Pinching threads, singularities and the number 0.0304. ..
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The dynamics of capillary pinching of a fluid thread are described by similarity solutions of the
Navier—Stokes equations. EggdRhys. Rev. Lett71, 3458 (1993] recently proposed a single
universal similarity solution for a viscous thread pinching with an inertial-viscous—capillary
balance in an inviscid environment. In this paper it is shown that there is actually a countably infinite
family of such similarity solutions which are each an asymptotic solution to the Navier—Stokes
equations. The solutions all have axial sdal€ and radial scalé’, wheret’ is the time to pinching.

The solution obtained by Eggers appears to be special in that it is selected by the dynamics for most
initial conditions by virtue of being less susceptible to finite-amplitude instabilities. The analogous
problem of a thread pinching in the absence of inertia is also investigated and it is shown that there
is a countably infinite family of similarity solutions with axial scalé and radial scal¢’, where

each solution has a different exponght © 1996 American Institute of Physics.
[S1070-663(196)02811-3

I. INTRODUCTION natural viscous lengthscale and timescaleandt* are the
] ) ) location and time of pinch-off, and = (t* —t)/t, is the di-

The capillary break-up of a fluid thread into smaller ongioniess time to this singularity. The scaling functions
drops provides a simple example of a physical system whichy anq v/ are determined as solutions to a pair of ordinary
forms singularities in finite timé.A singularity refers to a differential equations, which require thréeniquely speci-
physical quantity—such as the fluid velocity or interfacial fied) boundary conditions. The equations and boundary con-
curvature or their derivatives—that diverges to infinity. A yitions that determing! andV do not involve any dimen-
local analysis of the fluid motion near the point where thegional or dimensionless parameters and this leads to
thread pinches off is possible because the radius of the inte(jyyersal predictions for the final stages of thread pinch-off.

face and the timescale of pinching become orders of magni, example, the minimum thickness of the interfagg, a
tude smaller than any external lengthscales and timeS%ale%imensionless time’ from the singularity satisfies

This separation of scales implies that the shape close to the
pinch-off point may be insensitive to the details of initial hmin=/‘MH§int’, 3

conditions and external forces and would then evolve self- . .
similarly in time3 whereHF,;,,=0.0304. . . was determined numerically by Eg-

Recently Eggefsderived a similarity solution to a long- gers and proposed to be a universal constant independent of

wavelength approximation of the Navier—Stokes equation.%he par'qcular experiment. This universal law for the mint-
for the radiush(z,t) and axial velocity (z,t) of a thread of mum th|ckr_1ess of th? mterfaf:e has been observed in numeri-
viscous fluid pinching off in an inviscid environment. The cal S|mulat|or_1$ and in expenmEerﬁg. . .

collapse of the thread is driven by surface tension, which The particular valu_e OfH min _has_ mterestlng conse-
generates rapidly increasing capillary pressures as the radigds'€nces for the dyQam'CS of a pln_chmg viscous thre.ad. In
of the thread decreases. Gradients in the capillary pressuPé"‘rt'CUIa.r’ bepausﬂmin=0.0304 .-+ 1SS0 small the S'm”f’ﬂ'
accelerate fluid axially against the resistance of extension ﬁy solution is unstable to finite-amplitude perturbations
viscous stresses. The similarity solution derived by Egger

rger than a critical amplitude about 10 ,,it" 1> which
. . 7 . .
balances the effects of surface tension, inertia and viscouf\%anIShes rapidly as' —0." Even thermal fluctuations in the
resistance and has the form u

id can trigger instabilities of the similarity solution, lead-
ing to a cascade of thinner and thinner necks near the pinch-

z—7* off point. If the value obtained foH%,;, were larger(e.g.,
h(z)=/,H Wﬁ)t'= @ HE..=10), then the exponent 6f would be much less than
a 1.5 and this noise sensitivity would be so greatly diminished
v —z* that a pinching viscous thread would be self-similar through-
v(z,t)= ;V(W/ﬁ)t'm, 2 out the pinch-off procesquntil molecular scales were
s reachedl
whereu, p andy are the viscosity, density and surface ten- It is therefore of interest to pose the questions: What is

sion of the fluid,/, = u?/(yp) andt,=u3/(y?p) are the the origin of the number 0.0304? How does it arise from the
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Navier—Stokes equations? The goal of this paper is to answehat the axial velocity is nearly uniform across the thread’s
these questions. We argue below that there are actually @oss-section and that the viscous stress is dominated by the
countably infinitenumber of similarity solutions to the equa- axial extensiori-'! Thus the long-wave asymptotic expan-
tions describing pinch-off of a viscous thread, with values ofsions of the Navier—Stokes equations reduce at leading order

Hmin that approximately satisfy the rule to
_ (h?)¢+(h?),=0, )
Hmin(N)~ ey —57» WhereN=12,... . (4) y
The first six of these values are calculated. The number P(ViTVV)=—P,+ hT(hzvz)z, (8)

Hﬁ]in~0.0304 corresponds td,;,(N=1)=~1/33 and is the
solution with thelargest value of H,,;,,. Furthermore, the Where the thread has radibéz,t), axial velocityv(z,t) and
shapes of the similarity solutions for different valueshof ~constant viscosity., densityp and surface tensiofy. Simi-
are qualitatively similar, though there are quantitative differ-lar long-wave equations have been constructed for the pinch-
ences. We conjecture that each of these similarity solution#!d of & thread without viscosity** and without inertié.
is linearly stable before rupture. However, as with the solu-The fluid pressure i8) is given by
tion obtained by Eggershereafter called the Eggers solu- 1
tion), they are all unstable to finite-amplitude instabilities. p=y(ﬁ—hzz>. 9
The instability for similarity solutions corresponding to
N>1 is much more severe than for the Eggers solution. NuThe h,, term in the pressure is actually asymptotically
merical simulations show that after the stagnation point issmaller than the 1V term* but we retain it because it has
destabilized in a similarity solution witN>1, the dynamics important consequences for the stability of the similarity so-
generically pushes the shape to the Eggers solution. Thuljtions as is shown in Section IV. Additional asymptotically
the valueH ,;,~0.0304 is selected by the dynamics. small corrections to the long-wave equatidis—(9) are be-

It is also of interest to study thread dynamics when in-lieved to be physically unimportant.
ertial effects are small. This limit was first investigated by In the neighborhood’ <1 of the pinch-off point, exter-
Papageorgiofi,who derived a second-kind similarity solu- nal lengthscales become irrelevant leading to a similarity so-
tion to a long-wavelength approximation of the Stokes equalution of the form given in(1) and (2). Substituting(1) and

tions (i.e., no inertia. This solution has the form (2) into (7)—(9) yields the ordinary differential equations
z—7* H  2-V/
h z,t =/ H(—,)t', 5 _
(20 =/rH| 775 ) H=2vi s (10)
Z—7Z 2 2\ — ’ 2\/1\/
v(zyt):ZV(W)t/ﬁ—li 6) H(npV+Vs)'=2H'+6(H“V'")’, (11
no\ gt

for the scaling function#l(7) andV(#), where
wheretg=u/r/y is the viscous timescale based on an ar-

i Ptk ; ; - z—z*
bltrary Iengthscale"R, angit =(t* —t)/tg is the dimension = (12)
less time to the singularity. The expongditas well as the a

scaling functionsH and V are determined from a pair of Note that theh,, component of the pressure is asymptotically
ordinary differential equations. Again we argue below thatgaiier than the other terms wheh<1, and so does not
there are actually a countably infinite number of such SOI“'appear in(11).
tions with different values ofs, with that found by Papa- Solutions to(10) and(11) are specified by three bound-
georgiou being the solution with the largest valugsof ary conditions. Two conditions for the desired physically rel-
‘The paper is organized as follows. The equations govgyant solutions follow from the fact that the evolution of
erning a viscous thread with inertia are summarized in Sech(z,t) far away from the pinch-off point must be asymptoti-
tion Illand the correqunding similarity .equations are.derivedca”y much slower than that in the region around the pinch-
and discussed. In Section Ill we describe the numerical consgt noint. In similarity variables this requirement corre-
struction of the infinite family of similarity solutions. In Sec- sponds to the conditions of asymptotic behavit(;) ~ 72

tion IV we address the questions of stability and selection. Iny; poin positive and negative infinity. The remaining condi-
Section V we turn to the equations without the inertial terms;jon \which follows directly from(10), is thatV' (7o) =2 if

and briefly describes the construction of the infinite family of o sojution is to be regular at any poing, where

similarity solutions for this case. 2V(70) + 70=0. Egger$ showed that exactly one suof,
exists and, guided by its role in the stability analysis of Sec-
tion 1V, we call it thecritical or stagnationpoint.

These two boundary conditions at infinity are imple-
We commence by describing the equations governingnented numerically by guessing values of, and
the capillary-driven collapse of an axisymmetric viscousHy=H(7,) as two initial conditions, imposing the regularity
fluid thread. Dynamical influences of the outside fluid arecondition V' (79)=2 and shooting numerically to positive

neglected. Under the assumption that the axial lengthscale @ihd negative infinity. For most pairsy§,Hy) the solution
the thread is much greater than its radius, it may be showdoes not satisfy the boundary conditions at infinity and may

II. EQUATIONS FOR A THREAD WITH INERTIA
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not even extend to infinity. However, for every valuesgf  0.2—1. The equations were then integrated numerically to-
there are values OHOZH{) such that the solution on the wards positive or negative infinity using a fourth-order
interval [ 55,%) satisfies the boundary conditidi~ »?> at ~ Runge—Kutta scheme.
+o0. We call theseforward solutions Similarly, for every As noted above, for each value gf there are values of
value of 54 there are values dfi,= HB such that the solution Hg for which the solution reaches positiyer negative in-
on the interval (o, 7] satisfiesH~ »? at —«. We call  finity. A generic choice of §,,H,) does not lead to a solu-
these backward solutions For most choices ofz,, Hg tion with H~ #? but instead has eithér) H— faster than
* H{,. However, there are particular values#qf where the  exponentially or(ii) H—0 a finite distance fromp,. A
forward and backward solution curves intersect,closer examination of10) and(11) shows that behaviofi)
HB(70)=HI(0); such aglobal solutionto the similarity ~ corresponds to a solution withV~—»/2+8 and
equations satisfies all three boundary conditions. Usingd'/H~5/(46), where 6—0, whereas behaviofii) corre-
a similar numerical technique, Eggers found a globalsponds to a solution with H~|5—7JY? and
solution that corresponds to the pair §,H5)  V~(7—n;) ', wherez is the location of a singularity at a
=(—1.5699 ..,0.0304..). It may benoted thatH is finite distance. Numerical solutions reaching either plus or
very close to the minimum radiud,,,;,(N=1)~1/33. minus infinity were identified by finding values &f, corre-

To understand how these numbers arise from the ordisponding to théborder between regions where the solution
nary differential equationg10) and (11), it is useful to ex- behaves like eithefi) or (ii).
amine more carefully the power-series expansions for Repeating this procedure for many values #qf pro-
H(#7) andV(#%) around the stagnation point= 7,. Substi- ducescurvesin the (»y,Ho) plane corresponding either to
tuting expansions forward solutions or to backward solutions. The desired glo-
bal solutions occur at intersections between forward and
backward curves. Since the equations are invariant under the
transformation n——17, V(7)——-V(—7) and H(7%)
—H(—#), any forward(backward solution (5y,H) also
has a corresponding backwardforward solution
(= 79,Hg). For definiteness in the following we describe

H=§O Hi(n— 7o) and V=i§o Vilp—mn0)' (13

into (10) and (11) yields V' (7o) =2 and gives rise to the
recurrence relations

3HZI(i+ 1)V 1+ (12Ho+1)iH=a_,, i=1,2,..., ©nlythe casep<0. o _ .
(14) The search for intersections is organized by noting that
as Hg tends to the singular valudy(n) given by (16) the
Ho(i+1)Vi 1 +5iH;=;, (15  series solution divergeéunless the linear combination of

a,_1 and B, corresponding to the component in the null

where «; -, and f; each depend of;y, Vi and other space of the coefficient matrix happens to vahidhis ob-

lower-order coefficients. In order for a solution of these re- . . o
] . . . servation motivates the definition

currence formulae to exist, the determinant of the coefﬁuen%

matrix must be nonzero for all This criterion is violated for v(Hg)=(1+12H,)/15H,. 17

the “singular” values ofH, given by Singular values correspond te=n, and we numerically

1
Ho(n)=1g,—75" N=123.... (16)
Thus, no power-series solution to equatidi$) and (11) 16.0 T . . '
exists forHy= 3, &, %, ... . Itisinteresting to observe that .
L 1 . 14.0 |
the third singular valuélg= 3=0.0303. .. is less than half
a percent different from the numerical valH% obtained by 120 __ )
Eggers, which suggests, first, that there may be a relationship L
petween them and, second, that the_re might be furt_her solu- 100 | N~
tions to(10) and(11) near the other singular values given by
(16).
8.0
6.0 | ~—
I1l. SEARCH FOR FURTHER SIMILARITY SOLUTIONS
40
The near-coincidence betwegnand HE,, motivated a .
search for other solutions near singular valuesHgf with 20 L e :
n # 3. The numerical integration was performed by starting 25 2.0 15 -1.0 05 0.0
out at a particular f9,Hg) and using the series solution Mo

generated by the recurrence relatioh4) and(15) to move a FG 1 Th s of ol on t HeHe wh
s . H H R e results of numerical integration from= 7y, H=H,, where
finite distance fr0mr70. This distance was chosen to be abou'[HO: 1/(15v—12). The solid curves are forward solutions and dashed curves

half the |OC?| radius of convergence as e§timated froMyre backward solutions. Intersectiofslid dots correspond to the global
(H) ¥ for i about 200, and was typically in the range solutions of the equationd0) and(11). More details are shown in Fig. 2.
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FIG. 2. (a) Blowup of Fig. 1 aroundv=3; (b) Blowup aroundv=7; (c) Blowup aroundv=>5; (d) Global structure of the backward curves, demonstrating
how they connect ag,— —<°. The solid curves are forward solutions and dashed curves are backward solutions.

searched in each intervak v<n+ 1. Finding forward and yond aboutrg= —5. CurvesB,;_; andB,j,, form a
backward curves within any interval was initially by trial and long flat loop that extends to values gpf of order 100.
error. The results of this search are shown in Figs. 1 and 2e) There is an intersection between R}, ;—F(,,

Forward curves are shown as solid lines, whereas backward  loop andBy;,3, which gives a global solution with
curves are shown as dashed lines. Four intersections, corre- v~4j+3 for eachj.

sponding to global solutions, are shown by solid dots. Blow-
ups of the neighborhood near the intersections araun@
andv=7 are shown in Figs.(@) and 2b). Figure Zc) shows
the neighborhood of=5, where no intersection was found.

Figure 2d) shows backward solution curves for a much . e .
9 4d equations are very difficult to integrate for large because

larger range ofyy, and demonstrates the global structure of ) ) .
theg backvgard fZoolutions. These figures gemonstrate that %I the stiffness of the ODEs and the importance of high-order

clear pattern emerges fae 2, which can be summarized by ggg:fls\l/iﬂtes(el)ni;hneofox\e/re r??grezrgﬁgms"}g‘r"ir V?gl(i,rist.hzow-
the following features. * p y large, 9

Statementga) and(b) are proved by asymptotic expan-
sion aroundv=n, 7,=0 in Appendix A; statemenfc) has
been shown numerically up to=200; statement&l) and(e)
have been shown numerically up ic=15. The similarity

(@ As v—n there is one forward curve withzg
«| y—n|*™if nis even oryg =| v—n|Y"* D if nis odd.
We denote this curvé(l.

(b) If nis odd then asv—n there is also one forward
curve and one backward curve witfy « v—n. We de- 70 Ho v H,,(+%)
note these curveB(® andB,,.

TABLE |. Values of various quantities for the first six similarity solutions.

) o : ) ) _ —1.5699 0.030432 2.9907 4.635

() F” lies in (n,n+1) if n=4j+1 or 4j+2 and in ~1.8140 0.010785 6.9812 105.5
(n—1,n) otherwise;F2 lies in (n,n+1) and B, in —2.0537 0.006553 10.9731 545.2
(n—1n). —2.2821 0.004706 14.9650 1626

(1) (1) 1) —2.4945 0.003672 18.9570 3673

(d) Curve ':_41+3(2f)°rm3 a I?gp with F4J(+2§' Curve Fj; ~2.6920 0.003010 22.9490 7017
joins with Fj57, and Fj%, with Fz’,, in a very : ; ; :
narrow cusp which cannot be resolved numerically be
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FIG. 3. Comparison of thél(#) profiles corresponding to~3 (Eggers solutionand to the new solution witlr~7.

topological constraints on forward and backward curves imsality is broken, and different experiments could follow dif-
posed by(a)—(c), it is highly plausible that there is a count- ferent similarity solutions. A number of questions may be

ably infinite family of similarity solutions. posed: What is the role of the new similarity solutions? Do
The Eggers solution has~3. Additional global solu- they have a finite basin of attraction? And why has only the
tions occur just below=7,11,15,... and are here reported Eggers solution been observed to date?

for the first time, as summarized in Table I. It is interesting In order to address these questions, we first recall current
to note that the first six global solutions lie approximately onunderstanding of the stability of the Eggers solution. The fact
the straight linepy=— (v+25.1)/17.7, which may be useful that it is observed in numerical solutions of the partial dif-
for locating higher-order solutions. ferential equation$7)—(9) leads to the reasonable conjecture
Figure 3 compares thel(7) profiles forv~3 (Eggers that the Eggers solution is linearly stable to infinitesimal per-
solution) to the new solution withv~7. The solutions are turbations. Based on the qualitative similarity of the new
qualitatively similar with a modest sloping region attached tosolutions(Figs. 3 and #to the Eggers solution, we conjec-
a very steep side. The numerical values of the asymptotiture that the new solutions are also linearly stable.
curvatures for the various solutions are very different. Figure It is known that the Eggers solution is unstable to finite-

4 compares th&(7) profiles for these two solutions. amplitude perturbations by a mechanism analogous to the
Plateau—Rayleigh instability of a stationary liquid cylinder.
IV. STABILITY AND SELECTION Perturbations of a cylinder of radiug with a wavelength

. . | han its ci f he Rayleigh ha-
The results of the preceding section demonstrate tha?.ngert an '|ts circumierence grow by the Rayleig mecha
nism on a dimensional timescale given by1§ /. Heuris-

there are a countable infinity of similarity solutions to the . . . O
. . . ; . . tically, we may consider the central region of the similarity
equations describing thread pinch-off with an inertial— d : :
ﬁolutlon as a cylinder of radiug,;, and from

viscous—capillary balance. This result is unexpected since a
experiments and simulations to datehave only exhibited
the Eggers solutiony~3), which was thought to be com- M: 6t.Mmin
pletely universal. With an infinity of solutions, this univer- Y /

=6Hqy(t* —1), (18

20 T T T 3.0

1.0
10 F

00
Vi) 490 | Vi 40}

20
3.0 |

B0F

Y N " : 5.0 . 2 )
o—6.0 -4.0 -2.0 0.0 20 6.0 -4.0 -2.0 0.0

FIG. 4. Comparison of th¥(#) profiles corresponding to~3 (Eggers solutionand to the new solution witlr~7.
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conclude that, as long adHg<<1, the timescale of the Ray- 005
leigh instability isfasterthan the time to rupture and hence
that the instabilities might play an important role in the dy- 004
namics. However, the other important ingredient for instabil-
ity is that an unstable perturbation is not convected away
from the pinching region before it has time to grow. Maxi-
mum growth is obtained for perturbations originating close
to the stagnation poing,, though this closeness is limited by
the shortest wavelength perturbation that can grow. Accord-
ing to Plateau, the shortest unstable wavelength scales with
the radius of the cylinder, and is controlled by the presence N
of the termh,, in (9). By including this term in the analysis, 000 i —— ""»_20 : L i SRR
it can be shown that there is a critical dimensionless ampli- ' ‘ ' z ' ' '
tude for instability which tends to zero at the pinch-off point
roughly ast’ ! The effect of this instability, as seen in both FiG. 5. Simulation starting with the~7 solution (bold dashed lineat
experiments and calculations, is that evolution towards thé=0 and following the time evolution. The subsequent times are
Eggers solution is episodically interrupted by instability, fol- t=0.1,0.2,0.3,0.4,0.5,0.529,0.565, and 0.568.
lowed by evolution back towards the Eggers solution on a
finer and more local scale, thus causing the thread to exhibit
a cascade of finer and finer nedks blobg until molecular The solution follows the=7 solution for a while, sug-
scales are reachéd. gesting linear stability, and then destabilizes as expected; the
In Appendix B we argue on the basis of a linear stability instability occurs near the stagnation point, and is the result
analysis of wave packets near the stagnation point that thef the finite-amplitude instability discussed above. By mea-
new solutions are also unstable to finite-amplitude perturbasuring the quantity,,, it is possible to distinguish the simi-
tions and, in any system with noise, are thus likely to be seeprity solution towards which the simulation converges. The
only transiently. For the general case the critical dimensionaturvatureh,, away from the pinch point is time-independent,

003 |
h(z.1)

amplitudeA.,;; is given by and thus provides an accurate measure of which solution
occurs. For the simulation above, the maximum curvature is
Acit=C,/ ,(Hot' """, (19) initially h,,~105. After the stagnation point destabilizes, the

numerical solution near the breaking point has the maximum
whereC, is a dimensionless constant ane-4N—1 for the ~ curvatureh,,~5, which corresponds to the Eggers solution
Nth solution. The critical amplitude decreases much mord Table ).

rapidly ast’—0 for larger values oN and the constart, In repeated simulations of this type, it was always found
also decreases witNl. It follows that the Eggers solution that the destabilization of the stagnation point leads to the
(N=1) is by far the least prone to instability. Eggers solution. This behavior can be rationalized: After the

We have performed extensive simulations of the partiapiestabilization, the flat part of the similarity solution steep-
differential equation§7)—(9) in the regimeh,i;</, usinga ~ €NS until it_ reaches an a_llov_vable v_alue c_Jf the asymptotic
finite-difference code® modified to include a numerical vis- Curvature(given by the similarity solutions Since thesmall-
cosity term in order to damp finite-amplitude perturbationseStaSymptOtiC curvature corresponds to the Eggers solution,
(19) associated with the mesh. Using a variety of initial con-this curvature will be reached first during the steepening.
ditions, we have never found a solution to converge onto ondhus, destap|llzat|on of a flat region generically leads to the
of the new similarity solutions. The solutions always con-Eggers solution.
verge, at least transiently and subject to the episodic insta-
bilities described above, towards the Eggers solution. This
conclusion is consistent with the previous findings that afteV. EQUATIONS FOR A THREAD WITHOUT INERTIA
the Eggers solution destabilizes, the interface eventually re-
converges towards the Eggers solution.

Although these simulations demonstrate that the basin

We turn now to similarity solutions for the pinching of a
0tpread under conditions in which inertia is negligible, a prob-

attraction of the Eggers solution is larger than the basin o'fem first considered by Papageorgfb@ubstitution of (5)

attraction of the new solutions, it does not rule out one of thea;;d ((_5)I(ljnt0h(7)—g?) ’ whgifneglgc;ung th? inertial terms in
new solutions occurring. To understand this better, we per( ). yields the ordinary differential equations

formed a simulation with theo=7 solution as the initial H’ 2-V’

condition, and followed its time evolution. Because of the "~ 2y 23, (20
stability results discussed above, the solution necessarily will

destabilize rapidlyeven due to roundoff errprThe question H'+3(H?V')' =0, (21)

we wish to address is whether the solution converges bac, the scaling function$i(7) andV(7), where now
onto a new similarity solution after destabilizing, or whether

. . . . *

it converges to the Eggers solution. The result of this simu- _7 22)
lation is shown in Fig. 5. Ko s
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FIG. 6. Comparison of thél(7) andV(#) profiles for different values o8.

The exponenp remains to be determined, and so this simi-have, in general, only the trivial solutiad;=V,,,=0 for
larity solution is of the second kintiOne boundary condi- i=1. Thus for these equations we actually need the determi-
tion for (20) and (21) is analogous to that for the inertial nant of the coefficient matrix to vanish for somé a non-
similarity equationg10) and(11), namely thal'(7)=2 at trivial solution is to exist. If this occurs far=m then we find

the pointzyy whereV(7g) + B79=0. The general asymptotic that

behavior of (20) and (21) as »—*» is H « 7# and o

V—V.,, whereV., are constants. The remaining two

Hy==—————, H= H..(n— mj
boundary conditions are thué, .=V_..=0, which corre- 0 6(2+p)m-12 j§=:0 mil 7 70)

spond to the requirement that the flow is driven locally by -
capillary pinching and not by an imposed axial tension and V= V.. o mj+1 29
3uh%, at infinity. JZO mis1(7— 7)™, 29

We note that it is possible to integrat20) once, then

- ) . . . whereH,, is arbitrary (and can be set to 1 by variable re-
eliminateV and integrate twice more to obtain successively m v y

scaling, andH j,Vpj1 H! Starting with these series, we
H+3H2V' =3k, (23) can integrate(20) and (21) numerically and determine
V..(m,B). The boundary condition¥...=0 are found to

(1— B)H?+ EH P require thaim is even andyp,=0, and tha{g is a function of

3 H' H” m. The solution found by Papageorgioud$2)~0.175, but
X =07 (24)  there is a solution for each even valuerof Some of these
1 H H in Fi
H+ zk/Ho (H—Hy) and the values oB(m) are shown in Figs. 6 and 7.
As m increases and the solutions become flatter near
1 B+1—1im 7»=0, B(m) decreases and so the shapes: 7'# become
bl X+ —k/Ho> dx steeper away frorp=0. It may be expected from the iner-
=K(5— 7o) (25  tial case, and is confirmed in Appendix B, that solutions with
X(X— H )1—l/m 0/ . .
Ho 0 large values ofm will be linearly stable but very prone to a

finite-amplitude version of the Rayleigh instability. We also
note that it is easy to show that the continued neglect of the
1+12H, inertial terms ast’ —0 requiresB>3 and so all of these
62+ BH,' 29 solutions will eventually enter the inertial regime.

where
Ho=H(7o), 3k=Ho+6H3, m=

andK is an arbitrary constant. Since the equations are invari-
ant underp— A 7, V—AV, the constanK could be set to 1 VI. CONCLUSIONS

@f desire_d. While it is satisfying to be able _to perform these |, this paper we have constructed numerically two infi-
integrations (as computed by Papageorgiou for the cas&jte families of similarity solutions for capillary pinching of
m=2), it is actually again more instructive to consider 4 fjyid thread, corresponding to the presence and the absence
power-series solutions aroung= 7. _ of inertia. The former case, which extends previous work of
We observe first thatl =Ho, V=2(7— 7o) is an exact  ggqers, gives rise to first-kind similarity solutions with the
solution of (20) and(21) and so the recurrence relations same time-dependence, and the latter, which extends the
3H§i(i FOV+H(12Ho+ DiH = a; 4, i=12,..., work' of Papageorglqu, gives rise to segond-kmd similarity
27) solutions each of which has a different time-dependence.
It is interesting that there are multiple similarity solu-
Ho(i+21)V, 1 +2(2+B)iH;=8;i, (28)  tions since only the solution determined by Eggers has been
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10° . H ¥iHo i~ta;_1—3BH,

R— where (v, 79) = 1512 (A1)
w0 L * | can be found as a rational function ofand 7,. It follows
that, except in the special case tha(n,7y) =0, there are
® no regular solutions when=n with n an integer, since the
. series breaks down at=n. Motivated by this observation,
B 10® | ] 1 we definee(v)=(v—n)/y,(v, o). There are two possibili-
® ties asy—n.
’.. The first possibility is thae— 0, as will certainly happen
00 L *, | if yn(n,79) # 0. In this case, consideration of the way that
H, appears in a and B; for i>n shows that
\ Rny .o Non—1,Unsqs .- Uop=0(e 1),
hzn, P ,h3n,1,U2n+1, e ,U3n:O(672), etC., as €—0.
10 h 5 00 Motivated by this observation, we define rescaled variables
m by
FIG. 7. Variation of the similarity exponeng with the indexm of the y=€e "(n—m9) and W(y)= elm(v( 7)+ 2 770)
powe[-series aboup= 7,. Over the range shown there is an approximate fit (A2)
me 2.1.

so thatH andW/y become power series y' ase—0. We

. . . . . analyze this case, which leads to statem@ntbelow.
seen in previous numerical and experimental studies. AsS o .
The second possibility is that,(v, ) —0 asv—n in

demonstrated here, the similarity solutions are unstable tguch as a way that40. The most important example of this

finite-amplitude perturbations and the Eggers solution is spe- . . .

. - . - 9s whenn is an odd integer ang,—0 ase—0. The series
cial because it is the least unstable. Through numerical SimU- | ion t0(10) and (11) has the property, arising from the
lations, we have shown that the destabilization of the new property, 9

e . . . reflectional symmetry of the differential equations, that the
similarity solutions leads directly to the Eggers solution. We . ) .
: ; . : : . . “coefficientsH,; andV,;, ,; are even functions of,, while
rationalize this behavior by proposing a selection principle . .
S L . H,; .1 andV,; are odd functions ofyy. Thus ifn is odd then
for the similarity solutions: namely, a flat thread will steepen -
. . . n(N, 19) = O(79) as 70— 0 and hence
until it reaches the smallest possible curvature consistent™ : R
n=0(79/(v—n)) in the joint limit 7,—0 and v—n. It

Wlth|:tir:12||s;m\l,l\,aeméloi$rlﬁgg: i)ln the huge asymmetry and th efollows thatH and /% can be written asymptotically as
S - i oint power series inx? and x"(v—n), where
small dimensionless minimum width of both the Eggers so—JX: _p whose coefficients de er?c(i) on(lyon;nd not on
lution and the new inertial solutions. From our analysis, 77 o, P y

these properties are related to the fact that global solutions tt (;_tltiflsahllg_:g)é p;zgﬁ:\t;f’vzl?fecgg ?((EVC_O?];'rgsgsmgg;ﬁtr;gs"y’
the similarity equations are only found very close to Certainbehavior(i) on forward integratign then a large negative
values ofH, at which the series solution is singular owing to value will give behaviofii), and vice’ versa. It follows that a
a sort of degeneracy or resonance between the continuity ang ' '

) . . . quitable intermediate value af,/(v—n) will give a forward
momentum equations at the stagnation point. The physica i . .
S L . L curve and hence that the negative of this value will give a
significance of these intriguing singularities is not clear.

backward curve. This argument leads to statenflent
Returning to the first possibility and making the substi-
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which can be integrated numerically from initial conditions
APPENDIX A: ASYMPTOTICS

The purpose of this appendix is to derive asymptotic Hzm(1+y“+---)
results about the solutions ¢E0) and(11) whenH, is close
to the singular values(16) or, equivalently, when .4
v(Hp)=(1+12H,)/15H, is close to an integer valua.
These results form the basis for stateméa)s(c) in Section 5n
1 W=y 2——y”+--- , (A5)
: n+1

We commence with an examination of the power series
(13) asv—n. Elimination of V;,; from the recurrence rela- neary=0. We note thatA3) and (A4) are invariant under
tions (14) and(15) yields the transformationy—y+2w,, W—W-w, andy— Py,
2834 Phys. Fluids, Vol. 8, No. 11, November 1996 Brenner, Lister, and Stone
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W—PW for any constantsv,, and P. It is then straightfor- 7 1 1
ward to show that the asymptotic behavior(88) and(A4) ~ 9:9—9+|V+5|g,+ sHu,+H,u+5V,9=0, (B3)
asy—o can be written in the form
1 7
1 6a—-1 d,u+-u+|V+=|u,+uVv,—3u
—_p2 2, = T 7 U nn
H=P(y+2w,)"+ 5 + 24Py T 2w, )2 2 2
_ 6H.,V.g 6V.,g 6H ,u g
+0O(y+2w,,) 4, (AB) Va9  OVady ORU; Uy
TR H H H?
a
PW=Pw,, + + =3 3 2H,g |
3P(y+2w,) P (y+2w,) +H—g_t 9ppy=0, (B4)
+0O(y+2w.,) ">, (A7) .
wherer=— In(t’). We have omitted a teriH,, /5 from

where the three constanB(n), w..(n) anda(n) must be  (B4) on the grounds that it corresponds to a srr@lative to
determined numerically by integrating from the initial con- H) global adjustment to the similarity solution, but does not
ditions (A5). The expressiongA6) and (A7) are not uni-  affect the stability. We have also continued to omit various
formly valid, but must be matched onto solutions(d®) and  Q(t’) terms from(B3) and (B4) that arise as asymptotically
(11) wheny=0(e~*"). In preparation for matching we note small corrections to the long-wave expansion (iH—(9)
that since these are believed to be physically unimportant; as
1 shown below, thet’g,,,, term simply establishes a long-
V=3 0+ e™w,, H~e 2"P2x? in eN<x<1, wave cutoff and does not affect the dynamics of disturbance
(A8) amplification.
After accounting for the different scalings of the axial
wherex= n— 1q. and radial lengthscales, the radius of the thread is
Now H o« x?, x>V + 37, is a consistent asymptotic for Ht'12<1 in 5-space. Since we expect instabilities to corre-
(11). Substituting this asymptotic int10) at leading order, spond to a form of the Rayleigh instability, we consider dis-
we obtain turbances with wavelengtiO(e), where Ht'Y?<e<1.
4 , PP Equations(B3) and (B4) have two 7-derivatives and thus
XHVX)'~6(xV")". (A9) support two modes of disturbance: simple scalings show that
Most solutions of (A9) have V=0[x ! exp¥/12)] as one corresponds to viscous damping of disturbance inertia
x—o. If we are to obtain the exceptional, but desired, be-and has a decay ra@(e~?); the other is the Rayleigh mode
havior V=0(x"1) then V must satisfyV~A+Bx 3 as we are interested in and has a frequeie1). Accord-
7—0, whereA/B is a certainO(1) number that could be ingly, a suitable adaptation of the WKB method is to write

determined by numerical integration. Sin@8) shows that g G(n.7) i0(5.7)
B=o0(e™), we must also have- } 7+ e'"w,=o(e', ( |\ exp| — 214 oe), (B5)
ie., 7mo~2ew, as e—0. Recaling that u/ \U(»m7)

¥n(N,70) =O(70) whenn is odd, we have arrived at an \here® is O(1). Thelocal wavenumber and frequency are
explanation and means of calculation of forward curves withyiyen py

70=0(v—n)*" when n is even andy,=0O(v—n)¥"*1)

whenn is odd, thus justifying statemei@). Whether these k=0,/e and w=-0,/e. (B6)
forward curves lie irv>n or v<<n is determined by the sign Substituting(B5) into (B3) and (B4) gives
of y,, and the pattern of signs of, that gives rise to state- . _
ment(c) has been verified numerically up to=200. L VA L N V) PO L T
2] € 27 2¢ T
n

APPENDIX B: STABILITY ANALYSIS + ( V+5]6,=0(U), (B7)

We wish to study the stability of similarity solutions to Y i0 (6v 1
(7) and(8). Our analysis is similar to that of Brennetal,”  —/3uU— —”(—” + = (e%’)@f,) G=0(G,e V).
but differs both in the form of the asymptotic expansion and € €\ H H

in correcting some minor algebraic errors. We commence by (B8)
writing (The damped inertial mode corresponds to a balance
ny Ve (3@3,/62+i®7/e)u~0 in (B8) but requires a rescaling of
h=7/{H(n)+ dg(n 3, (B1) the variables wit® .= O(e™ 1) for further asymptotic analy-
/ sis)
v= t—M{V( )+ du(p,t)it’ 12 (B2 EquationsB7) and(B8) allow the evolution of the Ray-

” leigh mode to be evaluated. Frof@8) we first obtain
whereH(#7) andV(#) satisfy the similarity equation€l0)

. . . : — 247 2@ 2
and(10), and & is a small parameter. We substitute irf#@ U 2ie v+ 1-(e t")HO7 G B9)
and (8), retaining terms tdD(5), and obtain eO,H\ "7 6H ’
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so thatU = 0O(eG). Equation(B7) then reduces @(e 1) to
0,+(V+39)0,=0 or

w=

(B10)

V1 k
+§7],

which may be differentiated with respect #pto give
1

> K.
Finally, we use(B9) to eliminateU from (B7) at O(1) and
obtain the evolution equation

1-k*H2t'
G,={ —ag—*t5V,t1

K+ Vv, + (B11)

1
V+§77 knz—

1
G +|V+57 G. (B12

6H 27

Equations (B10)—(B12) are readily interpreted. The
phase velocityw/k and the group velocity are both equal to
the sumV* of the interfacial velocityV and the pseudo-
velocity 37 induced by the time-dependent definition of
Moving with this effective velocityv*, the local wavelength

is stretched by the divergence of the effective velocity, and
the local growth rate is the sum of the long-wave Rayleigh
growth rate, growth due to necking of the thread under ex-

t/1/2

151/—12) ’ (B16)

Gcrit:Cv(
whereC, is a constant that must be determined numerically.
In dimensional units, this result may be expressed as a criti-
cal amplitudeA,i; =/, Giit". Ast’— 0, the new similarity
solutions withv~7,11,15... areclearly much less stable
than the solution withv~3 found by Eggers.

Finally, we note that the WKB analysigquationgB7)
and (B8)] only involves the viscous terms at leading order.
Thus, the same analysis may be applied to a thread pinching
in the absence of inertia after accounting for the different
time dependencef) of the similarity solution. We find that
equationgB13) and(B14) are unchanged save for the redefi-
nition of the phase and group velocity ¥ =V+ 87 and
the replacement of’ in (B14) by t'(*=2#). Then, for the
inertialess probleniB15) becomes

1
-1
(6Ho) +§V7,(7lo)+1 m

=

Bl
(7= 70V (70) (B17)

tension, and a pseudo-growth due to the time-dependent rahe time dependence of the similarity solution means now

dial scaling. We can, moreover, integrate bgBill) and
(B12) along characteristics of* to obtain

K(n(r),1) V¥ ()

Km.m) V(7)) (B13
G(n(7),7)
G(71,71)
B 70 1—k(9)2H2t" 1 dny
_exp{f771 (—GH EV”JF]')V_*]’

(B14)
where 7(7) is obtained by solvingp,=V*(7) subject to
7(71) = 71.

Consideration ofB13) and (B14) shows that the most
dangerous perturbation is one with
k=(7,)=Ht'Y? starting with 7, close to the stagnation/
critical point g whereV* (7y) =0 that was introduced ear-
lier. Growth is dominated by the region
| 71— 10| €| 7— 10| <1 in which Taylor expansion of the in-
tegrand of(B14) gives

1
(BHo) 1+ 5V, (70) +1

(7= 10)V7(10) n—1no’ (B15
on using Ho=(15v—12)"%, V,(70)=2, V*(7)=0 and
Vi (10)= 3 . It follows that the amplitude of a disturbance
originating at =7, grows by a factor proportional to
| 71— 0|~ 7 by the time it reacheg=0O(1). If the final am-

that a localized wave packet has a si@éHqt’*~#) in
n-space, and so the critical dimensional amplitude for insta-
bility has the form

Gcrit:Cm/R(Hot,(liﬁ))mt’, (B19)

where H, depends on the scaling exponehtas given in
equation(26). Therefore, similarity solutions with largen,
corresponding to smalle8, are much less stable than the
solution with 3(2) determined by Papageorgibu.
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