a free edge will generically break into pieces of minimum %pertur ation increases the length of edgany=
m/2€%q, resulting in an energy increaseAL from line

sizeO(k~"). The final section of the paper relates these” / <¢ . ; . . .

results to the ghost experiments. tension. For large line tension dominates, increasing the
To compute the electrostatic energy of a hole, we use th8"€r9Y- For smalf < «, the total energy change is

linearized Poisson-Boltzmann equation [¥p = x2¢. €2qr [ P R

The boundary conditions aig — 0 asz — ®, 3.¢(z = AU = — <7 - 1) + 0(g). ®3)

0) = —27wo/e,,r >R, and d,¢(z = 0) = 0 for r <

R. The latter comes from symmetry of the potential aboutf (a) electrostatic effects dominat® (< 2) and (b) the

z = 0. We Hankel transform to find perturbation wavelength is greater than the screening
’ 2 length, modulations of the edge grow. The growth contin-
moe .
o(r,z) = — ues as long as the circumference of membrane fragments
€K
270 R fﬁ dk Jo(kr) J1(kR) _. e
- - e ’ bl 2.0 T T T T
€y 0 \/k2 + k2
)
where Jy and J, are Bessel functions. Without a hole =025 —
(R = 0), the potential reduces to that of an infinite charged _—
sheet. : )

The electrostatic energy I§ = 27 [, rdr o ¢(z = 0);
we assume the total charge and the membrane area remei g
constant. The electrostatic contribution competes with the~ e e
energy from line tension2wyR. The energy change, |
nondimensionalized b®wo?/(e, «3), depends on the
parameter? = €, k>y/o? and the dimensionless radius

¢ = KR P=1.8
“ dxd;(x)?
AU=P§—7T§2+27T§3f — . (2 . . . . ,
0 x/x% + &2 @ 0.0 1.0 2.0 3.0 4.0 5.0

R
When the hOIe.IS smallg{ < 1), the integral in the third FIG. 3. Energy of a hole as a function of dimensionless
term is approximatelyt/(37), so the energy change of aqiys R for P = 1.8, 2, 2.05, and 2.25. A typical barrier

a hole iSAU = P& — w&? + 8/3¢°. Thus, for small  height is 10 kT (forP = 1, which corresponds ta = 1 mM,
holes the line tension dominates over electrostatic effects; = 1076 erg, andoe = 0.2 ¢/nn?).
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is longer than the screening length. When the fragmen 3.0 . .
radius is of orde27« ! the instability will stop, and the
fragment may close to form a vesicle. In the absence of -
charge, the fragment size must B0 nm [12], so the UNSTABLE TO HOLES JPttids
energy associated with the free edge is larger than th -
bending energy required to close into a vesicle. With 20 el 1
electrostatic effects included, it seems additional forces« T LARGE AR TABIE
are necessary to promote vesicle formation. A candidate £ . HOLES GROW
for red blood cells is spontaneous curvature: the highel‘g %
charge density on the inner face of the bilayer [8] means ’
the membrane prefers to bend towards the outer face [4] 10 , HOLES SHRINK
Understanding of the final vesicle sizes requires analyzing 1
both the electrostatic edge instability and spontaneou:
curvature—in the Lew experiments [9], spontaneous cur-
vature effects play an important role in the experimental
phenomenology. %% 50.0 100.0 150.0
Observations of stable holes in red blood cell ghosts mo- Salt Concentration (mM)
tivated this work [13]. Human red cells, if burst by osmotic IG. 4. Phase diagram. depicting reqimes of shrinking. drow-
stress and placed in a low-salt buffer, break into vesicles g" and metastablge ho’les,pwitiyg: 1%—6 dyn. The u%’p%r
[7], which typically show the cytoplasmic (inner) side of and jower solid lines depice = 2 and2.2. The electrostatic
the membrane facing outwards. Studies of this processdge instability is present everywhere above the solid lines.
[8,9] illustrate that vesiculation is preceded by the forma-Note that the salt concentration (assuming a 1:1 salt such as
tion of stableholes in the membrane, the size of which NaCl) is related to the Debye length vi&® = n/¢?, where
depends on the salt concentration of the solution and thé — €+ks7/B7eN), with N Avogadro’s number.
membrane charge density. Lieber and Steck [8] showed

that (a) the hole size increases with decreasing salt con- . . . . .
centration; and (b) a decrease (or increase) in the effedlOt sufficient: the edge instability predicts that holes either

tive membrane charge density—uvia charged intercalatordrow indefinitely (resulting in vesiculation) or close com-

inserted into the membrane— decreases (or increases) tRistelY- The observations [8,9] of stable holes for long

hole size. Our model qualitatively explains these trendst,'me_pe_riOdS con_tradict this prediction and indicate that a
stabilizing effect is necessary.

but uncertainties in our model and in experimentally mea* S I fih . indi hat th
sured parameters prevent precise numerical calculation.. everal aspects of the experiments indicate that the spec-
n skeleton—a protein mesh anchored to the membrane—

We have neglected (a) differences in charge density on th! hi bilizi | he el ; hs of
two sides of the membrane, (b) the insulating interior of thdS thiS stabilizing element. The electron micrographs o

bilayer [4], and (c) nonlinear effects. Although there are-eW et al. [9] show that the spectrin network is intact

experimental indications that some of these effects mighk?efore v_e5|culat|on oceurs, and as the ghosts disintegrate
nto vesicles the spectrin mesh detaches from the mem-

be relevant [14], in the absence of quantitative informatio . X
[14] . rane. Lieber and Steck [8] found that proteins known to

for the line tension and charge density, the simple mod . . -

presented here is adequate. povalently crpss—llnk spectrln_stgblllze the hole, prevent-
Figure 4 shows the stability boundaries as a functiod"9 changes in rad!gs as the ionic strength of the solution

of the surface charge density and the salt concentration IS changed. Cond'ltlons knqwn to promote bfe?‘kdown of

n. We assume = 10~ dyn, consistent with recent ex- spectrin (such as increase in temperature or digestion by

periments [15]. The phase boundaries followx n!/2,  €nNzymes [8]) cause the ghosts to vesiculate. If the spectrin

For typical membrane charge density~ 0.2 ¢/nn?, the provides the restoring force needed to stabilize the mem-

: ’ brane, force balance impligsR = —dU/dr, wherek; is

crossover point? ~ 2 occurs at a salt concentration of . :
2 mM, which is in the range of the Lieber-Steck experi-{N€ SPectrin area expansion modulus anthe hole energy
ecomputed above. At smaft, we find

ments. When the energy barrier for hole formation is of th
order of a thermal energypT, thermal fluctuations pro- dmro? 1
duce growing holes in the membrane. The dashed line in = —
Fig. 4 shows the borderline for this instability [16]. Since
the activation barrier scales likg?, the exact position of Figure 5 shows Lieber and Steck’s data [8], replotted on
this important borderline is sensitive to the value of thea double logarithmic scale.
line tensiony. The data obey this law over a decade in hole size. To
The electrostatic model qualitatively explains the de-check the consistency of this argument we fit the pre-
pendence on salt concentration and membrane charge ddaetor of the scaling law to the data. A best fit gives the
sity in the experiments. However, electrostatic effects ar@refactorc = 7.0 X 107® cm M. Foro in units ofe/nn?

E
ﬂ"
-
-

(4)
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