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This paper considers a mixture of sedimenting particles at low Reynolds numbers and volume
fractions. Simple theoretical arguments have long suggested that for a random suspension of
particles in an infinite system, the fluctuations in the velocity about the mean should diverge with
system size. On the other hand, experiments have shown no such divergence. The primary goal of
this paper is to examine the effect of side walls on the predicted divergence in fluctuations, through
theory, scaling arguments, and numerical simulations. Side walls lead to important modifications of
the standard arguments. A scaling argumbased on wall effecjss presented to rationalize recent
experiments by Segret al.[Phys. Rev. Lett79, 2574(1997]. The paper also briefly discusses the

role of inertia in screening fluctuations in infinite systems when the particle Reynolds number is
very low, and also the coupling between the velocity fluctuations and the mean sedimenting
velocity. A physical argument suggests that in some circumstances the fluctuations give a leading
order correction to the mean sedimenting velocity as a function of volume fractionl9%®
American Institute of Physic§S1070-663(99)02104-72

I. INTRODUCTION contradictory evidence regarding the existence of this diver-
egence: On one hand, computer simulations by F&dtsup-

port the conclusion, finding an increase in the size of the
velocity fluctuations with system size.

On the other, two different types of experiments have
n performed, both finding an independence of the fluctua-
tions on system size: Ham and Honéyand Nicolai

et al ¥ studied the diffusion of a colored test particle dur-
ing sedimentation, and extracted the effective diffusion con-
U sedimen Us[ 1—6.55p+O($?)]. (1)  stant of the particle. Systematic studfeslemonstrate that

The O(4) correction is due to the presence of a fluid back-th€ diffusivity does not vary with system size when the
flow arising from the sedimenting particlé@nother elegant Smallest dimension of the cell is varied by a factor of 4 at
physical argument for thi<D(¢) correction is given in fixed ¢. A second type of experiment was recently per-
Hinch® who considers it arising fronD(¢) corrections in ~formed by SegreHerbolzheimer, and Cha'k'ﬁ’gWh_o used
effective properties of the medium around a test particle in Particle image velocimetry to record the velocity field in the
homogeneous fluid. The main assumptions in theories leadi€nter of the experimental cell at a fixed time. They found
ing to the prediction that the correctionith is O(¢) are:(i) that by increasing the largest dimension of their cell, the size
the neglect of inertia, since the particle Reynolds numbgr ReOf the velocity fluctuations saturated, with an explicit depen-
is small; (i) consideration of only two body interactions be- dence of fluctuations on the solid volume fractignover
tween the spheresiii) the particle distribution is random in three orders of magnitude i#. Their principal results are
the limit of small¢; and(iv) the system size is infinite in the that: (a) the velocity fluctuations saturate at a scale of order
direction transverse to the settling. Experimental fits of theds¢"% (b) the correlation length is of order 8¢ '?,
average settling velocity as a function of volume fractionwhereais the particle radius; an@) experiments with vary-

The sedimentation rate of a mixture of monodispers
solid spheres in a liquid is a classical problem in fluid
mechanics™ For slowly sedimenting particles, long ranged
hydrodynamic interactions lead to a correction to the Stoke%ee
settling velocity U of a single sphere. In the limit of low
volug?1 fractionsp, theories predict the sedimentation veloc-
ity as™

show a roughly linear dependence @rin the limit of small ~ ing system size demonstrated that the velocity fluctuations
¢, although with a prefactor which is systematically smallersaturate for systems larger than approximately ten times the
than 6.5571 correlation length. Each correlated region in the experiment

The consistency of this theory was called into questioncontains of order 3000 particles, indicating that the phenom-
by Caflisch and Luk&who pointed out that the assumptions enon is a many particle effect, breaking assumption
listed above imply that the velocity fluctuations of the fluid A single theoretical argument has been put forth to ex-
diverge with increasing system size. A physical scaling arplain the independence of the fluctuations on system size.
gument for the divergence in fluctuations was given byKoch and Shagfeh argued that screening of the velocity fluc-
Hinch® Experiments and computer simulations have givertuations results from correlations in the particle
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distribution® violating assumptiotiii ). Their central idea is in the Segreet al. experiments is geometry dependent, this
that the particle distribution arranges itself precisely to can{eads to the conclusion that the mean sedimenting velocity
cel out the divergence in the fluctuations. By explicit com-can depend on the container shapas previously suggested
putation, they found a single particle distribution which hasby Tory et al?°

this property. The distribution is characterized by a net defi-

cit of exactly one particle surrounding any test particle. The|. STATEMENT OF PROBLEM

theory predicts that the velocity fluctuations scale llidg

(independent of volume fractiorand that the correlation Consider a large group of particles falling together in a
length scales lika 1, in contrast to the experiments. viscous fluid of infinite extent. Neglecting interparticle inter-

The primary goal of this paper is to examine the effect ofactions, each particle falls acco_rding to th(_e Stokes drag law
side walls on arguments leading to the prediction of divergt =87p?Usa, whereF=Apgu, is the applied force. Here
ing velocity fluctuations with system size. Although it is well 2 IS the density difference between the particle density and
known that side walls greatly modify the velocity field of a fluid densityp, v is the fluid kinematic viscosityg is the

single particle falling in a contain€r(e.g., in a cylinder the g_ravitatignal acceleration, and the particle volung
velocity far from a particle decays exponentially on scale =4/3ma”. The fluid velocity solves the Navier—Stokes equa-

farther from the particle wall separation, instead of liké), ~ 1Ons

this effect appears to have been ignored in theoretical discus-  p(g,u—Ud,u+u-Vu)=prV2u—Vp+f, 2
sions of sedimentation, which typically assifhiiee system h is the fluid veloci lati W The flow |
size is infinite transverse to the settling direction. We presen\fv ereu 1s t e fluid velocity relative t Jste 1he TIoW IS

the analogue of the Caflish—Luke argument for Olivergingmcompres,5|ble and the boundary condition is that each par-

velocity fluctuations with side walls present, and find that itt'(‘fle, moves with the fluid. An .effgctlve approxmatl”.ozr}.
eliminating the boundary condition is to consider the limit of

predicts the velocity fluctuations should vary across a cell.””. les. Th d by a bodv f in E
The consequences of side walls are explored through scali Int particles. These are represAente_ Y @ body force in £q.
), of the formf=3%,f,8(z—z,)z, with the locationsz,

arguments and numerical simulations. It is argued that at™. idi ith th fel i Each forée is th
least two different regimes of sedimentation should exist in goinciding wi € particle positions. =ach Tortg 1S the

box with walls: a weakly interacting regime, where aArcP:/ivmeéi ian bup r)]/angy f;)rcE'descfril;ed above. developed
Caflish—Luke-like law holds, and a strongly interacting re- € begin with a briet review of the argument gevelope

gime, where particle interactions modify this behavior. Com-for_ computing the average velpcny of the suspgn‘é?o_n an
Bgfmlte system: The first step is to neglect the inertial terms

uter simulations and scaling arguments are presented to e ) .
b g arg P in Eq. (2), since the particle Reynolds number Re small.

plore the strongly interacting regime. It is argued that . ) . . .
experiments have not yet completely ruled out the possibilit T_hen, Eq.2) |s.ave_raged over all conﬁguraﬂo_ns in which a
of the divergence of the fluctuations with system size, al__smgle_ test pa}r_tlcle Is fixed at the spatial Ioca_t farf Denot-
though if the divergence exists it must be weaker than thd"9 this conditional average by an overbar yields
Caflish—Luke prediction. . . PVA=Vp* +F28(r—ry), 3

We also present another screening mechanism that _
should apply to much larger cells or higher particle Reynoldgvherev andF are the “renormalized” viscosity and force
number than those given in current experiments. It is base@een by the fixed test particle, representing the average effect
on the fact that the divergence of velocity fluctuations occur®f the other particles in the suspension. Detailed computa-
because of the assumption that momentum diffusion awagions of 7 andF are described by Batchefoand Hinch® the
from test particles is instantaneous. However, if the velocityupshot is that both contai@(¢) corrections to the values for
fluctuations diverge, then the particle diffusivity also di- a homogeneous fluid. In deriving E), it is necessary to
verges(see, for example, Koch); eventually, the particle use Batchelor's renormalization of the pressyse p*
diffusivity will be large enough that particle diffusion beats +Apv,¢$gz, accounting for the uniform backflow arising
momentum diffusion. In this limit, it is no longer valid to from the bottom boundar{.The conclusion of these argu-
assume that momentum diffusion is instantaneous, whiciments is that the velocity field surrounding a test particle has
leads to a self-regulation for the size of fluctuations. Whethethe same functional forrfdecaying as ~*! at large distances
the side-wall-dominated or inertia-dominated screeningrom the particleé as a particle in a homogeneous fluid, albeit
mechanism applies depends on the relative size of the comvith O(¢) corrections to coefficients.
tainer and the particle Reynolds number. This formalism immediately suggests that, for a random

Finally, it is pointed out that a natural consequence ofsuspension, the velocity fluctuations diverge with system
these arguments is that the fluctuations lead tpoaitive  size. Caflisch and Luke’s argumé&mioints out that the vari-
correction to the mean sedimenting velocity, whose form isance in the velocity fluctuations is given by
independent of the screening mechanism. In general, we ar-
gue that there is a correction to the mean settling velocity of  (uy?)= f dPu?, (4)
order AU/+/Nyo,, WhereAU is the size of the fluctuations,
and Nyop is the number of particles region with correlated wheredP represents the probability measure for particle po-
velocity field. From the Segret al. experimental data, this sitions. If the particle distribution is uniforrfimplying that
implies a leading ordes’ correction to the mean velocity. in the frame of the mean flow, particles sample their acces-
Combined with our suggestion that the saturation mechanisrsible space uniformly the probability measure idP
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A AN field relative to the mean. The flow relative to the mean is a
120 } : S A Y B B A A A, : “swirl” on the scale of the box size. The counterintuitive
wl 1t ' t i i Jl r i i i “ : Lt fact is that the motion of a single particle relative to the mean
; R S S t [ TS ; is not controlled by its nearest neighbors, but instead by a
ooyt o : Vbbb vy 1 N Sy collective effect of the entire flow field. In Fig. 1, the mean
oo ; SR NEN : i t \; t : : NN ; particle spacing is about 20, which is a factor of 10 smaller
BT T NN NN NN s g than the size of the swirl.
a0k e e i N N N NN NN~ . . .
; L R ; The central argument has been that this divergence in
o 7 ; ; ; ST Tt o ; ; 7 velocity fluctuations for infinite system®r the dependence
o - of the fluctuations on system size in a finite systesnun-
°(b) S T physical, and should be cut off at some scale. That is to say,

the “swirls” apparent in Fig. 1 should exist on a scale much

FIG. 1. Visualization of the velocity fluctuations from a random distribution Smaller than the size of the system. This issue is not just
of 10* particles.(a) shows the velocity field in the lab frame, afty) shows

academic: The effective diffusivity in a sedimenting mixture
the velocity field in the frame moving with the particles. The velocity field i

. . O s controlled by the nature of the velocity fluctuations that
was computed using the fundamental solution to Stokes equation in an in:
finite system(see Sec. I)l. The large scale swirl that forms iib) indicates orm.

that the velocity fluctuations depend on the system size. The mean particle A screening mechanism is a physical effect which ren-
spacing in this figure is approximately 20. ders integral4) convergent. There are essentially two possi-
bilities for how this can occur: the first possibility, as pro-
posed by Koch and Shagféhdoes not change the~r !
=¢d3r/vp. Since the solutioi~r 1, as described above, it law _pred|_cte_d b_y Eq(3) but instead relies on a nor_1tr|V|aI
follows that the integral diverges linearly with system size_partlcle distribution to force the convergence of the integral.
(W)~ pr "Koch and Shaqgfeh demonstrated that this only works for a
' . . : . very special class of particle distribution functions: The dis-
A more physical version of this argument was given by, _ -7 ° ; : .
, 15 - A o 9 . . tribution of particles around a single test particle must al-
Segreet al,™ in the spirit of Hinch? Consider a blob of size - . .
. . . ways have a net deficicompared with a random distribu-
| of fluid. The number of particles in the blob Ny, . . . : : o
3 o . X tion) of precisely one particle. This screening mechanism is
=1°¢lv,. Random statistics impliegNp,p, fluctuations in : . e ; ) .
. . bservable in practice only if this special configuration of
the number of particles and hence fluctuations Ofoarticles is stable
VNpiopApgu , in the blob mass. This must balance the Stoked’ '

. : The second possibility for screening is to keep the prob-

drag 6mpvIAU, implying ability distribution essentially random and makedecay
AU a 3¢ I faster tharr ~ 1. Both of the mechanisms discussed herein are
U_s = Nblobl_ “Vz7 V7 (5 of this latter type.

F|gure 1 shows a V|suaI|zat|(_)n of the dlvergen_ce: 10 00 | WALL EFFECTS
particles were placed randomly in a square box with sides o
length 200, surrounded by an infinite fluid. Figurt@lshows

According to the arguments presented above, the size of
the velocity field produced by these particl@sside the box

the velocity fluctuations diverges for an infinite system, and
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is set by the shape of the container for a finite system. Therealls make the velocity fluctuations, and hence the particle
are two different subtleties that are associated with containatiffusivity, depend on the distance between the particle and
walls. The first is exposed by the following simple question:the wall. The no-slip boundary condition requires that the
Consider a container with widtW/, depthD, and heightH.  diffusivity vanishes at a wall, so that the diffusivity reaches a
Which of these scales provides the cutoff for the divergencenaximum on the midplane of the cell. The consequence of a
in the fluctuations? The answer depends on lbendary nonuniform diffusivity is that a collection of particles ini-
conditionson the fluid velocity field; see Fig. 2. tially uniformly distributed in the cell will migrate toward
If the boundaries do not exert forces on the flow field, the side walls. This assertion will be demonstrated through a

the divergence is cut off by thiarger of W, D, andH. The = computer simulation of a model sediment in the next section.
reason for this is that if tha~r ~! law extends to all bound- The nonuniformity of the velocity fluctuations in a ran-
aries, then the distance to the furthest boundary dominatedom sediment follows directly from formul@), except us-
the far field of the integral. On the other hand, if the bound-ing the correct Green’s function for a particle in a cell with
ary conditions on the wall are no-slip, the container wallssolid boundaries:
exert a drag on the particles, and this conclusion is false. d3r
Exact solutions demonstrate that close to the wall, Whe AU2(r)yg= ol =¢f u(r—r’)ﬁe”—. (6)
~r~! law changes to a more rapid decay, generally faster cell Up
thanr ~# (see below. The consequence of this is that in an pere, y_,, is the velocity field of a single particle in the cell,
actual experiment with rigid walls, the distance to tiear-  ang the integral is over the entire cell. As discussed above,
estwall provides the cutoff for the fluctuatl.ons'. sinceu,y decays at least as fast Bs? asymptotically, this

~ The nature of the decay of the velocity field around ajntegral converges. However, the value of the integral de-
single particle then depends on the shape of the containesends on the location afin the cell, and in particular on the
For a particle tga;gslatmg paraIIeZISto a rigid wall a distancegistance from a side wall. When sampled at a wa#,0 so
d away, Blaké*** and Ifore_ni“' demonstrated that for e fluctuations vanism\U is maximum in the center of the
r<d, the Stokes solutionu~r~! holds. However, far |l Since in general .~ Uar ! for r<0O(d) (if d is the

enough away, the decay law transitionsiter ~2. The exact gistance from the particle to the nearest container)wtiiis
formula for the velocity field is complicated, and contains Aintegral will in general bd =cU?d/a. The constant is a
superposition of Stokeslets and higher order corrections. Ryeometrical factor, and can be much larger than ugaitly in
pedagogical description of the details is given inne planar case, where the transitiorr t& behavior occurs
Pozrikidis®® Exact formulae also ex®t*“* for particles ¢ 121). Estimates foc in a random suspension as a function
translating perpendicular to a wall; in this case the crossovess distance from a single wall is given in Appendix A.
is from r__l tor 3. _ o L The physical reason for the dependence of the size of the
Solutions for point forces moving in the vicinity of yelocity fluctuations in a random suspension with distance
boundaries have been tabulated for a number of differemicross the cell is that particles closer to the wall interact with
geometries; two important geometries for the present disCusa\er other particles than particles in the center of the cell. In
sion are parallel platé%®” and circular cylinders> For particular, at a distance from the wall of a cell, a particle
parallel plates, Liron and Mochon constructed the solutionjnteracts via theu~r ! law with N(x)=¢x3/vp particles,
which demonstraté8 r~> decay for motion parallel to the where ¢ is the local volume fraction. The fluctuations about
plates. Motion perpendicular to the plates decays exponefpis number lead to a particle excess or deficitofN(x)
tially in the far field. Liron and Mochon also estimated con- _ [6x3Tv, particles, which leads to a fluctuation of size
vergence of the two plate problem to the single plate solutiorhu(x)w 1?(677pvx)‘1 IN(X)Apgu, . Hence
in the limit where the plate spacing becomes infinite, and P '

noted that the influence of the second plate is important \/_\/§
when the distancd of the particle from the closest plate is AUMX)~UsVo a

more thanD/8, whereD is the distance between the plates. ) . )
The circular cylinder differs qualitatively from the examples 1herefore, in a random suspension fluctuations should vary
with distance to the wall with via @x law. Any deviation to

with plates in that the walls surround the patrticle on all sides." h )
The qualitative consequence of this is that the walls exert 41iS formula measured in an experiment would reflect a non-

constant drag force per unit length of the cylinder. Hence, g&niformity in the particle d|str|bqt|on across a cell. A con-
demonstrated by BlakBand Liron and Shaha? far enough cep'FuaIIy_ useful way of expressing the formula for the fluc-
from the point force the velocity field decays exponentially. tUations s to express
The crossover betwean * decay and exponential decay oc- AUZ(x) cX
curs at a scale of order the radius of the pipe. - =
The second subtlety associated with container walls in-
volves the notiof* that the particle distribution is random V,(x)=x3 is theinteraction volumef a particle a distance
and homogeneous. This idea is based on the assumption wbm the wall—the volume of space around a single particle
ergodicity: In the reference frame falling with the sediment,where theu~r ~* law holds.
the particles trajectories are supposed to explore space uni- The notion of interaction volume immediately suggests
formly. In the presence of side walls and strong particle in-that there should be at least two different regimes for the
teractions, this assumption is false. The reason is that sideelocity fluctuations in a finite cell. Cartoons of the two re-

7

u?2 a

Vo(X)) 1/3
Up '

Downloaded 07 Jun 2004 to 128.103.60.225. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



758 Phys. Fluids, Vol. 11, No. 4, April 1999 Michael P. Brenner

Strong Interaction ticles falling between two plates, the time scale for motion
perpendicular to the plates grows exponentially with their
separation distance parallel to the plates, whep>D/2.

In the strongly interacting regime, what happens depends
on the result of particle interactions. In this regime the non-
uniformity in AU across the cell implies that the particle flux
toward the side walls is strongest in the center of the cell, so
that over time the center of the cell will be depleted of par-
ticles. Heuristically, the side walls are kinetic traps for par-
ticles, since once a particle diffuses toward a wall it takes
increasingly long for it to escape. Simulations described be-
low confirm this conclusion. The consequence of particles
being pushed away from the center of the cell is that the
typical size of the velocity fluctuations in the strongly inter-
acting regime will besmallerthan that predicted by Eq6).

When is the transition between the weakly and strongly
interacting regime? At fixed volume fractiah the transition
from weakly to strongly interacting occurs by increasing the
distanceD between the walls. Hence, there is a critical dis-
tance D, (for fixed ¢) or alternatively a critical volume
fraction ¢ (for fixed D) above which particle interactions
can strongly modify the fluctuations from that of a random
distribution. A lower bound fokb;; is that the particles fall
“single file” through the cell, occurring at, = (2a/D)?>.

Before proceeding with numerical simulations to test

FIG. 3._ Cartoqns of the weakly intera_cting and stron_gly in_teracting regimes[hese ideas, we first analyze tmaximurmsize of a blob that
of sedimentation. Around every particiemall dark circlesis the sphere N ;i
denoting the interaction volume of that particle; within this sphere the parC&N occur in a cell of deptl (with W>D) that behaves
ticle interacts with other particles via the~r~* law. In the weakly inter-  precisely like a blob in an infinite system. Each of the par-
acting regime, the interaction volumes around different partidlefined to  ticles in such a blob must interact with each other via a
be the volume of space where the-r* law holds do not overlap. Inthe = —1 15,y This requires that every particle in the blob is
strongly interacting regime, the interaction volumes overlap significantly. A . .
transition from weakly interacting to strongly interacting occurs when eitherclOSer to the others in the blob than to its nearest wall. The
increasing the number density of particles at fixed gap witth figure or maximum blob for which this constraint holds is centered on
increasing the gap width at fixed number dengiigttom figure. the midplane between the two side walls, and hasBi&ein

the direction along the depth, and a si2& along the width

and the height. Any blob which is larger than this bound
gimes are depicted in Fig. 3. Around each particle, we havaecessarily has some of its particles interacting more weakly
drawn a circle with radius the distance of the particle to thethan they would in the infinite system limit. It should be
wall, depicting the interaction volume for this particle. Inside emphasized that these bounds follow directly from the prop-
of this volume, the particle interacts strongliye., by the erties of the single particle Green’s functions to Stokes equa-
u~r~1 law) and outside the volume the interactions aretion, and have nothing to do with complications that occur
weaker. In theweakly interacting regiméFig. 3(@] the in-  when many particles interact.
teraction volumes surrounding different particles do no
overlap. In thestrongly interacting regimdFig. 3(b)] the
interaction volumes of different particles overlap signifi- To substantiate the effect of wall interactions, this sub-
cantly. section presents numerical simulations of a model sediment

In the weakly interacting regime, particles interact with confined between two infinite rigid walls. We will assume, as
each other with velocity laws which decay much faster tharbove, that the particle Reynolds numbérg/v) is small
r=1 In principle, what happens in this case could depend o130 that the fluid velocity solves the Stokes equations. We are
the cell geometry, since different cells have different inter-interested in the dynamics at very low particle volume frac-
action laws. However, the simplest expectation is that aions, where the average interparticle spacing is much larger
initially random distribution of particle distribution remains than a particle size. In this limit, it is appropriate to consider
random for all times. This would lead to a dependence othe limit of point particles, each of which exerts a localized
fluctuations onp and system size that is directly predicted by force on the fluid.

Eq. (6): Namely,AU/U.=c(W/a)+/¢/D/a, where the con-

stantc is geometry dependent. In the limit of low volume

fraqtions, the\/a law must bg obeyed, be.cause the timg scglei Eormulation of model sediment

of interactions between different particles grows signifi-

cantly: for example, in Appendix B it is shown that the exact ~ Denoting the particle positions b, the equations of
solution of Liron and Mochof? implies that, for two par- motion are

Weak Interaction

tA. Numerical simulations of a model sediment
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dx, - N

¢ = Un+(6mua) i, (8) S(x,x’)=n:2_N(Sp(x,rn)—Sp(x,Rn))y(x), (10)

Unzz S(x; ;%) (67 ua) M. (9) Wwhere r,=(x"-2nD,y’,2') and R,=(—(x"+2nD),
1#n

y’,z"). The functiony(x)=1 for the components db par-
allel to the side walls, ang/(x) = sin(mx/D) for the X com-
S . _ 5 _ponent ofS. This ensures that the boundary conditions on the
particle if this particle were abserft=6muaUs2 is the lo walls are obeyed exactly for all componentsS)fwhile re-

calized force each particle exerts on the fluid, &fd;,x) specting the symmetries &with respect to interchange &f
represents the Green'’s function of the Stokes equation for 3P g Y P 9

X . . andx’. (See Appendix B for a discussion of this pojrithe
point force located ax;, obeying the appropriate boundary number of image Stokesletd taken in the sum is chosen
conditions at the side walls. Formul8) is a consequence of . 9 . S ; .
Faxen’s first law, which states that a particle sitting in a independently for each simulation: in particular, we verify

flow U,, and feeling a forcé moves as the sum of the Stokes g‘neg grles i:iggeeigglrjl?&th_? t tir;:\llnuir?;lgasli;?jggzncso?r\l/aetrge
velocity (6wua) 'f and U,. Given a formula for the P - lypically

Green’s functionS these equations solve for both the posi- follow this requires keepl_ngd%_lo. ".] writing the explicit
formula for S we will nondimensionalize all length scales by

tion and velocities of the particles in the sediment. . )
To proceed with simulations of a sediment trapped be? and all timescales by, . :
tween two infinite plate§ocated ax=0 andx=L) we need _ Anothe_r subtelty that needs to be addressed is that the
an approximation for the Green’s functidd obeying the single particle Stokeslet
boundary conditions. We seek an approximate formul&Sfor
with three important feature41) It must have the correct S,= i
near-field asymptotics, i.et, ! decay closer to the particle 8
than the nearest wal(2) It must have the correat ? decay
law on scales farther from the particle than the nearest wall?as a singularity at=(x,y,z)=(0,0,0). Hence, if a pair of
and finally (3) It must exactly satisfy the correct boundary particles in the simulation happen to overlap, the settling
conditions on the plates. This last property is especially cruvelocity predicted by Eq(8) will be unrealistically large due
cial because the major point of these simulations is to investo the large velocity induced by each particle on the other.
tigate the consequences of a vanishing diffusivity near thd his effect could produce large spurious effects on the ve-
particle walls. locity fluctuations in a simulation. Previous studies have
There are several different approaches that could be folvoided this problem by either using a more accurate repre-
lowed for findingS. In the point particle limit, the solution Sentation of the hydrodynamic forces than the point particle
for a particle falling between two walls can be represented agPProximation allows? or by including a short ranged repul-
a infinite sum of image Stokesletseflecting the particle Sive force between the partici&sHere, we will simply cut
positions about the two wallsplus a correction. The correc- Off the divergence of the single particle Stokeslet by modi-
tion is necessary because, although the sum of image Stoke¥ing it to be
lets lead to a vanishing velocity parallel to the walls, the
component of the velocity perpendicular to the walls does 11
not vanish. Liron and Mochdfifound the correction by ex- 5= ﬂ(”r?Jr ?)’
pressing the sum of image Stokeslets in terms of an infinite
series of Bessel functions, and solving for the correction inwvhere¥ = (x>+y?+z%+1)Y2 This cuts off the unphysical
each mode explicitly. One possibility is to use a truncation ofdivergence while maintaining the important asymptotic prop-
this series solution as an approximation &as it converges erties mentioned above. Also, two overlapping particles
very rapidly farther from the particle than the wall spacing.move at exactly twice the velocity of a single particle, which
However, the convergence of this series is very slow in thds essentially correct. It should be remarked that this cutoff of
near field, closer to the particle than the wall spacing. Thehe Stokeselet divergence is the only place that the particle
alternative idea of basing a numerical method on the sum dfize enters explicitly into the formula f@.
image stokeslets has the defect that the convergence is very The last element of the simulations is that we need to
slow in the far field[ The best way to do this calculation is to correct the particle mobility due to the presence of the side
compute the Green’s function numerically and then use avalls: Particles near walls fall more slowly than particles in
lookup table for efficiently simulating the particle dynamics the center of the cell. We account for this by taking the
(H. Stone, private communicatipnThis is planned for a particle velocity to beU=(6mpva) *fy(x), where y(x)
future work] =1—a(2l)~ ! with | the distance of the particle to the clos-
For the present simulations, we chose a balance of opest wall.
posing evils which is both computationally efficient and re-  We emphasize that this formulation isnaodelfor the
spects important features mentioned above. Denotingnotion of the particles in the presence of walls, utilizing
Sp(x,x") the Stokeslet for a single particle in an infinite me- several approximations which are physically reasonable but
dium for a particle located at’, the formula forS that we  not necessarily mathematically well controlldd’he most
use is egregious approximation in the modehiéx), which implies

Here,U, is the velocity of the fluid at the location of thrgh

1+rr)
GRGE

(11)
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that the velocity field is not divergence free. In principle thisthe smallest dimension of the cell. At long times, the particle
could lead to systematic errors in computed probability disstops at the right wall.
tributions across the ce]l. In fact, essentially every particle in our simulation even-

The goal of the calculations is to show the qualitativetually ends up stuck to the side walls. The reason for this is
effect of walls on the particle motion. Quantitative compari- partly an artifact of our simulation procedure, and partly a
sons between numerical results and experiments requiresraflection of the actual dynamics: on one hand, we make no
more accurate representation of the Green’s function. attempt to accurately model lubrication forces when a par-
ticle approaches a wall, so that the evolution of the particle
dynamics near the wall is incorrect. On the other hand, Ap-
pendix B shows that fotwo particle interactions, when the

The physical argument for computing the size of theparticles are sufficiently far from each othef orderD/2) in
fluctuations in an infinite system relied on the dynamics ofthe direction parallel to the wall generically one of the par-
“blobs,” i.e., regions of particle density higher or lower than ticles will segregate to the wall. Hence, there is an overall
average. In an infinite homogeneous system, a group of patendency for particles to force each other toward the wall,
ticles clumped together in a spherical clump fall together in although the details of what happens when the particle ap-
spherical clump for long times. Evidence for this long time proaches the wall are not well accounted for here.
coherence is given by Nitsche and Batch&ar a numerical (3) The maximal fluctuations in this cell are localized
simulation of a falling blob. The simulation demonstratesthree dimensional “blobs,” in spite of the fact that the initial
that particles shed from the blob extremely slowly: e.g., theidistribution of particles had a size much larger than the gap
simulation demonstrates that in a time of order 200  width. Hence, the presence of a thin gap dnesmake the
only about 1% of the particles escape from the blob. system sediment two dimensionally. Evidence for this asser-

The lifetime of a blob is important in understanding the tion is shown in Fig. 6, which show a “front view” of the
size of the velocity fluctuations during sedimentation; blobsflow field around the group of particles in the above simula-
are constantly being created and destroyed, and the size tion which results in the maximal velocity a&=10. The
which they can grow depends on how long they survive. Taadius of this group of 25 particles is of ordea;5the flow
understand how the presence of container walls modifies thield is very similar to that of the same blob falling in an
conclusion, we simulate the evolution of an initially random infinite three dimensional fluid: The measured falling veloc-
distribution of particles between two walls. The initial distri- ity of the group of particles is=4.9Ug, whereas the pre-
bution is finite, and surrounded by clear fluid. Figure 4dicted velocity for a blob ofN particles and radiuR sur-
shows a simulation of the dynamics of 100 particles confinedounded by an infinite fluid itN(a/R)Us=4.8U5.
in a gap of width 1@. The initial distribution of particles is (4) Correspondingly, the magnitude and nature of the
random, filling the gap as well as a region of sizea20 fluctuations in the simulation depends on the gap width
X 20a, so the initial volume fraction ighy~0.01. The dif- To illustrate this, Fig. 7 shows the maximal velocity fluctua-
ferent rows represent snapshots atl5, 30, 100, and 200, tion att=10 in a simulation with the same initial volume
respectively(in units of aU_ ). The arrows represent the fraction as that of Fig. 6, but with double the gap widdh
magnitude of the velocity field in the laboratory frame. The =20a. The maximal fluctuation is a blob of 54 particles with
left column shows the particle distribution perpendicular toradius~7.
the plane of the walls; the velocity field is evaluated on the  (5) Particles near a wall have a much smaller fluctuation
midplane of the cell, halfway between the two walls. Thevelocity than a particle in the center of the cell. Because of
right column shows the evolution within the thin gap, with this, it takes much longer for a particle near the wall to move
the velocity field evaluated at=10. to the center of the cell than for a particle in the center of the

There are several important features that should be note¢ell to move to a wall. At long times this results in segrega-
from this simulation, which differentiate the evolution of a tion of particles to the walls. We believe that in a continu-
“blob” in a confined geometry from that of an infinite sys- ously fed sediment, this process must reach a steady state:
tem: When the particle density near the wall increases, the fluc-

(1) Particles in the center of the céhliear the midplane tuations there will also increase. Eventually the fluctuations
move faster because they have a larger interaction volumeear the wall will be of order that in the center of the cell,
and thus are able to interact with more particles. This causeand the system will reach a steady state. Our simulations are
a “stretching” of the initial blob: After a time 3@US‘1, the  not able to currently capture this steady state because of both
extent of the blob in the vertical direction has nearly tripled.our inadequate modeling of the particle-wall interaction and
In contrast, the simulation of Nitsche and Batch&l@hows the fact that we use too few particles.
that (in the absence of wallsthe blob size stays roughly
constant during this time.

(2) There is a swirling motion of the particles in the gap
between the two walls. This can be most easily seen through We now re-examine previous experiments with wall ef-
an animated movie of the blob disintegratitghich unfor-  fects in mind. From this viewpoint, the two types of experi-
tunately cannot be included in this papeknother indication ments that have been performed to date represent very dif-
is shown in Fig. 5, which plots a typical particle path falling ferent measurements. The particle tracking algorithm of Ham
through the cell. The particle moves back and forth acrosand Homsy? and Nicolai and Guazzelfi'* follow a single

2. Blob breakup

B. Comparison with previous experiments
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Fig. 4(b) (Continued)

marked particle in its path through the cell. If we assume thasaturates; the surprising feature of this measurement is that
the particle distribution is essentially random, then particleghe saturation occurs with thargestdimension transverse to
spend longer near walls; the fluctuations near the walls wilthe falling direction, contradicting simple expectations out-
then dominate the long time average. On the other hand tHéed above for an experiment with rigid walls. Moreover,
Segreet al. experiments measure the velocity field at fixedthe measured correlation lengths show a nontrivial volume
time on the midplane of the cell, where the fluctuations fraction dependence~30a¢ 2.
should be maximal. The observed correlation lengths vary between 1 mm
The Segreet al. experiments consider both rectangularand 5 mm, and are alwayarger than the distance to the
cells with WXD wvarying from 3mmk0.3mm to closestwalldD/2. As an example, the particle image veloci-
30 mmx10mm, and a 0.5 mm radius cylinder. Most of the metry images in Fig. 1 of Seget al. have cell half-depths of
data obeying thes U~ ¢*° scaling laws have 10 mmlmm  D/2=1 mm for the¢p=10"* data, andD/2=0.5 mm for the
cells. The experiments image the velocity field in the mediany=0.03 data. The measured correlation lendihsthe di-
plane of the cell with a depth of field of approximatelyp.5  rections parallel to the nearest platese on the order of 4
mm. On increasing the cell widtki the correlation length  mm and 1 mm, respectively. This means that the walls must
be affecting the results. However, the reported dependence
on volume fraction gives\U~ U, which differs from
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FIG. 5. Top and side view of a particle path in the blob disintegration FIG. 6. Closeup of the particles falling the fastest in the above simulation
simulation shown above. The scales in handX direction are the same (front view). Twenty-four particles are clumped in a “blob,” of radius
(10a), whereas the scale in the fallirigdirection is compressed. Note that approximately &~ D/2. The falling velocity of this blob is measured to be
the fluctuations in the trajectory in the plane perpendicular to the side walls=4.5U, which is close to the predictiohl(a/R)Us=4.8U; for a three

is of the order of the fluctuations in the trajectory between the walls. dimensional blob.
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the volume fraction dependence of the weakly interacting
regime. TheAU~U¢® law occurs for the data where
there is no dependence of velocity fluctuations on system
width W. This implies that for these data, an additional dy-
namical process must occur in the experiments.

We hypothesize that the dynamical effect is particle mo-
tion toward the walls. As shown above, fluctuations make a
particle initially on the center line of the platen the imag-
ing window) move off the center line because of a compo-
nentAU of its velocity directed toward the wall. As empha-
sized above, this limits the size of the fluctuations that can
form in this system as it limits the number of particles that
can participate in a correlated velocity fluctuation; see Fig. 8.

We now present a scaling argument incorporating this
physical idea, which reproduces the scaling laws measured
by Segreet al. By dimensional analysis, a particle initially
on the center plane will reach the wall after a time
~D/2AU!, whereAU is the characteristic size of the ve-
locity fluctuations transverse to the wal[$Ve remark that
sedimentation is unlike the “blob disintegration” calculation
shown above because the characteristic blob (sikéch de-
terminesAU) is set dynamically. At this point, the velocity D
field around the particle no longer decays like* and thus
does not affect many other particles. As demonstrated by thfetlgG 8. Side view of thin experimental cell. The dotted lines denotes the

nter line, which is where the image plane is located in the Seiges.
simulations of the preceding section, the particle no |0ngeéxper|ment5 The thin solid line represents the proposed particle path.
participates in a correlated velocity fluctuation with other
particles. Hencer is the correlation time. The distance the
particle falls during this process is of order

ometry: A larger “blob” does not have time to form without
D Ug different parts of the blob becoming uncorrelated.

2 AU (12) To determine thep dependence dfandAU, we need to
ombine formula12) with an estimate with the Caflisch and
Yuke result Eq.(5) for how AU depends on the size and
number of particles in a correlated region. The combined

|~Ugr=

This distance represents the maximum size of a region ?
correlated velocities that can form in this experimental ge-

result is
| ~a(D/2a)?3p~ 13 (13
208 °© ° AU
Tt tre o e ittt T, ~(Dr2a)"™, (14
15[\Tffff/\\l“o(jlo_\\\&,‘ D2
REEP vitd "2 o
10p T 1\ T f ) \o\ " b J%qm/ ' T T The Segreet al. experiment®’ operate with a single particle
T T T ! 5 m\ OP L9 Joﬁ\ \ f T size (7.8 um) and a range of cell sizes. The data fod are
] Yy oo mainly taken withD=1 mm cells, so thaD/2a~64. This
° x ,Y \ W ! LO f? P p ; f 7\ implcijes Npjop~ 4100, I;lz]aqs*l’e’, and AU?4US¢;’;B|n
. o good agreement with the experiments, for whidh,
i ’ g g =3000, | ;~11a¢ Y3, and AU ;~2U.p'3. (Here |, and
o 1IN AN St
A R AU, denote the correlation length and velocity fluctuation
x N ’\ \ L f‘ f f along the sedimenting direction.
-5} x /V It therefore follows that particle motion controlled by the
,\ N N N '\ (R f f f 7 7\ f f gap thicknes® can lead to scaling laws which are consistent
T T W W ’V ’Y T T T T T T f ? T T f f with those measured by Séget al. However, the present
19 0 5 m - p author wishes to make no secret of the fact that these scaling

laws equationf§(12)—(14)] were derived to reproduce experi-
FIG. 7. Closeup of the particles falling the fastest in a simulation With mental findings which were known to the author at the time
=20a, but with the same initial volume fraction as that of Fig. 6. Fifty-four f the derivation. Therefore. thev do not in anv wav repre-
particles are clumped in a “blob,” of radius approximatelg~D/2. The 0 . T ! y . y way eP e
falling velocity of this blob is measured to be8.2U., which is close to the ~ S€Nt @ “first principles” theory. The substantive conclusion

predictionN(a/R)U=7.7U, for a three dimensional blob. which should be drawn from the scaling analysis is that the
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experiments areonsistentwith dynamics controlled by the 10° . .
gap thickness. Moreover, this conclusion is consistent with
the simulations described above, which also suggests that the
dynamics should be influenced by the gap.

The seriousness of this conclusion is that both our gen-
eral arguments and formuld3) imply that the size of the
velocity fluctuations is still controlled by the size of the cell. AU,
The growth of fluctuations with system size is weaker than 100
that implied by the Caflish—Luke predictidiEq. (5)] al-
though it still diverges with increasing. Although it is not
possible to directly test the form of this divergence quantita-
tively with our current simulations, we have verified the
gualitative dependence dhand¢: On increasind keeping
¢, fixed, the size of the velocity fluctuations increase; simi- R
larly on increasingg, keepingD fixed the fluctuations in- 105 0 0% 10"
crease. 4

The scaling laws in Eqs12)—(14) will only be valid i ,
when the assumption that the three dimensional ek FIG. 9. Replotting of the data from Segee al. for the 3 mmx0.3 mm cell,
p considering it as the dependence of fluctuations on volume fraction instead

~VNpot/! applies to the fluctuations is valid; if the size of of system size dependence. The solid lines denoted t .~ & law.
the blob is large enough relative to the cell size, wall drag
will limit the size of the fluctuations. The crossover between
these regimes occurs when the velocity fluctuations impliedystem siz&V measured by Seget al. Examining Fig. 4 of
by Eq.(13) is of order the upper bound implied by E@).  Segreet al. for the size of the fluctuations as a function of
SettingAU from Eq. (14) to be of order, the upper bound system siz&V, the data naturally separate into two different
implies a transition at the critical volume fraction categories: Thesaturateddata (where the velocity fluctua-
tions are independent ofV) occur for the cell sizes
10mmX1mm, 20mnmx2mm, and 30mm10mm. The
scaling laws for the velocity fluctuations and correlation
lengths discussed above in E¢$3), (14), and (15) all re-
where ¢, is the volume fraction based on a single particleferred to the cells in the saturated regime. On the other hand,
per interaction volume. This formula has the physical inter-the data which show an increase in the velocity fluctuations
pretation that when the volume fraction is small enough thawith increasingV are for the 3 mnx0.3 mm cell and the 0.5
fewer thanNy,y, particles exist in an interaction volume, the mm round cell.
particle dynamics cannot be described by formula®)- This suggests the interpretation that these smaller cells
(13). As described in the previous subsection, above thihave fewer tharNy., particles per interaction volume, and
threshold the particle interactions are weak and hence thieence their velocity fluctuations obeyU ~+/¢. If AU/U,
AU~Ug\/¢ law should hold. ~¢, then whenAU/ ¢ is plotted againsiW/a¢'’® the

A rough estimate for the critical volume fraction is ob- graph will have positive slope, so that it will appear that the
tained in Appendix A, which computes the upper bound for afluctuations are increasing with system size. To test this hy-
particle is a distancl from a single wall, ignoring all other pothesis, Fig. 9 replots the data for 3 .3 mm cells from
walls. Applying this formula for experiments with/(2a) Fig. 4 of Ref. 15 af\U/Ug vs ¢. It is seen that the data are
=50 implies ¢¢ii~5% 10" 6. As discussed in Appendix A, consistent with theAU/U,~ /¢ law. Hence, the proposal
this estimate overestimates the true answer, and hence thisat the data consist of two different regim@sgth different
critical volume fraction far underestimates for the correctscaling laws forAU) is a consistent interpretation of the
&t [NOte thec® power in Eq.(16)]. Taking into account all  data.
of the side walls in the cell will decrease the interaction  The other major set of experiments is by Nicolai and
volume. Guazzelli*®* who use a very different procedure: instead of

Since we do not have the Green'’s function for all experi-the “Eulerian” procedure of Segret al. they follow the
mental geometries, it is not possible to use this argument tpaths of single particles meandering through the cell. From
compute ¢,;; for realistic experimental geometries. In the these data, they extract the effective diffusion constant. The
Segreet al. experiments, the rati®/a is smallest in the imaging procedure projects the position of the particle onto a
3 mmx0.3mm cell and the 0.5 mm cylindrical cells, so two dimensional plane perpendicular to the thinnest direction
these are the most likely candidates for being in thé  of the cell. Since the depth of field in the experiments is the
regime. (It is also true that for these two cells the imaging depth of the celt® no information is obtained about where
window spans the entire width of the cell, which implies thatthe particles are located relative to the walls parallel to the
both sets of walls are probably important for the particlesimaging window. Although the cells used by Nicolai and
being sampled. This will further decrease the interaction vol-Guazzelli are larger than those of the Segteal. experi-
ume, and hence increask.;; for these cellg. With this in  ments(dimensions ranging fror® X W= 20mmx100 mm to
mind, we consider the scaling of fluctuations with changing80 mmx100 mm), their particle sizes are also correspond-

2
: (16)

D

2 a
c® D 2a

Derit™ D =,
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ingly larger(394 um radius sphergsso that their ratio of the FRONT SIDE
smallest cell dimension to particle size ranges frbiRa
=25-100, in precisely the same range as that of Ref. 15.

We now compare the ideas formulated above to the mea-
surements of Nicolai and Guazzéifi:The above argument
suggested that the correlation time should DEAU *
=a/U4(D/2a)?® ¢*°. Comparing with Nicolai and Guaz-
zelli’'s values for cells ranging fror® =20 mm—80 mm im-
plies predictions7~23aU;'—58aU . In contrast, the
measured value is aboutd@_ * for all the cells.

The independence afon the smallest scale of the con-
tainer is a contradiction between the experiment and the the-
oretical ideas presented herein. There are several possible
reasons for this discrepancy:

(1) The argument posed above implicitly assumes that ;g4
only one set of walls is important and hence that the aspect [
ratio of the cell is large. Most of the Segee al. experiments
haveW/D = 10, whereas the Nicolai and Guazz€liexperi- 20a
mem_va,ne_s fromW/D =5-1.25. When the interaction VOI_, FIG. 10. Top and side view of a particle path in the blob disintegration
ume is limited by both sets of particle walls the prefactors ingimylation shown above. The scales in hand direction are the same
the scaling laws will depend on both dimensions transversezca), whereas the scale in the fallirigdirection is compressed. Note that
to the settling. Fhe fluctuations in the traject(_)ry in_ the plang perpendicular to the side walls

(2) The ratio of cell size to mean particle spacing is of the order of the fluctuations in the trajectory between the walls.
D/(a¢ ) is larger by about a factor of 5 in the Nicolai—

Guazzelli experiment than in those of Segteal. In prin-
ciple there could be transitions in the flow as this dimension-
less parameter increases. is about double in théd=20a cell than theD=10a cell.

(3) Finally, and most importantly, the presence of sideFigure 11 compares theandy components of the velocity
walls can cloud the interpretation of diffusivities extractedfor the two cells. It is seen that, although initially the velocity
from single particle measurements. As emphasized abovéuctuations for the particle in the = 20a cell are larger than
for a random suspensiop,U (and hence the particle diffu- those in theD =10a cell, eventually they both settle down to
sivity) is not homogeneous across the cell. However, thevelocity fluctuations in the range of about 0.1
measured diffusion constant from single particle tracking re-  We do not want to interpret these results too literally, as
flects anaverageof the diffusivity over the path of the par- there are serious differences between our simulation and
ticle. In the experiments, particle paths do not include infor-sedimentation, as noted above. However, this set of simula-
mation about the distance from a particle to its nearest walltions clearly suggests another possible resolution of the con-
hence, the measured diffusivities reflect a trajectory averaggadiction between our arguments about the importance of
over the cell thickness. Since the particle will spend morewall effects and the Nicolai—Guazzelli experiments’ i.e., that
time closer to a wall, where the fluctuations are smallest, thig is possible that long time measurements of single particle
average weights smaller fluctuations more than larger onediffusivities do not sample the maximal velocity fluctuations

To illustrate the effect of this averaging, we analyze ain the cell.
typical particle trajectory in the blob disintegration simula- This latter interpretation also provides a consistent ratio-
tions. This is not equivalent to analyzing particle trajectoriesnalization for the more recent measurements of Peysson and
in a simulation or experiment on sedimentation, as there th&uazzelli*? who verified that in thed =40 mm cell the size
distribution of particles across the side walls presumablyof the fluctuations and the correlation time are independent
reaches some steady state whose properties are presently ofi-the width of the cell, when it is varied from-410cm,
known. Figure 5 already showed the path of a typical particlenith the depth fixed at 4 cm. They also demonstrated that the
falling in a blob of width 1@; Fig. 10 shows the path of the size of the fluctuations is independent of the position along
same particle falling through a cell with width 0 The  the width of the cell, except for layer of widts 0.2 near
initial volume fraction in both simulations is identical,  the side wall{bounding the width These measurements are
=0.1. In both sets of simulations it is seen that the particleconsistent with our arguments: The size of the fluctuations
wiggles around the cell, as it does in the Nicoktial.  will be controlled by theshortestdimension of the cell.
experiments14 The scale of the wiggling in the two simu- Therefore varying the widttwhenWs>D) should have little
lational figures is clearly set by the cell width; in both sets ofeffect on the size of the fluctuations. Correspondingly, since
simulations when viewed from the top the scale of the wig-the measurements represent averages across the cell depth,
gling is aboutD/2. Similarly, in the Nicolaiet al. experi-  there should not be any variation of the fluctuations across
ments(e.g., Fig. 1 of Ref. 18 the scale of the wiggling is the width of the cell until the particles sampled are of order
about 4@ whereas the cell half-width is about®0In addi- D/2=2 cm from the side wallgbounding the width In Fig.
tion, the time it takes for the particle to collide with the wall 2 of Ref. 32 the fluctuations vary within a layer W2
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FIG. 11. Time dependence of the components of the particle velocities
depicted in Figs. Jupper figure¢ and 10(lower figure. The size of the
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FIG. 12. Sketch of the different scaling regimes proposed, on a double
logarithmic plot. Forg< ¢;;; the velocity fluctuations should scale Iik@.
FOr ¢here<< pAU~ ¢,

obeyed. Abovep,,; the ¢*"® law is obeyed. The critical vol-
ume fraction¢, has only a single particle per interaction
volume. The volume fractiowb.;; hasNy, particles per in-
teraction volume, and controls the crossover in the experi-
ments. Both of these numbers depend strongly on the shape
of the container. To our knowledge, the transition between
these two regimes in a single cell has not yet been observed.
We propose that the smallest cells used in Ref. 15 lie in the
first ¢ regime, whereas the larger cells lie in the second
regime. Besides varying at fixed cell size, this general
picture could be directly tested by studying the scaling laws
for the velocity fluctuations as a function of distance from
the wall of the cell: close to the wall, théé law should hold

and a transition should appear when the sampling volume is
far enough from the walls. Finally, we remark that since all

at long times the size of fluctuations for the two cells is essentially identicalgf gur arguments are based on the long ranged part of the

particle greens function, their applicability at higher volume
fractions is unclear.

=2 cm from the side wall, as expected from this simple ar-

gument.

C. Summary of this section

D. Inertial screening

We now turn to a brief description of another mecha-
nism for screening the velocity fluctuations. Although we do

To summarize the results of this section, we have prenot believe that this mechanism applies to the present experi-
sented theory, numerical simulations, and scaling argumentsents, it illustrates another example of a screening argument
illustrating how confinement by rigid walls can produce non-which relies on a cutoff of the slow decay of the Oseen
trivial scaling laws for the correlation length and velocity tensor, instead of a structural transition in the particles dis-
fluctuations of a sedimenting flow at low volume fractions. tribution. We also consider this mechanism as a plausible
Based on these ideas, we have argued that current expepessibility for the infinite system size limit, where wall ef-
ments do not definitively exclude the divergence of the vefects are not important.

locity fluctuations with system size, although they do imply

Consider a sedimenting mixture in a box large enough so

the divergence is weaker than the Caflish—Luke law sugthat the wall effects discussed above do not apply. The

gests.

Caflisch—Luke—Hinch argument suggests that the velocity

Our arguments suggest at least two different regimes fofluctuation diverges with system size, and hence that the par-
AU(¢), depicted picturally in Fig. 3. These regimes imply ticle diffusivity D diverges with system size. The idea of
that the velocity fluctuations should have the qualitative beinertial screening is that, eventually, the particle diffusion

havior sketched in Fig. 12. Fap<Npopd, = dgit» the par-
ticle interactions are weak enough that the)~ /¢ law is

constantD will become of order of the momentum diffusion
constant
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D~ . (17) IV. COUPLING TO MEAN VELOCITY

We now return to the question of the dependence of the

At this point, particles will diffuse faster than the momentum yean sedimenting Velocity segimen:ON é. The formula of
they are releasing into the fluid, and momentum transporgyrgers and Batcheldf ignores the velocity fluctuations
away from particles is no longer effective, so that e and only counts two particle interactions; it is thus natural to
~r~* law will not apply. This provides a cutoff for the size agk whether corrections arise from the fluctuations. Recall
of the velocity fluctuations. that a blob 0ofNpou* \Npop Particles moves downward at

Scaling laws for the dependence of the correlation lengthye|ocity U+ AU. Since more particles fluctuate downward
and velocity fluctuations on both the particle Reynolds numypan upward, blobs contribute a net downward volume flux

ber Rg and ¢ can then be constructed by balanciBg-v particlescy/NpopAUv /13, wherec is a constant of order
and using the Caflisch—Luke formuld) as above. Details of unity. Hence, there is a correction tdJgegmen; Of

how this works erenq on how one estimates the diffusionmbAva/|3/¢:CAU/ Npop, SO
constantD. For illustrative purposes, we list the results of

such an estimate her@Although we emphasize that, in the c
absence of a detailed theory for the diffusivity, these formu-  Usediment= Us| 1—6.55¢+ N Us e (21
blob

lae are speculative.In general, the diffusivity isD

~AU?7, whereis the correlation time. If the correlation The central consequence of this formula is that, depending
time is set by the time for a particle to move across a blobpn the screening mechanism, fluctuation induced transport
then7~1/AU and thenD~AUI. SettingD~ v and combin-  could dominate the backflow correction to the sedimentation.
ing with the Caflisch—Luke argument as above gives the = We now discuss the implications of this result for the

scaling laws Segreet al. experiments. The confinement induced screening
mechanism implies that the correction to the sedimenting
|=a(Re,) “23p~ 1 (18  Velocity is of order (2/D)?2¢p3. There are two interesting

features of this result: first, it indicates that in the lirgit
—0 the fluctuation contribution to the sedimenting velocity
A—UzReé’*"qSl’f‘ (19) dominates; second, it demonstrates that the sedimenting ve-
Ug ' locity dependgalbeit weakly on the shape of the container.
Previous studié€ addressing whether the sedimentation ve-
(20) locity depends on the container shape have examined only
the backflow contribution.
g _ ) The crossover between the backflow contribution and
Hinch” previously gave another argument for these scalingne f|yctuation contribution t0U gegiment OCCUTS When ¢
laws by proposing there might be a finite Reynolds number_ 0.06(2a/D)~10"2 in Segreet al. This volume fraction is
instability of a falling blob. The argument leading to Efi7) 4 small as to be irrelevant for most experiments. However,
gives a more precise criterion for when inertia is necessarilyéxperimemy typically measure a coefficient of th®(¢)
important during sedimentation. The correct scaling laws fokarm which is systematically smaller in magnitude than 6.55.
| andAU yvould follow from this approach by determinirg Writing U cegimen= Us(1— (6.55— c(2a/D)?3¢~23) ¢)
self consistently. o . _shows that a linear fit to the data wittaD =102 and ¢
Another approach toward inertial screening has previ—19-2 il give a coefficient of approximately
ously been described by Koch for a sediment falling at g 55_1043x 10+43= 5.55, which is in the range of what is
moderate Reynolds numbers Rel. His arguments utilize  ormally observed. It should also be remarked that this ar-
the single partlcle Ose.enlet to cut 9ff the divergence. _It tum%ument provides a rationalization for why different experi-
out that this is not qwzte enough: in the Oseen solution thenents tend to observe different values for the coefficient of
velocity decays liker* everywhere except a small wake, the O(4) terms: The contribution of the velocity fluctuations
which causes a logarithmic divergenceAi. Koch argues g the mean velocity implies that the different formulae could
that thls'dlvergence is cancelled by the relat!ve motion Ofapply to different cell geometries. The other argument that is
two particles out of each others wake by a lift force. Theygyally invoked for explaining the systematically smaller
scaling laws derived by Koch differ from those given above-magnitude of th@ () term than Batchelor's argument sug-

A difference between his treatment and the argument givegegts is that a real system has some degree of polydispersity.
here is that the present is designed to work in the limit of

Re,—0, whereas his argument works at,R€.
We are confident that inertia is not playing a role in

either of the two sets of experiments discussed herein; th¥- DISCUSSION AND CONCLUSIONS
reason for this assertion is simply that all previous experi-
ments are eithefa) in a regime where simple estimates in- .,
dicate that wall effects are important, @) very close to the
regime where wall dominated effects are important. How
ever, in the limit of infinite system size, inertially dominated
screening is a plausible theoretical possibility. 01p+3,(U(p)p)=V-(D(¢)V ), (22

Npiop~ R, %.

The most basic question in sedimentation is to link the
microscopic” description of many particles interacting hy-
drodynamically in a Stokes flow with a macroscopic descrip-
tion, as envisioned by Kynct:
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where herep is the local volume fractionlJ(¢) is the local  enough that it is still possible to transmit light through the
advection velocity, and(¢) is the local diffusivity. This system. From the arguments presented herein, it appears to
type of description is enormously successful in describingus that at these dimensions the wall effects will be crucial for
the local properties of systenike non-Newtonian fluids  determining critical features of the flow. Examples of this go
where thermal fluctuations are important, so the diffusivity isbeyond that of monodisperse sedimentation of spheres: for
dominated by the Stokes—Einstein relation. The fundamentaixample, Batchelor and van Rensberg’s stady clumping
question is to determine whether this type of effective hydro4instabilities in bidisperse suspension uses a cell width of 3—-5
dynamic description still applies in the limit where thermal mm, with particles of size about 0.3 mm. From their photo-
fluctuations become irrelevant. graphs the initial scales of the instabilities they observe are a

Classical theories of sedimentatfof aimed to predict few millimeters across. Similarly, Herzhat al’s study*® of
U(¢). The original theoretical difficulty was that simple es- clumping instabilities in fiber suspensions take place in cells
timates ofU(¢) led to divergent answers. This problem is with D/a~40 as the observed clump sizes are in the range of
due to a real physical effect: The velocity a blob of sedimentD/2. It is unclear to us whether a theoretical treatment based
at constant volume fraction surrounded by an infinite fluidon an infinite homogeneous system is appropriate for analyz-
increases with increasing blob size according tdJ ing either of these experiments.
~ugpR?. Batchelof realized that in an actual experiment, One of the major concerns in trying to derive an effec-
container boundaries force the backflow to flow throughtive theory for the sediment a la Kynch is that it is crucial
sediment, which imposes a constraint which cuts off the dithat there be a scale separation between the region where
vergence. This constraint leads to a convergent answer fdiulk equationglike Eq. (22)] apply and the region where an
U(¢), which Batchelor finds to be essentially independenteffective boundary conditions apply. In non-Newtonian flu-
of the properties of the container. ids this scale separation is ensured by thermal fluctuations:

The screening of velocity fluctuations is the analogue otthe Brownian motion of an object very far from a wall en-
this same problem for determining the effective diffusivity sures that the effect of the wall on the motion is incoherent.
D(¢). The principal goal of this paper was to explore theln the present problem, the interactions of single particles
effects of container walls on controlling the size of the ve-bothwith each other and with the boundaries are long ranged
locity fluctuations. Previous theories of sedimentation haveso that whether a natural scale separation exists is unclear.
assumed that the system is infinite and homogeneous in thBhis issue is perhaps a purely theoretical concern; e.g., Ac-
direction transverse to the settling, and therefore neglectetivos and collaboratorésee, e.g., Ref. 37have successfully
the dynamical effect of container walls. The principle wall applied phenomenological slip boundary conditions to differ-
effect is due to the well known fact that there is a transitionent types of sedimenting flows, with excellent agreement be-
in the flow field around a particle at a distance from thetween theory and experiments.
particle of order the particle-wall distance. This transition ~ Our interest in these general questions was initiated by
implies that, when a particle moves around a cell, the numrecent experiments by Segret al’™® and Nicolai and
ber of particles with which it is effectively interacting Guazzelli** A simple scaling theory for the first
changes. Through scaling arguments and simulations wenechanism—based on confinement in cells of high aspect
have argued that side walls lead to a number of importantatio—was introduced and shown to be in reasonable agree-
consequence$l) There are at least two different regimes of ment with the recent experiments of Segteal;'® the ideas
sedimentation, i.e., the weakly interacting regime and thgresented herein appear to be in contradiction to the conclu-
strongly interacting regime. The transition between these twsions of Nicolai and Guazell and several possible resolu-
regimes occurs at a critical volume fracti¢for fixed cell ~ tions are proposed. Several of our predictions could be tested
geometry or at a critical cell depthat fixed volume frac- experimentally.
tion). (2) The size of the velocity fluctuations acquires a  Finally, our study gives a simple scaling argument which
dependence on the distance from the wall. This could resuBuggests that in general there is a coupling between the fluc-
in a nonuniform particle distribution across the cell, and alsguations and the mean settling velocity. This fluctuation in-
implies a variation in the effective properties of the sedimenduced correction to the mean velocity has the opposite sign
across the cell(3) Side walls even affect two particle inter- as the backflow contribution, and could provide another ex-
actions, by breaking the usual symmetry that implies that irplanation for why experimentssystematically observe a
an infinite system two sedimenting particles maintain a conlower coefficient of theD(¢) correction than that predicted
stant distance from each other. On the basis of our analysi®y Burgers and Batcheld® Coupled with the various
we have argued that current experiments have not definscreening mechanisms proposed herein, it also suggests that
tively excluded the dependence of the velocity fluctuationghe dependence on the fluctuations on cell geometry or par-
on the size of the cell, although they have demonstrated thdicle Reynolds number should be reflected in the mean set-
if the divergence exists it must be weaker than the Caflisch-tling velocity.
Luke prediction.

_The sgdlm_entatlon experlments tha}t we are aware OLCKNOWLEDGMENTS
typically visualize the sediment by projecting the particle
motion onto a plane perpendicular to the shortest dimension | am grateful to Howard Stone for many important dis-
of the cell. The smallest dimension of experimental cells iscussions, to John Hinch for stimulating criticisms, to Phil
typically of order 50 particle diameters, which is small Segrefor discussions about his experiments, and to John
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107 : ; with u the fluid viscosityF=6m7uUga is the force in the,
direction, and the fluid velocity is required to vanish at the
wall. Without the boundary condition on the wall, the solu-
tion to this problem is

Fz ((Si’j+rjrk>

u=—.| —
8mu \ r rs

10" |k
(A3)

10° ¢+ . . . .
where 6, ; is the identity matrix,r=|r—ro|, andr; are the
components of —ry. The boundary condition of the wall is

accounted for using image singularities. Blake’s solution is

107 ¢ ®

n ] B Fz 5i,j r]-rk | R]Rk
n u= 8wy T P R R
10% '.z & 5 : d Ry 61 RjRg
10 10 ;(:l/a 10 10 +2r1(5k,a5a,|_5k,151,l)(9_R| R R R ,

FIG. 13. Comparison of the theoretical upper bouimick solid ling), given (A4)

by Eq. (A7) to existing experimental data. The circles are the data from Fig.
3 of Ref. 15, for large cells. The squares are the data from theWhereR; are the components &= (Xy,X;,X3)+ g, the po-
3mmx0.3mm cells of Ref. 15. The diamonds are the smallest volumesition of the image. The part of the formula contained in

fraction data from Ref. 13. The eXperimentS are Systematlca”y below thl%quare brackets represents hlgher order dlpolar Correctlonsl
upper bound. These are necessary because the difference between the two
image Stokeslets does not cancel out perfectly on the planar
o boundary. Notice that this formula has the feature that, far
Crocker, Daniel Fisher, Don Koch, and Marteen Rutgers ok the particle, the image Stokeslet cancels out the leading

helpful comments. Acknowledgment is made to the A. P.giqer -1 decay of the force, and hence the decay is like
Sloan Foundation, the National Science Foundation, and tp-2

the Donors pf The Pet_roleum _Research Eund, administe_red As remarked upon above, this solution represents the
by the American Chemical Society, for partial support of this¢ g velocity produced by a point force, which is not quite
research. the same as the velocity field produced by a sphere. There
are higher order correctior®(r ~2) to the point force solu-
tion arising from the boundary condition on the sphere.
Hence, although this solution has the correct qualitative
properties of the flow around a sphere falling near a wall, the

The goal of this appendix is to estimate the upper boundorrect formula will contain further dipolar corrections, so
for the size of the velocity fluctuations in the vicinity of a that the terms in the square brackets in E44) will be
single wall, assuming that the particle configuration is ranimodified. However, these terms only contribute @(e/h)
dom. Our aim in putting forth this calculation is not math- correction to the upper bound.
ematical rigor, but instead to provide a ball park estimate to ~ The velocity fluctuations sampled a distaricéom the
assess when walls are important in a given experimental cowall follows from
figuration. The result of the calculation is shown in Fig. 13.

We consider an experiment which samples the fluctua- 3¢ f 3 (F—r')2

5 | d°r'u(T—r")s,

tions a distancér from a rigid wall, where the sedimenting 8ma
direction is parallel to the wall, anq determine an egtimate for heret = (h,0,0), and the integral is over all space. By res-
the upper bound oz}U as a function oh. T.he': solution for caling r'—hw, and usingF=6muU.a, this integral be-
the problem of a point force near a plane rigid boundary wag,; as
first written down by LorenZ? and later by Blaké? This
problem differs slightly from a particle translating near a
rigid wall; a spherical particle differs from a point force by
corrections of orderd/r)2, wherea is the particle radius,
andr the distance from the particle. We will see in the fol- Wherel is given by the integral
lowing that these terms give only higher order corrections to
the upper bound, and so can be neglected at leading order.

APPENDIX A: UPPER BOUNDS FOR VELOCITY
FLUCTUATIONS

AU?=

(A5)

(A6)

Consider a coordinate system,(X,,X3) with a plane
wall located atx; =0, and a particle moving in the; direc-
tion located ar = (w4,W,,w3). We seek the solution to

uV2u=Vp+FX8(r—rp), (A1)
V-u=0, (A2)

|=f d*w(8mFu(W—w))?,

where=(1,0,0) and again the integral is over all space.
Hence, determining the upper bound requires determining
the value of the single integral This integral was evaluated
using the numerical integration procedures in Mathematica
to bel =37.3. This implies the upper bound
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FIG. 14. Phase plane of the of the particle trajectories irxthex, plane of two particles with locations=x, andx=x,. The patrticles are falling between
two solid plates located at=0 andx=1. The upper left picture denotes=0.1, the upper right denotgs=0.5, the bottom lefp=1 and the bottom right

p=5.
ticles (represented as point forgeflling relative to each

—~4\/— \[ other, and demonstrate that even in this case the side walls

have an important effect.

Figure 13 compares this upper bound to existing experi- A basic fact about sedimentation is that two particles
mental data. In the comparison, we take the valub f be  falling in infinite space do not move relative to each other.
the half the shortest dimension of the container. The reason for this follows directly from symmetry: The

The most severe approximation of this calculation is thainfluence of the first particle on the second is exactly the
it only accounts for asingle wall, whereas multiple walls same as the influence of the second particle on the first. In
affect the experiments. The influence of a second wall can bformulas, if we represent each particle by a point force, the
surprisingly strong. For a particle falling between two paral-fluid velocity isu= Sp(r—r’), wheres, is the single particle
lel plates of spacin@® an exact solution was found by Liron Stokeslet, defined in Sec. Ill. The velocity of the particles
and Mochorf® In comparing the solution for the two plates can then be expressed as
to the solution for a single plate, they noted that there are . .
guantitative discrepancies in the single wall calculation un- X1=Us2+S5(x1= %), (B1)

Xo=UsZ+ Sy(Xo— Xq). (B2

less the particle is closer than a distariz& to one of the
walls. Subtracting Eq(B1) from (B2) implies thatx; —x, is a con-
stant.

The presence of side walls breaks the symmetry in the
direction perpendicular to the walls. Here we address how

Section Il demonstrates through direct numerical simu-this symmetry breaking affects the relative motion between
lation that side walls can have a dramatic effect on a seditwo particles. To do this, we need a representation of the
menting flow. Here, we examine the much simpler questiorStokesletS for a particle falling between two walls. For this
of how sidewalls can influence the trajectoriesteb par-  purpose it is efficient to use the exact formulas written down

(A7)

APPENDIX B: TWO POINT FORCES BETWEEN TWO
WALLS
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by Liron and Mochor(Ref. 26. (Comparing the results from ration of the two particles ifixedduring the particle motion.
the exact formula to the model formula used in the many  However, the Liron—Mochon solution shows that this
particle simulations above, it turns out that the two formulassymmetry is broken foS-%, so that there will be relative
give qualitatively similar answers. This provides an impor-motion along thex direction. Here, we use their solution to
tant check on the validity of our model formufalf the  cparacterize the orbits of the two particles relative to each

walls are Iocateq ax=0 andx=L, and the partchAes fall other along theX direction. Their solutioff for the fluid
alongz, the solution demonstrates that b@&fx,,x,) -z and . . . .
velocity atx, given a particle ak; is

S(x4,Xo) - are symmetric with to respect to interchange of
X, andx,. This implies that both the relativig and 2 sepa-

-2 w zoHP(pzZy)

1
X1,X5)  X=———"—"Im ———————(X1X2Z(SINN(Z1(X5— X1)) — Z,, COSH Z (X1 + X
S( 1 2) A p i m( 172 m( f’( m( 2 1)) m K m( 1 2))

m=
+ 1+ 2z, Sinh(z,,(X1 +X5))) + Zy(X5 COSH{X0Zy,) SiNN( X1 Z,,) — X1 SINN(X5Z,,) coSHX1Z,,) )

+ sinh(X41Zy,) SIN(X5Z,) (X1 —X5) 1+ zﬁq— (X +%x5,—L))). (B3)

Here p=/(y,—Y1)°+(2,—2;)% and z,, are the complex *“G. K. Batchelor, “Sedimentation in a dilute dispersion of spheres,” J.
roots of sinhg)’=Z. We have expressed the particle posi- Fluid 'V'EChH5|2, 245(1972. u _ _ ,
tions X, andX2 in units of the plate Spacing). The relative G. K. Batchelor,An Introduction to Fluid Dynamic§Cambridge Univer-

. . . . sity Press, Cambridge, 1967
particle motion of the particles is then governed by 8E. J. Hinch, “An averaged-equation approach to particle interactions in a

_— o fluid suspension,” J. Fluid Mecl83, 695 (1977).

X1 =S(%z, %) - X, (B4) ’R. H. Davis and A. Acrivos, “Sedimentation of noncolloidal particles at
oo S low Reynolds numbers,” Annu. Rev. Fluid Mech7, 91 (1985.

X2= S(X1,X2) - k. (B5) y (

8R. E. Caflisch and J. H. C. Luke, “Variance in the sedimentation speed of
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