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Electrospinning is a process in which solid fibers are produced from a polymeric fluid stream
(solution or melt delivered through a millimeter-scale nozzle. The solid fibers are notable for their
very small diameter$<l um). Recent experiments demonstrate that an essential mechanism of
electrospinning is a rapidly whipping fluid jet. This series of papers analyzes the mechanics of this
whipping jet by studying the instability of an electrically forced fluid jet with increasing field
strength. An asymptotic approximation of the equations of electrohydrodynamics is developed so
that quantitative comparisons with experiments can be carried out. The approximation governs both
long wavelength axisymmetric distortions of the jet, as well as long wavelength oscillations of the
centerline of the jet. Three different instabilities are identified: the clas@gesEymmetri¢ Rayleigh
instability, and electric field induced axisymmetric and whipping instabilities. At increasing field
strengths, the electrical instabilities are enhanced whereas the Rayleigh instability is suppressed.
Which instability dominates depends strongly on the surface charge density and radius of the jet.
The physical mechanisms for the instability are discussed in the various possible limiZ00©
American Institute of Physics[DOI: 10.1063/1.1383791

I. INTRODUCTION the onset of electrospinning always corresponds with the
whipping of the jet.

Electrospinning is a process that produces a highly im-  The goal of this series of papers is to develop a theoret-
permeable, nonwoven fabric of submicron fibers by pushingcal framework for understanding the physical mechanisms
a millimeter diameter liquid jet through a nozzle with an of electrospinning, and to provide a way of quantitatively
electric field™" In the conventional view, electrostatic predicting the parameter regimes where it occurs. The theory
charging of the fluid at the tip of the nozzle results in theconsists of two components: a stability analysis of a cylinder
formation of the well known Taylor cone, from the apex of of fluid with a static charge density in an external electric
which a single fluid jet is ejected. As the jet accelerates andield, and a theory for how these properties vary along the jet
thins in the electric field, radial charge repulsion results inas it thins away from the nozzle. By analyzing various insta-
splitting of the primary jet into multiple filaments, in a pro- bilities of the jet, we show that it is possible to make predic-
cess known as “splaying”In this view the final fiber size is tions for the onset of electrospinning that quantitatively
determined primarily by the number of subsidiary jetsagree with experiment.
formed. The formalism we describe here also has application to

We have recently demonstrafetiat an essential mecha- electrospraying 2 for which it has long been known that
nism in electrospinning involves a rapidly whipping fluid jet. there aremany different operating modes, originally docu-
The whipping of the jet is so rapid under normal conditionsmented by Cloupeau and Prunet-Fdefi® A recent review
that a long exposure photographg.,>1 ms gives theen-  article’’ classifies the different modes &8 dripping, when
velopeof the jet the appearance of splaying subfilaments. Aspherical droplets detach directly from the Taylor cofi®;
systematic exploration of the parameter space of electrospirspindle mode, in which the jet is elongated into a thin fila-
ning (as a function of the applied electric field, volume flux, ment before it breaks into droplets;) oscillating jet mode,
and liquid propertiesrevealed that for PEO/water solutions, in which drops are emitted from a twisted jet attached to the

nozzle, and théd) the precession mode, in which a rapidly
dAuthor to whom all correspondence should be addressed. Present addregvhlppmg jetis emitted from the nOZZ|eZ b?fore It.br.eaks into
Division of Engineering and Applied Sciences, Harvard University, Cam—derpIetS- The last two modes are qualitatively similar to the
bridge, Massachusetts 02138. Electronic mail: brenner@deas.harvard.edwhipping mode we find in electrospinning.

1070-6631/2001/13(8)/2201/20/$18.00 2201 © 2001 American Institute of Physics

Downloaded 17 Jul 2001 to 140.247.53.216. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



2202 Phys. Fluids, Vol. 13, No. 8, August 2001 Hohman et al.

A series of papers in the electrospraying community hasnetric instability and an oscillatory “whipping” instability
focused on the properties of the jet of fluid emitted from theof the centerline of the jet; however, the quantitative charac-
Taylor cone'® " These papers demonstrate thiat certain  teristics of these instabilities disagree strongly with experi-
regimes of parameter spacethe current-voltage ments. As an example, a water jet with a radius of order that
relationshi® can be rationalized using the asymptotic prop-ysed in Taylor's 1969 experimedlsis predicted to have a
erties of a thinning fluid jet, assuming the jet remains a conygst ynstable wavelength between 1/27—-1/2 of a jet radius,
tinuous stream. The types of calculations described in thg, girect contradiction with the pronounced long wavelength
present papers would allow these jet solutions to be extendqqstabi”ty found in the experiments. Recent Wi’ has

to predict which operating mode occurs in electrospraying Afhcluded surface charge in special limits, although the afore-
a function of parameters.

The idea of the analysis is straightforward: first we will solved
develop a stability theory for a cylinder of a flufdith fixed )

surface tension, conductivity, viscosity, dielectric constants, -T-hehorgamtz).ell.tlon ?f this paper 'S as. fO,HOWS: |ndSef:. Il we
etc) in an axial applied electric field.e., pointing along the revisit the stability of an axisymmetric jet. We derive an

axis of the jet with an arbitrary charge density. We then Symptotic model for the dynamics of the jet by modifying
apply this stability analysis to the relevant solution for thePrevious theories of nonelectricland dielectric® jets to
jet's shape, charge density, etc. The predicted mode of instdoclude free charges. The linear dispersion relations extend
bility that is excited turns out to depend on the fluid proper-those previously obtained in the nonelectrical, dielectric and
ties and the process variablés.g., applied flow rate and other special parameter limits. The simplicity of the formulas
electric field in a manner that can be predicted quantita-allows straightforward physical interpretation of the two
tively. As will be seen in a companion papeireatment of main instability modes; the Rayleigh mode, which is the
the fluid as Newtonian is adequate for the range of fluids anélectrical counterpart of the surface tension driven Rayleigh
operating conditions explored here. instability, and a conducting mode, which involves a purely
The basic principles for dealing with electrified fluids electrical competition between free charge and the electric

were developed in a series of papers written by Taylor in thejegs. At high fields/charge densities the classical Rayleigh
1960s>"~*"Taylor discovered that it is impossible to accountinstapility is completely stabilized and all instabilities are

fﬁr most e_IecItncaI pheng)lmena involving rﬂowr;‘g f]!lu%s.unq?]r urely electrical; surface tension does not affect the stability
the seemingly reasonable assumptions that the fluid is et haracteristics of a strongly forced electrical jet.

a perfect dielectric or a perfect conductor. The reason is that . S .

: . . : Section Il develops a theory for the whipping instability
any perfect dielectric still contains a nonzero free chargeOf the iet which proceeds from a view of the iet as a fiber
density. Although this charge density might be small enougf} et P J
to ignore bulk conduction effects, the charge will typically orc_ed by elect_n(_:al and surfac_e stresses. We app_ly the for-
live on interfacesbetween fluids. If there is also a nonzero Malism for deriving the equations of elasticftyto find a
electric field tangent to the interface then there will be adynamical equation for the fiber; by properly computing the
nonzero tangential stress on the interface. The only possibRiectrical stresses, we recover previous stability results for
force that can balance a tangential stress is viscous; hend®€e bending of the fiber. Because of the simplicity of this
under these conditions the fluid will necessarily be in mo-theory, it is again easy to develop a simple physical interpre-
tion. This idea has become known as the “leaky dielectrictation for the various mechanisms causing instability, and
model” for electrically driven fluids. Its consequences havealso to extend previous stability results to the parameter re-
been successfully compared to experiments on neutrallgimes important in the experimengse., finite viscosity, fi-
buoyant drops elongated by electric fields. A detailed discusnite conductivity, and finite surface chajge
sion and derivation of the assumptions behind the model are  Section IV examines the competition between the two

described in the recent review by Savife. _ _electrical instabilities and describes which happens first. We

Despite the general acceptance of the leaky dielectrigng that in the absence of surface charge the axisymmetric
model, a review of the literature reveals that no theory forthemode is more unstable than the whipping mode, so that an
destaplllz_atlon of an eIecFrlcaIIy fqrced Jet has_ ever be<?nexperiment without surface charge should see a predominant
quantitatively compared with experiments. The linear stabil-

. . R e axisymmetric instability. Experiments on electrically forced
ity analysis of an uncharged jet in an electric field was per- y Y. =xp y

formed by Saville in the early 1970%:3 The reason that jets dating back to Tayl&? observe predominantly a whip-
guantitative tests have not been undertaken are partially eing Jet this IS e?(plalned _by the de_monstratlo_n that Whgn
plained in Saville'®® original papers; the stability analysis surfgge charge is included in the stability analysis the rellat.|ve
for a finite conductivity cylinder in a tangential electric field Stability of these two modes can change, so that whipping
neglects two important effects, the presence of surfac&dn be more unstable. This is indeed what occurs when rea-
charge on the jet and the thinning of the radius. Similarly, theSonable estimates for the surface charge density in a typical
analysis*®® of the stability of a jet with a constant surface electrospinning experiment is used.

charge density assumed infinite conductivity, zero tangential  The second paper in this series applies these results to
electric field, and a constant radius jet. Saville’s analyse€xplain quantitatively our experiments on electrospinning,
predict qualitative characteristics consistent with theand also shows how these results can be useful for under-
experiments—most notably the presence of both an axisynstanding the origin of the different modes of electrospraying.

mentioned discrepancies with experiments remain unre-
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| ] much longer for electrical equilibration to occur through a
copper wire. The reason for this difference is that the global
relaxation of charge occurs via charge neutral currents in the
bulk of a medium, which depend in general on the geometry
of the material in questiorie.g., in a copper wire th®C
constant is the relevant time for relaxing imposed potential
difference$. This point is especially important to the study
of electrospinning and electrospraying; is sometimes em-
ployed without taking the care to make this important dis-
[ tinction.

We will assume throughout this paper that free charge in
the bulk has ample time to relax to its equilibrium value.,
that 7, is irrelevanj, so that all free charge resides on the
FIG. 1. Experimental setup. surface of the jet. In a typical experiment a currénflows
through the jet due to its bulk conductivity and the advection
of charge along the surface. This current is experimentally
determined to be a function of the fluid paramet&g;., ,

We now define and develop the physical model of theand the geometry of the nozzle.
experimental system shown in Fig. 1. A thin metal tube
guides the fluid perpendicular to and through the center of @. Derivation of axisymmetric equations
broad capacitor plate and opens into free space. The tube

opening protrudes slightly from the surface of the plate. Thethe conservation laws it obeys, namely, conservation of mass

ﬁ;twsgan&gStSUt ?;t?Zézbzni?ﬁe??;vgrmi(glthlzgrea\lggznw itand conservation of charge. Because of viscous dissipation
PP P and external forcing by both gravity and the electric field, the

The bottom plate sits in a glass collecting dish. The two. .
: . . isolated system of the jet does not conserve energy or mo-
capacitor plates are positioned perpendicular to the flow sQ o .
) P “mentum. We also employ Coulomb’s integral equation for
that the externally imposed electric field is very nearly uni-4 o electric field
form and axial in the region of the jet. The experimentally ' . I o
. ; . The first step in the derivation assumes that the jet is a
adjustable parametefaside from material parameters of the

jet fluid) are the electrostatic potential difference between théong, slender object and then uses a perturbative expansion

plates,V, the separation between the platésand the con- in the aspect ratio. This idea has been recently used in mod-
stant rate at which fluid flows from the tub&, We will eling jets without electric field&éfor a comprehensive review,

denote the constant field far from the nozzleEs later in see Ref. 38 This approximation method rests on expanding

o . .. the relevant three-dimensional fiellsxial velocity,v,, ra-
the paper, it will become apparent that the fringe fields . . . g WUz .

. dial velocity, v, , radial electric fieldE,, and axial electric
around the nozzle are also important.

The external fluid is air, which is assumed to have noﬂeld’ E,) in a Taylor series in, e.g.,

effect on the jet except to provide a uniform external pres-  Vz(Z1)=vo(2) +v1(2)F +vp(2)r?+-++ . @
sure. This assumption holds until the jet becomes so thin that We then substitute these expansions into the full three-
air drag and air currents become important. The internal fluidimensional equations and keep only leading order terms.
is assumed to be Newtonian and incompressible. This asfhis leads to a set of equations that is actually rather intui-
sumption holds for dilute solutions under low shear and intive. The conservation of mass equation is

the absence of high degrees of extension. The fluid param- 2 28N

eters for the internal fluid are: conductivity, dielectric con- a(mh ).+ de(mh U.)_O' ) ) . @
stant,e, mass densityp, and kinematic viscosityy. The dy-  Whereh(2) is the radius of the jet at axial coordinat@nd
namic viscosity isu=pv. The coefficient of interfacial v(2) is the §1X|al Ve|OCIty,.V\.lhICh to Ieadmg order is constant
tension between the fluid and the air 4s The dielectric ~ cross the jet cross sectifire., Eq.(1) with vo=v].

constant of the air is assumed to ®eln general, overbarred Similarly, conservation of charge becomes

guantities will refer to the regiooutsidethe jet. d(27ho) + d(2mhov + mh?KE) =0, ©)]

To proceed, we must consider the relaxation of fe§ynere (z) is the surface charge density, afidz) is the
charge in the system. The classical relaxation time is, inyectric field in the axial direction. There is now an extra

II. ASYMPTOTIC THEORY OF AXISYMMETRIC JETS

The equations for the jet follow from Newton’s Law and

Gaussian units, component to the current besides advection due to bulk con-
€ duction in the fluid.
Te= . Momentum balance, or the Navier—Stokes equation, be-
47K
comes
This is the timescale for thimcal relaxation of bulk charge 2
d ity withi ducti di Thi ) I v 1 20E 3v 5
ensity within a conducting medium. This process is usually g+, —|=- —a,pt+g+ _h+ Faz(h ), (4)

much faster than the global equilibration of charge on the p p

surface of a conductor. For example, for copper  wherep(z) is the internal pressure of the fluid. The hydro-
~10"1%s, whereas it is common experience that it takesdynamic terms are familiaf In addition there are electro-

Downloaded 17 Jul 2001 to 140.247.53.216. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



2204 Phys. Fluids, Vol. 13, No. 8, August 2001 Hohman et al.

TABLE I. Table of symbols used in this work. 6 7 ——
Q Volume flux
I Current [ — ———
E. Applied electric field o
Fluid dielectric constant : :
Air dielectric constant ~~ aideeeciaaeeeae At SO
Liquid conductivity : :
Kinematic viscosity S,
Liquid density LS 1: e
Surface tension —
Dynamic viscosity
Gravitational acceleration FIG. 2. Gaussian surfac&,, lies just inside the interface.
Radius of jet

Surface charge density
\oltage drop between the capacitor plates

ASTTMARZI®TVFVEMR<S TA@RRT ¥ RN

Distance between capacitor plates computed with the model would ever violate this assumption
Electric field parallel to axis of jet the solution would break down. In every case we have stud-
Elrlggs\l’ﬁfﬁﬁ'hza{ﬁ:f' to axis of jet ied the assumption has held uniformly in both space and
Linear charge density along the jet time.

Dipole density along the jet Now we turn to the derivation of the equation for the
ele=1 electric field.[The philosophy of this derivation was inspired
Intemnal moment of bent fiber by a comment of E. J. Hinch. See the Appendix of Ref] 39.
Eﬁgzz: ;g:ggeosnb(i’ﬁ?;g:fr The electric field outside the slender jet can be written down
Tension in bent fiber as if it were due to an effective linear charge den§itgor-
Coordinate of centerline of bent fiber porating both free charge and polarization charge effaxts
Dipolar component of free charge density chargeA (z) along thez-axis. To find this linear charge den-
Dimensionless conductivity sity, we perform a customary Gauss’ law argument twice.

*

Dimensionless viscosity - . . . . .
Dimensionless external field strength The first time we pick a cylindrical Gaussian surfa&g,

Dimensionless background free charge density COaxial with' the jet,_of lengtidz and 'radius just less than
h(z) (see Fig. 2 This surface contains no chargend no
effective charge, since we are inside the cylind&€hus, de-
noting E, andE, the radial and axial components of the field

static terms in the pressure and a tangential stress termhgide the jet evaluated at the jet surface, we obtain
20E/ph. The latter accelerates the jet due to the presence of

both surface charge and a tangential component of the elec-
tric field at the jet surface.
The pressure is

- <
S 2

0= 3@ E-AdA=[(7h’E,)’ +27hE,]dz
S

— so that
€—¢€ 2 2 ) 5
= —_ — =g y
P=re=gr c 27hE, = — (7h?E,)".
where k is twice the mean curvature of the interfate Now we pick a new Gaussian surfac®, in the same

=1Ry+1/R,, whereR; andR, are the |0_rincip;1)l2 radii of - nsition asS, with the same length but a radius just bigger
curvatur. The electrostatic term proportional & is the  {hann(z) (see Fig. 3 Since this surface surrounds the entire

d_ifferenc;a across the interface of the energy density of the; \olume, it contains some effective charge, in particular it
field (eE“/87) if we neglect contributions from the asymp- contains\(z)dz. Denoting fields outside the jet with an
totically small E; (the radial field inside the jetThe term  arbar

proportional too? is just the radial self-repulsion of the free
charges on the surfac€lhis term can also be interpreted as
the difference in the energy density in the radial electric field,
where again we neglect terms proportionaEia) When we z
evaluateR; andR, we obtainR;~1/h andR,~ —h", where
the prime refers to differentiation in h” is higher order than \ ---------------------------------- ———
1/h, but it is also the stabilizing part of surface tension, so in :
certain cases we retain this telfable ). A

The one important difference between the derivation of ==77=7"77====7ssssfoommmmsssssssmoomndnnsosmmmmnon s
this equation and that for nonelectric jets is that an additional :
assumption must be made for the expansion in(Egto be N -
asymptotically valid; namely, the tangential stress caused by — T S
the electric fieldoE must be much smaller than thmadial 2
viscous stressyv/h. Whether or not this is true in a given gig, 3. Gaussian surfacs,, lies just outside the interface and thus con-
situation needs to be determinadposteriorj if a solution  tains charge.
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47\ (z)dz= 3£ E-AdA=[(wh2E,)’' +27hE,]dz. (6)
S

For a slender jet we know that

E~E-Sg 4277 (7)
€ €
So,
ND=- By + 20, ®)
where
€
p==1.

Electrospinning and electrically forced jets. I. 2205

both \(z), and its image charge$See the second paper in
this series.

The aforederived equations are nondimensionalized by
choosing a length scalg (e.g., the nozzle diamefer time
scale to= \/prg/y, an electric field strength Eg
=\/yl[(e—€)r,] and a surface charge densifyyelr,. We
denote the dimensionless asymptotic fidlg=E../E,. (For
ease of comparison, we note that the relationship between
our )y and Saville’s parameteE is Q§=47-r,8E.) Four di-
mensionless parameters characterize the material properties
of the jet: B=e€le—1, the dimensionless viscosity*
=I,/ry (with the viscous scalé,=pv?/(7y)), the dimen-
sionless gravity* =gpr2/y, and the dimensionless conduc-

tivity K*= K\/rgp/(y,e). Typical values of the viscous
length scale aré,=100 A for water, and,=1 cm for glyc-

Now we can plug this effective linear charge density into€r0l- Whether viscous stresses are important depends on the
Coulomb’s Law for the electrostatic potential outside the jet.ratio of this length scale to the jet radius. A conductivity of 1

We will assume thah varies over a length scalé, much

uS/s(at the upper range for our experimentsrresponds to

larger than the radius, and approximate the integral in tha® relaxation time of=1 us; K* compares this to a capillary

case,

D )<I_>+fd’ MZ)
zn=>o, 7
V(z—2")%+r?

_ 1
%q)x‘F)\(Z)f dz W

— r
~P,—2 InE)\(z)

B

— r
:(I)OC-HI'IE E 9

ne,) — 2T
(h*E)’ = —ho|.

Elementary electrostatics tells us that the tangential compo-
nent of the electric field is continuous across the interface, so

EZ%EFEI%EZ. This yields a single equation for the tan-

gential field inside the jet,
1

E—In(—) i
X

2
where E=E,. The variabley™
which is assumed the be small.

41
(th)”—?(ho)’ =E.,, (10

1'is the local aspect ratio,

time for a 0.1 mm jet of about I¢s. Hence, when the jet is
thick, it is a very good conductor indeed.
The nondimensional equations are then

a(h?)+(h%)’' =0, (11)
K* ’
d(oh)+ ohv+7h2E) =0, (12
+ov'= ( h” : 2 2,+20E+*
Jdivtvv = h oy To \/Eh g
V*
+ 42 (h%v")’, (13
118
E—In; E(h2|5)"—4w,§(ha)' =Q,. (14)

B. Stability analysis

Now we present and discuss the local linear stability
analysis of axisymmetric perturbations to an electrified jet.
There are three equilibrium states around which one could
imagine perturbingsee Fig. 4; there are two perfectly cy-
lindrical states, one in which there is an applied field but no

If the fluid takes a conical shape, there is only one posinitial surface charge density, and anotfigig. 4(b)] with no
sible choice fory, the slope of the cone. This fact allowéd applied field but an initial charge densitgo that the field
us to calculate asymptotic equilibrium cone angles at the tipmside is zero, initially. Neither of these are relevant for our
of electrified, perfect dielectric fluid drops that agreed veryelectrospinning experiments. A more realistic state for ex-
well with the exact theory for infinite cones. This simplifica- periments thins due to the tangential stress at the interface
tion also will occur subsequently for the sinusoidally per-from the interaction between the static surface charge density
turbed, perfect cylinders of linear stability analysis, whgre and the tangential electric field. We remark that there are

must be proportional to the wave numbeof the perturba-

experimental configurations where Figb#is the appropri-

tion. This fact will allow us to calculate dispersion relations ate limit; in particular in the “point plate” geometry, the

for electrified jets that agree well with previous resu#sy.,
of Sauville),
dimensional equations. For generic situations whei®less

which are derived from the full three-

electric field decays away from the nozzle. Far enough
downstream, the surface charge density can bet the external
field. This is the geometry used in most electrospraying

easily defined, we must either disregard the factor of #)(1/ experiment$?

since it is a logarithm and will not vary too much, or use The third state is the most general of the three; as long as
some local estimate. To achieve quantitative agreement witthe wavelength of the perturbation is much smaller than the
experiments near a nozzle, it will turn out that it is necessaryharacteristic decay length of the jet, the stability character-
to employ the full integral equation for the field caused byistics can be approximated by considering perturbations to a
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Es
c=0
h=r,
a) E=E_
V=Y,
E,.=0 G = 0,
+ + + + + + +
h=r
= 0
b) E=0
V=Y,
+ + + + + + +
©)

FIG. 4. Jet equilibria around which linear stability may be performeg.
and(b) were approached by Savillég) is more realistic for comparing with
experiments.

charged cylinder of constant radius. Since this state encom-
passes the other two we will consider it alone in the follow-
ing. Because of the simplicity of the model, it will be pos-
sible to understand the stability of the jet as a function of all

fluid and electrical parameters.

To determine the linear stability, we solve for the dy-
namics of small perturbations to the constant radius, electric

field and charge density solution using the ansatzl
+hEewH'kX, U:O_,_veewtﬂkx, E=QO+eEe“’”'kx, and o

=0t ot whereh,,v,,e.,o. are assumed to be

small. Substituting this into Eq$11)—(14) yields

2wh +ikv.=0, )

*

K
00+ — (2Qoh+e,)ik +ikog =0,

> (16)

QO ZQO
wv = (ik—ik®h 4+ —ike +4mikogo +

Am TBUG

ZO'OeE (T()QO
+ —2———h_—3v*k% =0, a7
VB B
S an 4 A 47Ti)\a'oh 19
_e€+A 0 E+ O¢ EZO, 18
2 VBk © Bk

Hohman et al.

FIG. 5. Comparison of Saville'$Ref. 33 dispersion relation for a zero
viscosity fluid as a function of field strength, f@=77. The solid lines are
Saville’s results for infinite conductivity, with field strengthsﬂ%
=0,0.97,1.93,2.90,3.8 from theppermost to the lowermost, respec-
tively. The dashed line is for zero conductivity afﬁ=4.83. The dotted
lines are from Eq(19).

47K* A 47K* A
w3+ 02 ——— + 3v*K2| + | 3v* K2
s\p s\p
k2 8L A Q2
B 21,2 0~ )
+ 2(k l)+2770'0k( 5 1)+ 5 k
4mK* A | K2 502
T D k2 212, 9770, 2
+ B |2 (k“=1)+2mogk +A 471_k
+E°U°'k(l 4) 0 (19
ik| =—4/||=0,
\/E L

whereL=In(1/y). Since this equation is cubic, there will in
general be three different branches of the dispersion relation;
an instability occurs if any of these branches haswR®.
Although Eq.(19) is complicated, we wish to emphasize that
(@) it is vastly simpler than dispersion relations that have
previously been derived for this problem; for example, the
analogous formulas in Saviffé(for the special case of a jet
with no net charge densitynvolves solving a cubic equation
with coefficients that involve determinants of matrices of
Bessel functions, whosargumentsinclude the growth rate,

w. Mestef’ has considered the stability of a jet in a field with
nonzero surface charge density in the very viscous liligj

uid densityp— 0). Describing the calculation, he states “the
algebra is exceedingly nasty, even with the helpMz#th-
ematica” (b) Equation(19) works for arbitrary values of the
conductivity, dielectric constant, viscosity, and field strength,
as long as the condition that the tangential electrical stress is
smaller than the radial viscous stress is satisfied. Technically,
the formula is asymptotically correct in the—0 limit. It
therefore extends the previous results to regimes which have

where A=gIn(1/x)k?, 6=2+A. These equations have a heretofore not been examined; importantly, this includes the
nontrivial solution only if the determinant of the coefficient regime of most experiments.

matrix vanishes; this requirement yields the dispersion rela-

tion,

To demonstrate the asymptotic validity of these formu-
las, we first compare the results of different limits of ELP)
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with those of previous authors. First, we compare to Saville's  Figure 5 compares the zero viscosity and infinite con-
results: Figs. 5 and 6 show comparisons in two of the threguctivity limit from Eq. (19) (dotted line$to Saville’s results
parameter regimes reported in Ref. P8le note that there is  (solid lines, for several values of the applied fielfl,. In

one small freedom in our dispersion relation, namely, thenis regime, increasing the applied electric field stabilizes the
relationship between the Iocallaspect ratio of the_(JTa’c and jet. The agreement is excellent, and is exact at kowlso

the wave numbek. Clearly y™"=Ak. We determineA by shown in this figure is a comparison in the zero conductivity

expanding Saville's dispersion relatighq. (32) of Ref. 33 limit. The agreement between Saville’s relatithe dashed
in the low viscosity limit at lowk, and then demanding that . "~ .
line) and Eq.(19) is exact at lowk.

the value ofA in his calculation agrees with ours. This im- - ’ - ) ) )
plies thatA=exp(y)/2=0.89..., wherey is Euler's gamma. The dispersion relatiofil9) also yields a simple analytic

A is independent of all fluid and control parametgrs. tivity, zero viscosity limit,

—k\/l 1-k2)— 2702 0% 1 2 ool 20
o=k NIk 2moom o M mEinial Tk ) (20

When o, ), are zero, this formula gives the classical Ray-This critical field is comparable to typical experimental val-
leigh instability. When the field), is increased, the Rayleigh ues: fo a 1 mm jet ofwater in an electric field of 2 kV/cm,
instability is suppressed. At a critical field strength, the in-the nondimensional applied field),~2, so that the local
stability completely goes away. In the limit of largewith field in the thinning jet is close to the critical value. For a 10

oo=0, this critical field is given by the formula pm jet, Q) is approximately 0.2. The consequence of this is
that it demonstrates that at high fields neither surface tension
Qoo \27=2.5 . @D 1or the classical Rayleigh instability is important for the
In dimensional units, the criterion is breakup of electrified jets until the jet becomes very thin.
21y Figure 6 shows a comparison at finite conductivity, so
(e—e)E2=—2". (22) that the electrical relaxation time&/K is finite, and infinite
Fo viscosity. In this limit, the growth ratey, can become com-

This formula has a simple physical interpretation; when thePl€X, corresponding to oscillatory modes. Figure 6 shows the
electrical pressure per unit length of the jet exceeds the sugrowing modes for three different values of=(e/K)
face tension pressure per unit length, the instability is sup>(¥/(rou)) atan imposed electric field,=1.56. The solid
pressed. It turns out that this critical field strength has thdines and the dashed lines are Saville’s results; the dashed
same value even when the conductivity or viscosity is finitelines represent oscillatory modes, which are unstable at small
r. Our dispersion relation is superimposed on Saville’s with
1o’ , ' no discernable difference.

=100
10°

Rayleigh
Mode

Conducting
Mode

FIG. 6. Comparison of Saville’Ref. 39 dispersion relation for an infinite
viscosity fluid with different finite electrical relaxation timer X

=el/Kyl(urg)=0.01, 1, and 100, respectively. The rightmost lines show

nonoscillatory mode§i.e., Im w=0) and the leftmost lines show oscillatory FIG. 7. Field dependence of the instability growth ratdor a fluid with
modes. The result from the dispersion relatjéy. (19)] (dashed linesis v=140 cP,y=65 dyn/cm, conductivitk =5.8u and e=78. As the field is
superimposed on Saville’s solutideolid lineg with no discernable differ-  increaseddirection indicated by arrowghe “Raleigh mode” is suppressed
ence. and the conducting mode becomes dominant.
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These plots demonstrate that the asymptotic theory re- Eo
produces the previous results. Before proceeding further, it is
pedagogical to first examine how the growth rate varies with
electric field, in order to develop intuition for how the field
interacts with the fluid. Figure 7 shows the dependence of
onk andE,, for a fluid with v=140 cP,y= 65 dyn/cm, con-
ductivity K=5.8uS, ande=78. The arrows indicate what
happens when the external field increases. The zero field-
result is the dashed curve; as the field increases this “Ray-
leigh mode” has a positive growth rate for a smaller and
smaller range of wave vectors. At the critical field the Ray- > +A +A
leigh mode is completely suppressed. However, the jet is still
unstable, because a new “conducting mode” becomes larger
and larger as the field is increased. This conducting mode iBIG. 8. Physical picture of an unstable perfect dielectric jet; the perturbation
oscillatory (the imaginary part of its growth rate is nonzgro in the velocity pushes surface charge into the bulging regions.
and is the root cause of the oscillatory growth rates observed S _
by Saville3® (We will see below that when surface charge isC- Physical intuition with surface charge
included, both the Rayleigh mode and the conducting mode The presence of surface charge modifies the characteris-
are modified in important ways; however, the basic distinctics of both the Rayleigh and the conducting modes in a
tion between them still exists, and is important for interpret-fashion that is notat first glancg intuitive. To explain how
ing experiment§.2) this works, we first present further description of how the

The physics of this conducting mode is a consequence dfariOUS instabilities described above operﬁm aid intu-
the interaction of the electric field with the surface charge orition), and then explain how a static surface charge changes
the jet; surface tension is an irrelevant parameter for thi$h® mechanics.
mode. The mechanism for the instability is that a modulationl. Perfect dielectrics
in the radius of the jet induces a modulation in the surface It will be helpful for our intuitive exploration to discuss
charge densitywhich is induced because at low frequenciesthe forms of the perturbation of the velocity, charge density,
the charges try to cancel out the field inside the.j&he  and electric field in terms of the perturbation to the radius,
nonzero surface charge results in a tangential stress, whidh.- These follow from Eqs(15—(18). For a perfect dielec-
accelerates the liquid and causes instability. The oscillator}¥iC. the equations reduce to

o -——— [} —_— o -—

character of the instability results because the timescale for 2iw

the fluid response is different than the timescale for the axial Ue:Thev (23
surface charge rearrangements. In contrast to the ordinary

Rayleigh instability (in an electric field, the conducting o.=200h,, (24)
mode isalwaysunstable at long wavelengttiw k) when oA 2478

the applied field is nonzero. The maximum growth rate of the e _=— ( ?QOJF ik 5 00 h,, (25)

conducting mode scales likeqongucr Qo VK* .
An important consequence of these resulté also  Wwith the momentum response given yr).

Saville®) is that they imply that models for electrically The velocity perturbationy ., is 7/2 out of phase with

forced jets which either assume perfect conductivity or athe radius perturbation, and for a growing mode it pushes

perfect dielectric are qualitatively incorrect. The existence ofluid into the bulging regions and draws fluid from the nar-

the conducting mode occurs because when the conductivi?Wing regions. This motion pushes not only fluid but sur-

is finite the equation for the growth rate is cubic, so that theré2C€ charge as well, so surface charge piles up in the bulging

is an extra root. For models without finite conductivity this regions as well as ﬂ.wd, henae, IS In phase W'th.hf (see
mode does not exist: hence such models have no chance @g. 8). The electric field response is more complicated. The
capturing the physics' in this regime part ofe, proportional to{) is in phase withh,; it is due to

. o . th larization of the fluid resisting th netration of th
As a final check on the stability formulas, we note that mt e polarization of the fluid resisting the penetration of the

. . xternal field(),, into the bulging regionghence it is nega-
the limit where the surface charge is nonzero but the externqe‘]ve, see Fig. @ The part proportional tar, is the electric

electric field vanishes, our results also reduce to those founﬁem due to the perturbed charge density, and is therefore
previously in the appropriate limits. As an example, Saville > oyt of phase with ’
.-

considered the stability of a perfectly conducting, charged |t 4/ is nonzero, then there are two additional competing
Cylinder in the viscous limit without a tangential electric effects. The pressure due to the Se]f-repu]sion of Cha’_'ge (
field. His dispersion relation givesw=y(6ropv) *(1  =¢?) destabilizes the growing mode, because, as we have
—4mro0?ye)  (with o the charge density on the cylinder noted above, advection pushes charge into the bulging re-
This agrees exactly with the prediction of EG9) in thek  gions, so the repulsion becomes stronger in these regions
—0 limit. leading to instability. On the other hand, the tangential stress
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FIG. 11. Physical picture of an unstable perfectly conducting jet.
FIG. 9. Physical picture of an unstable perfect dielectric jet; the perturbation
in surface charge density causes the electric field perturbagjgnthe po- . o o .
larization chargeg,,) tries to cancel out the penetration of the applied field, face is cancelled out. The electric field flux within the jet

E.., and this causes the electric field perturbatien, before perturbation is conserved throughout the instability,
and the field lines simply get closer together in the narrowing
stabilizes the jet by applying a line tension on the interfacd®gions and farther apart in the bulging regions. Tleyss =
parallel to the flow. At long wavelengths, tangential stressPut of phase witth, (see Fig. 11 _ _
stabilization beats charge self-repulsion; however, at small The charge density response is more complicated and is
wavelengths(but still within the range of validity of this dictated by the requirement that there be no change in the
theory the repulsion wins. These effects balance at the turnglectric flux within the jet. The term proportional Qo,
over wave numbek .~ 1/\/B. Figure 10 shows this compe- denotede,, excludes the penetration of applied field lines

tition. into the bulging fluid(see Fig. 12 This term is analogous to
the term in the electric field response in the dielectric case
2. Perfect conductors that is proportional td),, except in that case it is the polar-

Here the velocity response is the same as before, and tH#gation that resists the field line penetration. The texm
response of the two other fields is proportional too, is negative, contrary to the case for per-

fect dielectrics. In order to counter the additional electric

O field within the jet due to a constant surface charge density

0=~ | ool 277—\/E£k he, (26 onthe perturbed interface, the charge density must decrease
in the bulging regions and increase in the narrowing regions.
e.=—20,h,. (270  Thus the repulsion becomes stronger in the narrowing re-

gions and acts to stabilize the instability.

There are two terms that involve the background surface
charge density. The first we have already discussed, and is
just the suppression of the Rayleigh mode due to charge
repulsion (Fig. 13. The second term involves a coupling
between the externally applied fiel€,, and the surface
charge densitythe part that is proportional ta). Because
this term is imaginary, it always destabilizes the jet regard-
less of its sign. It also causes the frequengyto be com-

, plex, so that the modes are oscillatory.

In a perfectly conducting jet, charge flowgstanta-
neously to the interface until the field normal to the inter-

FIG. 10. For a perfect dielectric, the axisymmetric mode is destabilized by
charge densityespecially at high wave numbégrsComparison of the dis-
persion relation for a 0.1 cm diameter jet with=1 cn?/s, e=78, andE., Syt
=V/cm with no surface chargésolid line), and oy=0.75 (dashed ling

The turnover ak.= \6/8~0.27 representing the competition between tan-
gential stress stabilization and charge repulsion is evident. FIG. 12. Physical picture of an unstable perfectly conducting jet.
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stresses are much smaller than radial viscous stresses. How-
ever, it should be noted that this regime is also outside the
regime of any experimental configuration that we are aware
of. Mestel argues that this limit is relevant by noting that the
Reynolds number Re=\roy/p1? is large for a thin jet of
water, and hence there is a boundary layer near the surface of
the jet. However, this Reynolds numk@rhich compares the
timescale for capillary contraction to the timescale for vis-
cous diffusion across the jet radjuss irrelevant for the
present problem; as has been emphasized above, tangential
electrical stresses are much more important than capillarity.
The correct ratio to consider whether a boundary layer can
form near the surface of the jet is the ratio of the tangential
stress to the radial viscous stress. For a mode of wavelength
k ‘ k, this ratio is(in dimensional units

Imw

FIG. 13. For a perfect conductor, the axisymmetric mode is stabilized by oE/h KEikrO/w KESJS k2
charge density. Comparison of the dispersion relation for a 0.1 cm diam jet 5~ > ~
with v=1 cn#/s, e=78 andE..= 2/3 kV/cm with no surface chargeolid polh ulrgolk K
line), andop=0.75 (dashed ling where we have used a typical surface charge density
~E.rok/w and a typical velocity ~ w/k. Sincew~k?? at

smallk, this quantity is negligible ak— 0, and hence in this

et

The response of the electric field ¢ is reflected in the > ’
formula for the growth rate of the mode given in formula lIMit, @ boundary layer does not exist.
(20). On one hand the Rayleigh mode is suppressed by the 'Iihel strongly viscous limit investigated by Mestel can
surface charger?, while on the other the imaginaryoQ, in pr|n_C|pIe occmyjr expenmentglly, and our results compare
term causes an unstable oscillatory instability. Hence, th&/€ll with Mestel's. In the lowk limit, both of us f|£1d that the
existence of a static surface charge substantially modifies tHgOWth rate obeys an equation of the foma®+baw+c
“Rayleigh mode” we discussed above. The mode that re-—0: e both find the same limiting formuéa— 37 (wherer
duces to the classical Rayleigh in the a0 limit is 1S the %onductmg time defined aboyeand b— —1/27(1
always unstable even at very high fields. The transition rep-” 16790 Igg(k)); we differ SI'%htly |n2the formula forc (we
resented by formul&21) does still exist, in that above this find ¢—Qg vs Mestel'sc— Qg(1+ 0g7)).
threshold field the mechanism for the instability is entirely
electrical(and does not depend on the surface tension of thél. ASYMPTOTIC THEORY OF A JET WITH A CURVED
jet). CENTERLINE

Finally, we consider the new modes that are due to finite  \yjith these results in hand, we now turn towards an

conductivity. These modes are in general osc_;illatory. Theasymptotic theory for the bending modes of a jet, which are
reason follows from the leading order behavior for longgiso important for experiments. We assume that the cross

wavelength oscillatory modes, which implies section of the jet remains circular, and we will ignore the
w~(—1)K* Q)23 (289  coupling between the axisymmetric distortion of the jet and

o ) s ) the bending of the centerline. This limits this theory’s use to
where we have explicitly written £1)™ to remind the |inear stability analysis. Nevertheless, we present the general

reader that there are three roots, two complex and one reghethod here, as the equations are readily generalized to the
The two complex roots are oscillatory with positive growth nqnjinear case.

rate. Formuld28) represents the balance between inertia and  There are two pieces of intuition that need to be devel-
tangential electrical strespdw ~oldo/ro, in the momen-  neq pefore we delve into the calculation itself. The first
tum balance equatiom,o~2K(,roh” in the charge advec- jnyolves the calculation of the electric field of the jet. The
tion equation, andjh~—roev’ in the mass conservation reader will recall that when we derived the electric field
equation. Hence, qualitatively the growing conducting mOdeequation for an axisymmetric jet, we expressed the potential
arises from a phase lag between the free charge oscillatiog) tside the jet as if it were due to a linear monopole charge

and the oscillation of the fluid. density spread along the jet's axis,
D. Relation to previous work — , M(2Z')
¢(X)—¢W(X)+f dZ |X_X/| ’

The stability of a charged jet in an electric field has been
previously considered by Mestel in two different limits: the where we have assumed that the capacitor plates that supply
“weakly viscous limit"3® in which the tangential stress on the electric field are far away from the region of interest. We
the jet is confined to a thin boundary layer near the surface ofvill retain this assumption in the present analysis, for in
the jet, and the strongly viscous liniit. The weakly viscous experiments the region of nonaxisymmetric instability and
limit occurs outside the regime of validity of the presentbreakup is always far removed from the boundaries of the
theory, since we have assumed that tangential electricalystem. The major difference from the previdgagisymmet-
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ric) section is that when the jet bends the charge density

along the jet is no longer uniform across the cross section of
the jet, but in addition contains dipolar component.(In

general, if one were to develop an asymptotic theory for J-z
higher order nonaxisymmetric distortions of the jet, one ¥
would need to keep quadrapolar and higher terms in the

charge density as wellHence, the equation for the electric

potential will have the form, FIG. 14. Coordinates used in this calculation. The unit vegtaoints out of
the plane of the paper along the dashed centerline.

— . N(S)
P(X)= (X)) + f ds m
, ) tional motion is then just torque balan@eere we have ne-
o s P(s")- (x—r(s") glected rotational accelerations since these are higher order
s T (29
Ix=r(s")] terms,
whereP is the linear dipole density along the centerline, and IM+N) +iXF=0 (32)

the centerline of the jet is located efs), parametrized by Js

arc length. If the centerline is restricted to oscillations in aynerem (N) is the moment of internakexternal stresses on
plane, then by symmetry the dipole density’s direction mustne jet, and the reader will recognize the last term as the

also be restricted to that plane. . familiar 7=r X F. In a perfect stringl andN are zero, and
The second piece of intuition is based on an idea of

. . . _Foct. The idea of Mahadev&h*is that in a fluid jet, viscous
44 ,
!\/Iahadevgf‘?’ concerning the dynamics of a bendmg fluid effects enter into the bending momewit since this is where
jet. We will consider only long wavelength modulations of

. . . resistance to bending occurs. We will see below that in the
the jet, so that the radius of curvature of the centerl®ds . : .
. X o present problem, the bending moment also includes a contri-
much greater than the radius of the jet. In this limit, the . o .
. . . - bution from the polarization of the jet, due to the tendency of
equations of motion will then be structurally very similar to

. . : . a polarized jet to align along the external field.
the equations for a slender, elastic rod under slight berftfing. In writing this equation, we have assumed that there are
The equation of motion follows from considering both force . . . ’ led bending i h
balance and torque balance on the fiber, whose cross sectino ax_lsymmetnc motlons couple _to ourbending Jet, so_t at
is assumed to be both circular and cons’tant in time ?nr('s) is a constant. This implies inextensibility of the jet;
To arrive at the form of the equations of motioﬁ con- because we are not allowed to stretch in the radial direction,
. 4 ' to preserve volume we cannot stretch in an axial direction
sider the force and torque balance on a small element of th ither. For this reasoff should be viewed as a Lagrange

jet of radiush and lengthds We will refer to the cylindrical . . . . L ;
. . . . multiplier associated with the inextensibility constraint. We
portion of its surface as its tube, and to the circular ends as . : s T
also remark that if the cross section of the fiber is circ(dar

its caps. The centerline’s tangent vectpmormal to one cap  45symey then the bending strain of the centerline is not
is t(s) and to the othet(s+ds). Thus we allow for infini-  coupled to twist(i.e., precession of the principal axes of
tesimal curvature of the centerline of this cross section.  inertia of the cross section of the jeso this can be safely

Let F(s) be the resultant of the internal forces within the neglected.
jet ats, and letK(s) be the resultant of all surface forces and To use these equations of motion, we must compute the
external body forces per unit length. The equation for transtorques and forces caused by the fluid and electrical stresses,

lational motion is then a task to which we now turn.
IF(s) .
pA¥(s)= e 4K, (30) A. Coordinate system

The coordinate system we will use is pictured in Fig. 14.
We form an orthogonal, right-handed coordinate systefn
andz, such that points in the direction of the unperturbed
flow. We will allow the jet's centerline to deform in the~
plane (ignoring effects related to the torsion of the center-

IF(s) i line). Definet to be the tangent vector to the jet's centerline,

o5 KTh, (8)  and & to be a vector normal to the centerline that, for an
unperturbed jet, points in the same directiorkagNote that

wheref is the vector normal to the axis of the jet. If we this is slightly unconventional; the normal vector to a sinu-
restrict this string to move in thgzplane, thenk=X"(s) soidal curve usually flips direction; so thétis well-defined

and we recover the familiar dispersion relation for waves orat all points on the curve, we will bury the change of sign in
a string,w/k=T/\p,. our definition of the curvature of the centerlin@he binor-

If the tangent vector varies slowly along the jeR ( mal always points in the direction d¢f, so we retain that
>h), then the jet is approximately in rotational equilibrium notation. We define the curvature such that, in this coordinate
everywhere at every instant, and the equation for the rotasystem,

whereA= h? is the cross-sectional area. The quanfi,
is the linear mass density,,,. If this were a simple string

with constant tensionT, thenF=Tt and
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B. Electric field equation

at L~ 1.

Js Kiedb = ﬁg’ We now need to derive an asymptotic approximation to
. the integral Eq(29) for the electric field. The derivation will

a_g_ i EAt proceed in much the same way as the axisymmetric deriva-

gs  etT T R& tion: after approximating the integrals, we will express both

the effective charge density and the dipole density in
terms of the free charge density and the electric field itself
using Gauss’s Law. Putting everything together will give an
equation for the field. For the present purposes it is only
necessary to carry out this derivation to lowest order in the
distortion of the centerline from straight.
The dipole densityP is caused by the distortion of the

centerline of the jet. This implies théd) P(s) points in the¢

where dg is the derivative with respect to arc length of the
centerline. The angl® will be the angle measured in the
&y-plane from theég-axis in a counterclockwise direction
with respect td.

The oscillation of the centerline will be parametrized by
a functionX(z,t), so that its locus is described in Cartesian
coordinates by

r(z,t)=zz+X(z,t)X. (33 direction, and(b) the variation inP(s) occurs on the length
We can then calculate the tangent and normal vectors and tig@/€ of the modulation of the jet. It then follows tHao
curvature, lowest order in the distortion of the centerljne
P(s")- (x—=x(s")) 1
~ 1 d ! P j d !
- = 5.y’ < 7 T 2y 2\32
t(z,t)= W[HX (z,1)%] (34) f ST x| ¥ (2) | dz (Z —2)Z+19)"
IRV xP(s
~7+X'X, (35 A~ (2 ), (40)
r
&zt ! [—X'(z,t)2+K] (36) h t this ord d&~%
)= ——[— "(z,t)Z2+X where at this ordes~z and é&~X.
V1+X'2 There is also a correction to the potential from the cur-
~—X'2+%, (37)  Vature of the centerline. If the local radius of curvature of the
L . jetis R, then
KielZ) = 5= 752 =X (38) X(s)=x(s)|=|£&+y9—x(s")|
In general we will assume that the jet is only slightly curved, 2 3 2, .2 12
that is, that the radius of curvature of the centerliRe,s ~|s 1= R tetty (42)
much larger than the radius of the j&t,which is equivalent
to kjee<1/h. As previously mentioned, we constrain the jet Thus,
cross section to remain a circle with a constant radius, A(s") A(s')
We can write down the mapping, which is not one-to- f ds’m=J ds’ I3 72
one, from local €,y,s) coordinates to CartesidR,y,2 coor- (s’z 1- R +r2
dinates. To determine this mapping, we first compsit@
terms ofz along the centerlingcall this sg), L &(s) L
~2\(S) Inr+ R InF, (42

z
so(z)=f dz' J1+X'2.

0 whereL is the characteristic axial length scatketermined in
This function has an inverseg(s), which is thez-coordinate ~ Practice by the shape of a jet as it thins away from the
of a point on the centerline at arclengthWe can then com- Nozzle. The leading order term is familiar from the axisym-
pute the desired mapping by followinrgalong the curve to metric calculation, and in addition there is a nonaxisymmet-
25(s), then following the normal vector§ and § by the M€ correction due to the curvature of the centerline. Putting it
proper amount, together, we now have that

L é(s) L £&P(s)

(&,Y,8)=r(2o(8)) +yy+ &€ E(g,y1s):¢m+2)\(s)|nr+ =it T, (43)
=270(S) 2+ XX+yy+ — (= X'2+%) where¢ is the coordinate in the principal normal direction,
V1+X'? ands is the arc length.
£xX'! £ With this equation for the field outside the jet, we can
=2 75(S) — —— | +Yy§+ K| X+ ——], compute the equation for the field inside the jet by demand-
( VI+X'? V1+X'2 ing that the electrical boundary conditions at the interface are

whereX is understood everywhere to be evaluatedygs)  Satisfied, namely that the tangential component of the field is
andt. For small curvatures, this is approximately equal to continuous across the interface and the jump in the normal
. , A eE is given by the free surface charge. The electric field
(£,y,8)~2(z=EX") +y§+R(X+), (39) inside the jet is the sum of a piece directed along the princi-
whereX is evaluated ar andt. pal normal, i.e., along the direction of polarization, and a
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0,(6)=0
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FIG. 15. Picture of the cross section of aﬁepoints out of the plane of the
page. The asymmetric part of the surface charge densigy(6)
=o7p €0sé, is shown forop>0.
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Hence, in the absence of free chargeis of order 1R2.
Furthermore)\ ' is of order 1R® even with surface charge,
sinceoy is assumed constant in this derivation. Thus, if we
are only interested in leading order terms in the centerline
curvature, we can rewrite, as

E,= 2 E. & 2m 2 h | ! 50
l_ﬂ+2 w'f_?o'D_ Wﬁaon; (50
andP as
Bh? . 4mh? B hog

P

nf3))

Physically, the field=; perpendicular to the centerline of the

R
(51

jet is caused by the fact that the dipolar charge distribution

piece directed along the tangent to the centerline, which waoes not completely cancel out the applied field inside the jet

denote by

E=E,&+E . (44)

The free charge density is composed of both a monopol

and a dipole contributionr= oy(S) + op(S)cosé, whered is

(terms in parenthesgsand a “fringe” field results from
curving the line charge. For a perfect conductor with
=0 the cancellation oE; inside the jet leads to a simple
éelation between the dipolar density and the field;o2, /e

N Y

the angular coordinate around a given cross section of the jet
(see Fig. 15 Applying the boundary conditions yields, after C- Forces and torques

some algebra,

_ — ,\ 1
Et:Et: —(9S¢=Em-t—2 m(;))\’(S)

| (1) h(s)\'(s)cos® P’(s)cosd
—Inl= _

X R h(s)
(45
n I\N P
E1=Em~§—ln<)—()§—?
2 ( - 2770'D) 2 A ( )
g2\ B T T Ry (46)
and
P= §h2E1+ Zl?hZO'D . (47)

There is also a correction to the equivalent line charg
density\ from the curvature of the centerline. From the axi

symmetric calculation, we know
B . 2mho
Zas(hZEt) +

If we assume thah is constant and the; is given by the
axisymmetric(# independentpart of Eq.(45), then we have

A(s)=—

(48)

<

B 2mhog
A(s)=— ZhZaSEpL =

B, 1), 2m7hoy
——Zh 8S(Ex-f—2|n(;)7\ (S) + =
B ) 1 1), 2m7hoyg
—Zh <—§Em'§+2|n ;))\ (s)|+ = (49

Now that we understand the electrostatics, we can pro-
ceed with calculating the electrical stresses to get the equa-
tions of motion of the centerline. We need to compute the
moments M), torques (), and forces K) on the jet. The
internal moments are obtained by integrating the torque pro-
duced by the tangent—tangent component of the stress tensor,

Tu=—p+2ul (B V)0 + o (EF-EZ-ED) (52
over a cross sectiots The moment

M= f LTnydA (53

=0 (54)

vanishes, since the stress tensor is eveyn ifihe other mo-
ment, however, is nonzero. There are two contributions to

efhis moment, arising from electrical and viscous forces. After

some straightforward algebra, the electrical moment is

MS=— f LTthdA

€

16

(55

P’thwt. (56)
This moment arises from the fact that a polarized jet will try
to align with the applied electric field.

A moment also arises from the viscous response of the
fluid.*>** Intuitively, in an elastic fiber, elastic forces resist
the bending of the jet, and this resistance gives rise to a
classical elastic bending moméfitwhich is just the curva-
ture of the fiber multiplied by its bending modulus. Viscosity
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plays an analogous role in a bent viscous jet; however in- e 1 € s o o N
stead of the moment being proportional to the curvature, il = d_sf dCds(C)| g ((En—Ef —Eyh;+2E,(Ed,
turns out to be proportional to the time derivative of the

curvature®® The reason for this is that the viscous stress is .
proportional to theate of strain, whereas in a solid the elas- +Ey0)))
tic stress is proportional to the strain. Thus we anticipate that
Foo il Fi i

Myoc,u.kjet (andMF is thg fluid 'component of the moment 1 4x hag 1 € E.P'(s)
For this formula to be dimensionally correct, we must mul-  =7hd — — —In|—|+2E, 0p— — ———
tiply it by h?, yielding e R X €7 4w h ©0

|v|§: —Aph?ke, (57)  Putting everything together, we obtain

—_kE F

where the sign reflects the fact that viscosity resists bendind<, =K=+K
and the coefficienA must be calculated. It turns out that
= —3/47.% | 4medh (1) y B E..P’'

The external torqué\ from surface forces is simpler to = 7h§ — Re In X + §+2Eoo§0-0_ 4= h
derive and involves only electrostatic effects. By symmetry (61)

N,=0, so we must only computg, . In order to do this, we
integrater X F across the boundarglenoted by bra_cke)i"”c The first two terms represent line tensidos compressions
the jet, wheré- is the external surface stress. Straightforwardy, ¢ 4re nonzero only when the jet is curved. Surface tension

algebra yields pulls on the ends of our piece of jet, so it stabilizes the jet
against curvature. The self-repulsion of charge, on the other

~ hand, pushes on the ends of the jet, so it is destabilizing. The
Ny= —f dCds 0) & THt;) third term is the force of the applied electric field normal to
¢ the jet on the axisymmetric surface charge denéatyain,
E.ooh p'o only possible for curved jetsThe final term is the force due
~dsmh? — h o E.op|. (58  to the nonaxisymmetric portion of the electrostatic pressure,

E2/8. This term tries to align the surface of the jet with the
curved local field lines.
This moment is entirely caused by the electrical tangential Combining these results gives the equation for the mo-
stressoE;. The first two terms are the moment due to thetion of the centerline. From torque balance we obtain the
stress on the axisymmetric part of the charge density, whickension in the fiber to be
produces a moment because the jet is curved. The third term
is the moment due to the tangential stress on the asymmetric F =—sM,— 3N

y~ sy
portion of the charge density, on which the field pushes on

one side of the jet and pulls on the other side. 3
2

Finally we compute the external forcés on the jet. =9 — —Mh4kjet— ip’hZEm}
Note that internal forcege.g., from viscosity are absorbed 4 16 ‘
in the tensionF. There are two external forces, surface ten-
sion and an electrical force. + 7rh2

The surface tension force arises because when the jet is
bent, a segment of rest lengdls has more surface area far-
ther from the center of curvature of the jet. The surface tenUsing this in the force balance equation gives our final result

sion force is therefore larger farther from the center of cur-

E.ooh  pP'oy
R + h Emth .

(62

vature, which tends to reduce the bending of the jet. A ) 3 _ 6
calculation gives the net force pmh?X(s)=dsd — — uh*kjer— 7= P'h?E..
4 16 t
Eoo (Toh P’o-
2m hcosé\ . 2 R 0o
KF:—)’JO dﬁ(l— R )(gcosoersina) +ah%dd —p—+ ———Ex0p
h? €BP'E,, why 4w2h203| 1
R (59 R
+2ah Exgao . (63

The electrical force follows from integrating the unbal-
anced electrical force over the interface. After some algebralVe now nondimensionalize according to the usual scheme,
this gives with h scaled byr,
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.. 3 .- e(,3+l)
X(S)I&SS{—ZV Kjet— 16/”\/_

+28” Moo, (64)

D. Conservation of charge

To close the problem, we still need an equationdgyr. K
This equation comes from the general charge conservation

FIG. 16. Comparison of our inviscid whipping mode form(ashed with
equatlon fora strlpe of charge of widttd¢ and Iengtrds at Saville’s exact formula(solid) for K*=0.7 and for field strength$),

an angled from the principal normal%, =2.2,4.4,9.8. (The maximum growth rate increases with the field
strength) Our asymptotic formula deviates from Saville's whies 1, be-
d(hd@o)+ds(v(s,0)hdbdo)=hd6é cosOKE,. (65 cause the approximations underlying it break down.

Neglecting the advection velocity, after some algebra we ob-
tain

. 1. Electric field without surface charge

2 _ .
g2 8 g2

GD+ )) (66 We pause at this stage to study the dynamics when there
is an external electric field but no surface charge. We first
compare our formula to Saville’s formdfafor inviscid jets

z9t0'D=K

We can nondimensionalize this to obtain

am\B h without surface charge. We s€tand o to zero, and obtain
8t0'D=K* QO_ (TD+_O'0) (67) P
B+2 3 B+2 R 1 (ﬁ+1)k2 IBQ
: , w?=Av* oki—k2—| —— | %2 (70)
The two terms on the left-hand side are the convective de- Ar 878 ,8+2

rivative of the “dipole” charge densityg . The right-hand
side is the conduction current density due to the nonaxisym-
metric field within the jet. B Q5 k2 (B+1)

_ 2
w’=k*+ 47 B+2 8m(B+2)

In the limit of vanishing fluid viscosity this is

Q3K (70)
E. Linear stability

This is precisely the same as the long wavelength limit of
It is now a simple matter to calculate the dispersion re 3
Saville's® formula for perfect dielectrics.

lation for nonaxisymmetric modes. We describe the center-
We can also compare this formula for perfect conduc-

lin in  nondimensional rdin z 72 . . . .
+:e‘””'kz ?’;m(:joe bs ooa(z t;:oocc:((ftte)s whbg:éctgan i tors, i.e., in the infinitely conducting limit. In this limit, the
D 0¥ op normal field is completely cancelled out inside the (jes.,

general be complex. After much algebra we arrive at theE 0) so
dispersion relation 1=
Qok
3 20'090 C: i 0 (72)
_ 2 i .
w?= = 7 v* wk?—4mogk? In(k) - ik T 27V
Q) This implies that without surface charge we have
0
- ((Tok2+C)_k2+ Qo[__ 2 +
VB am —w?=k2+ —'i 508k —fe 508
(p+ 1K + ikgo VB [k2\/BQ,+ik(4mC  so there is no instability. This formula exactly agrees with
1678 B | B+2 0 T Y Y ag

Saville’s resulf® in the long wavelength limit. For both per-
+27Book?0)], (68)  fect dielectrics and perfect conductors, the electrical proper-
ties actually enhance the stabilization of the jet over the ef-

with C given by fect of surface tension acting alone; this is analogous to the

. 2K*QO 4o\ BK* , axisymmetric instability described in th_e prev_ious se(_:tion.
ik ,3+2 512 ook It should be remarked that these dispersion relations for
C=— . ) (69) both dielectric jets and perfectly conducting jets show that
477\/—K to the fiber responds exactly like a string under tension. The
,8+2 velocity for waves on a perfectly conducting jet is
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The physical mechanisms behind these results can be
uncovered by rewriting the dispersion relation in the limit of
J ] very large(but not infinite conductivity. We neglect surface
charge, and will work in dimensionful units in this subsec-
tion to more clearly expose the mechanisms. We first rewrite
Eq. (67) as

_E. & _p+2.

70T 4K 7P

(74)

and then iteratively solve foop to leading order ink 2.
This gives(to leading order

............ ' . _E. & _(B+2) € .
o= (D). (75

FIG. 17. The dependence of the growth rate on viscosity Bar ~ Using this approximation we can evaluate the forces and
=1kvlcm,K=0.01uS/cm, 3=80,r,=0.05cm, andy/p=73. The upper-  torques that act on the jet in the high conductivity limit, to

most solid curve shows the dispersion relation for an inviscid fluid, theeXpose the basic mechanisms. The acceleration of the center-
middle curve hag.=0.01 P, and the lowermost curve has-1 P. Even a

very small viscosity shifts the most unstable wavelength intck#id long line can be eXpanded in the form,
wavelength regime, and greatly suppresses the growth rate.

. 1 1
phzﬂ.X:Alﬁ+A2at§_A3(}tﬁSS§1 (76)
(B+2)E2 where theA; are given below. If the signs of tha; are
2:<l+?4—“)_ (73 positive (as defined aboyethen each of the terms listed
pl’o a

above are stabilizing. The terf&y, corresponds to a tension,
When the electrical conductivity is finite, the whipping and results in a wave-like response. The tedgsand Az

of the jet becomes unstable; as in the case of the axisyngorrespond to damping of this wave. The form of these co-

metic modes, the instability is caused by an imbalance in thefficients in the limit of high conductivity and zero net sur-

tangential stress on the interface, caused by the interaction &ice charge density is

the induced surface charge density and the tangential electric h?E2(B+2)
Figure 16 compares our predicted dispersion relation in 4
the low viscosity limit, with Saville’s corresponding formu- E2e(B+1) €
las. As expected, the formulas agree at low wave numbers; A,=— - _h? (78)
the long wavelength theory deviates from the exact formulas 4m K
whenk>1. 3 € "
The reader may at this point be disturbed by the fact that ~ As=7 muh®+ 397 h4EiR- (79

Fig. 16 predicts a short wavelength instability, which—if true
experimentally—would invalidate the long wavelength as-  The tensiom, is the same form as for a perfect conduc-
sumption underlying this entire analysis. Indeed, Saville'stor, and represents the enhancement of the tension in the jet
analysis predicts that for a jet of water the wavelength of thedue to the applied electric field. The leading order effect of
instability is much smaller than the wavelength of the fiber.finite conductivity is given byA, and the second term ;.
However, we remind the reader th@ Saville disregarded The A, term isdestabilizingand is the reason for the finite
both viscosity and surface charge in his plotted growthconductivity instability shown in Fig. 16. This instability can
rates®® and(b) experiment® show demonstrably in all cases be traced back to the external torgNeon the jet due to the
reported that the instability is long wavelength relative to thetangential electric stress. This instability is stabilized by the
radius of the jet. two physical effects contained #y;; these correspond to the
Figure 17 shows the influence of viscosity on a finite viscous moment, andpart of the the electrical moment.
conductivity jet without surface charge. Even a very smallWhen the viscous part dominates the maximum growth rate
viscosity shifts the most unstable wave number into khe of the instability,
<1 long wavelength regime; also, a tenfold increase in the 0y~ 2E2(uK) 1
viscosity decreases the growth rate by a factor of 10. This max = H ‘
demonstrates that the prediction of a short wavelength instaFhis explains the trends shown in Fig. 17. Also note that at
bility is corrected when viscosity is included. The attentivefixed field strength, the growth rate of the instability decays
reader will at this point, note, however, the existence of anwith increasing conductivity, while the wave number remains
other problem, namely, the growth rate for the whippingthe same.
mode for water is so suppressed that now the axisymmetric When the viscous moment is smaller than the electrical
mode is predicted to go unstable before the whipping modenoment (cf. the two terms inAg, u<e?E2/(24K %)) the
contradicting experiments. maximum growth rate occurs whe¥ 1, outside the range
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=0.01,K=0.01.9) in a 1 kV/cm external field. Upon in-
creasing the dimensionless surface charge from 0 to 0.1, the
most unstable wave number increases fr@m0.1 to k
=0.8, and moreover the growth rate of the instability in-
creases by about four orders of magnitude!

To develop a physical understanding of this result, we
follow the same procedure as above for the electrical case:
The equation for the force now takes the fofto leading
ordep,

iy 1 1 1 1
pmh?X=(A;+B;) 7 T Badog +Badssy T Aziig

1
_(A3+ B4)z955¢9tﬁ+277h0'0 Ewg, (81)
FIG. 18. The dependence of the growth rate on surface charge ffgr a ) o
=100 um water jet K=0.01 uSlcm, B=80, »=0.01) in an electric field ~ where theA; are the electrical coefficients, and tBeare the
E.=1 kv/cm. The lowermost solid curve shows the dispersion relation formodifications due to surface charge. Note the equation also
an uncharged fluid, the middle curve hag=0.01 and the solid curve has contains a term that does not depend directly on the curva-

70=0.1. ture, and is the force the electric field exerts on the surface
charge. The form of th&;’s are summarized below:

of the long wavelength theory. For a high field of 10 kV/cm A?h202

with a modest conductivity uS/cm, the critical viscosity BlzTOIog k1, (82)

10 3cn?/s. Hence even water is sufficiently viscous to €

damp the instability! This is the essential reason why our 0 1

results differ so markedly from Saville’s analysis in the limit Bo=mh™(B+1)E.aohlogk™, 83

of vanishing viscosity. When viscosity does not damp the Unghzt

instability, there is a breakdown of the long wavelength  Bs=—h———Ilogk 1, (84

theory, because the instability is peaked at Higithis rep- €

resents a real physical effect: the jet will try to bend on a Wh%gh

wavelength smaller than its radius, which could correspond B,=— T|og kL. (85)

to forming a kink. Note that for fixed fluid viscosity, there is

a critical electric field depending on viscosity and conductiv-The contribution to the tensiorB() is negative and repre-
ity above which this will occur. sents the self-repulsion effect denoted above. This instability
is stabilized byB;. Both the termB, and the term propor-
. . tional to E,,- ¢ represents the interaction between the static
We will now study the effect of surface charge on the jet;harge density and the static electric field. Both of these
stability. First, we remark that our formulas reduce to thoseforces are out of phase with the other terms. By themselves,
found previously for perfectly conducting charged cylindersy,oqq represent an oscillatory instability. Finally, the t&m
ir.1 no e_xternal electric field. For example, in the limit of high competes with the viscous stabilization discussed above.
viscosity, our formula reduces to The consequences of including a static charge density
1 ) are thus seen to be the followin@) if the charge density is
~ 3% 2 (1+4maglogk) (80)  large enough thaB, exceedsA;, the jet is unstable. The
growth rate of this instability is not small even when the
as found previously by Saville and Huebrief® Surface  conductivity is very large, in marked contrast to the case
charge destabilizes the jet at small wave numbers, due tgescribed above where there is no free charge. The instability
plain old charge repulsion. The divergence represented iBan therefore be much more violent when significant free
this formula ak—0 is unphysical and reflects the fact that charge is presentb) Surface charge fights against viscous
this balance is asymptotically inconsistent; at long wavestapilization. If the surface charge is large enough the insta-
lengths, inertia is always important. For small surface charggi”ty will be peaked at higtk, which signals the breakdown
denSitieS, the ]et iS a String W|th a tenSi(jn dimensional Of the |0ng Wave|ength theor@nd a possib'e k|nk|ng Of the

2. Surface charge

w=

units) jet). (c) If the normal electric field produced by the surface
4772h2<r§ charge is of order the tangential field, the situation is com-
Tyh+ ?Iog(k). plicated. Not only are all of the aforementioned effects act-

ing, but there are also effects coupling the static surface
When the surface charge density beats surface tension thitiarge to the tangential electric fieftirm B,, and the nor-
results in an instability. mal force term. Both of these effects are out of phase with
Figure 18 shows the effect of surface charge on the axithe others, and could themselves dominate if conditions were
symmetric instability for a 100um water jet(8=80, v right.
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FIG. 19. Comparison of the axisymmetric mo@elid line) to the whipping modddashed ling for the conditions of Taylor's 1969 experiment except the

jet has no surface charge, for two different field strengths, 1 kV/cm and 5 k¥fight). At 1 kV/cm both the Rayleigh and the axisymmetric conducting mode

are stronger than the whipping mode. At 5 kV/cm the Rayleigh mode is suppressed but the axisymmetric conducting mode still dominates the whipping mode
This contradicts the primary observation from the experiment, where the whipping mode is observed to strongly dominate.

IV. COMPETITION BETWEEN WHIPPING MODE AND conducting instability that occurs strongly depends on the
AXISYMMETRIC MODE fluid parameters of the jéviscosity, dielectric constant, con-
To summarize the results, we have identified three dif-dUCt'V'ty)'

ferent instability modes of the jet1) the Rayleigh mode - In this ;ectlon we an.aly-ze the competltlon between the
which is the axisymmetric extension of the classical Ray-2XiSymmetric and the whipping conducting modes as a func-
leigh instability when electrical effects are importafg the  tion of parameters and determine where in parameter space
axisymmetric conducting modand (3) the whipping con- each _of them dominates. We will see that the dom!nant in-
ducting mode (The latter are dubbed “conducting modes” _stab|I|ty depends strongly on the static charge dens_lty of the
because they only exist when the conductivity of the fluid isi€t: In the next paper we will determine what sets this charge
finite) Whereas the classical Rayleigh instability is sup-density. Finally, we will put this all together in a way that is
pressed with increasing field and surface charge density, tHeseful for deducing the implications for experiments.
conducting modes are enhanced. For this reason, at an appre- T0 begin, we consider the competition between the vari-
ciable field strength characteristic of experiments, the conous modes for Taylor's 1969 experiméntwhich prompted
ducting modes dominate. The character of the whipping conSaville’s original calculations. Taylor considered a jet of wa-
ducting mode depends strongly on whether the local electriter emanating from a nozzle of 0.053 cm, under a range of
field near the jet is dominated by its own static charge denelectric fields from 1 kV/cm to~5 kV/cm. Saville’s analysis
sity (o), or the tangential electric fiel&.,. In the latter ~demonstrated that in the limit of zero viscosity and no sur-
case, for a high conductivity fluid the instability is fairly face charge density at sufficiently high fields the oscillatory
suppressedthe growth rate isO(K 1)), whereas in the whipping mode is more unstable than the axisymmetric in-
former it can be quite large. In general, the nature of thestability; this result was consistent with Taylor’'s experiment,

FIG. 20. Comparison of the axisymmetric modsslid) to the whipping modédashedq, for the same conditions as Fig. 19, except the jet has a small surface

chargeo,=0.1. At low fields, the axisymmetric modes still dominate the whipping mode; however at 5 kV/cm the whipping mode is stronger than both of
the axisymmetric modes.
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in that Taylor also observed that at fields above approxi-
mately 2 kV/cm the jet began to whip.

Figure 19 compares the two modes for a range of differ-
ent field strengths; this figure is the same as Saville’s com-
parison(i.e., surface charge is neglectedxcept that we are
including the correct viscous effects as well. Interestingly, __
we find that when viscosity is included, tleedering of the §
modes is reversedamely, the analysis predicts that the axi- <5*°
symmetric mode is much more unstable than the whipping €
mode; at an electric field of 5 kV/cm, the maximum growth
rate of the whipping mode is four orders of magnitude lower
than that for the axisymmetric mode! Based on the scaling
arguments presented above, the reason for this is clear.

Including viscosity has two principal effects. First, it de-
creases the most unstable wavelength for the whipping mode - » o 05 1 15
to low wave numbers. Second, it switches the relative domi- logg(o/ (esu/ em®))
nance_Of the _aXISymmemC and whlppmg moqes' The fIrSLIG. 21. Contour plot of the logarithrtbase tepof the ratio of the growth
effect is consistent with the experiments, which observe ate of the most unstable whipping mode to the most unstable varicose
long wavelength instability. The second effect, however, conmode, for a polyetheleneoxide—water mixtute=16.7 cn¥/s and K

tradicts experiments which clearly demonstrate a pronounced120xS/cm. The ratio is cut off at 2 and 1/2 so that the detail of the
Whipping instability. transition can be seen. In all cases, the axisymmetric instability prevails at

. . . . low charge density and the whipping dominates at high charge density. The
The only ingredient available to resolve this conundrumggig jine shows the borderline above, and to the right, of which the system

is surface charge density. We now plot the same set of digs unstable to the Rayleigh whipping instability. The dashed line shows the
persion relations, but this time with an experimentally reg-borderline below and to the right of which the Rayleigh varicose instability
sonable surface charge included. The surface charge corrd."ot suppressed.

sponds to that which would be present if there were a current

of a few nanoamperes passing through the(ffég. 20. modes as a function af andh. We saturate this ratio at 2

At low fields, both the axisymmetric modes are strongeryng 1/2 s that the detail of the transition can be seen. In the
than the whipping mode; at the highest field 5 kvicm thejigpt regions, a whipping mode is twice or more times as
whipping mode is stronger than both of the axisymmetric,pstaple as all axisymmetric modes; in the dark regions, the
modes! The reason for this is that the electric field normal 0xisymmetric is more unstable. As anticipated from the ar-
the jet produced by the surface charge is actually Slightlyguments above, the whipping modes are more unstable for
larger than the tangential electric field. For reasons that haVﬁigher charge densitie§o the righ), whereas the axisym-
been previously discussed in the electrospraying liter&ture metric modes dominate in the low charge density regton
and will be discussed in the second paper of this series, fhe |efy.
small current passing through the jet results in a rather large  The solid line in the figure shows the Rayleigh charge
surface charge. Hence, whbathsurface charge and viscos- hreshold for the whipping mode, wheé =B, . To the left
ity are included, the stability analysis is qualitatively consis-o¢ the Jine, charge repulsion beats surface tension and thus
tent with the experiments. To achieve quantitative agreement,ses instability. As seen in the figure, the whipping modes

it is necessary to determine quantitatively the surface charggecomes dominant when the charge density is about an order
along the jet. _ _ _ of magnitude smaller than this threshold, because of the the
Before closing this paper, we first summarize the CoMjnteraction of the static charge density with the external elec-
petition between the axisymmetric and whipping modesyi; field. The solid dashed line shows the curve above where
through a phase diagram. This will be useful for interpreting;,o axisymmetric Rayleigh instability is suppressesto
experiments. Since both the surface charge density and the 477)719321/2_ Note that the axisymmetric Rayleigh in-
jet radius vary away from the nozzle, the stability character—stabi"ty mode is operative at low radii and low charge den-

istics of 'the jet will cha}nge as the je? thirighe electric field sities, while the whipping Rayleigh charge instability domi-
also varies along the jet; however, in the plate—plate experiqates at high radii and high charge densities. The combining
mental geometry that we us€ig. 1) the field everywhere ¢ yhose two effects explains why whipping dominates at
along the jet is dominated by the externally applied fieldpigh charge density in high conductivity fluids. The growth

produced by the capacitor plates, so it is safe to neglect thgye of the conducting modes vanishes with increasing con-
field’s variance. To apply the present results to eXpe”me”tﬁuctivity and thus when one of the classi¢abnductivity

in the point—plate geometry, it would be necessary to i”d“d‘?ndepender)tRayleigh modes is present, it dominates.
the variation of the field along the jet as weglFigure 21

shows an illustrative result for a fluid with viscosity 16.7 P,
conductivity 120 uS/cm in an external electric field
2 kV/cm. The phase diagram shows the logarithm of the ratio  The main task of this paper has been performing a com-
of the maximum growth rate of the whipping conducting plete stability analysis of a charged fluid jet in a tangential
mode to the maximum growth rate of all axisymmetric electric field as a function of all fluid parameters. The stabil-

10.2

101

-3

V. CONCLUSIONS
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