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Hi Fiona,
Here is a summaryof what I did basedon JoeKeller’s suggestion. I haven’t checked the

algebraat all, so I am surethereareerrors. Hopefully the generalprocedureis roughly OK in
spiteof theseerrors. If we could addthe calculationdescribedhereto the work you have done
duringthesummerplusfind the2/3/4UPOs,weshouldbeableto perhapswrite a reasonablynice
manuscripton thewholething.. .What doyou think?

best,Eli

1 Analytic derivation

Start from the delayedoscillatorequationsof [1] basedon the recharge oscillator andtwo strip
approximationof [2].
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Substitute asolution of theform
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Now, assumethat themodelis neutrallystable(λ � 0), substitute(3) in (1) and(3) in (2)„ multi-
plying eachof theresulting equationsby eithersin

�
ωt � or cos

�
ωt � , andintegrateovera full period
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cos3
�
θ ��� 3

4
cos

�
θ ��� 1

4
cos

�
3θ � (4)

1



andneglectthecos
�
3θ � term(equivalentto projectingoursolution onthefirst Fourierterm).Using

theidentities
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theresultof theaboveprocedureis thefour equations

0 � � pA � rBcosφ � 3
4

sB3 (6)

ωA � rBsin
�
φ � (7)
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�
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�
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Thereare5 unknown in the problem: A � B � λ � φ � ω. Sincewe are treatingthe problemasbeing
quasi-linear, thereis an overall scalethat cannotbe determined.Thesefour equationstherefore
serve to determineA (or B), φ � ω, andthecondition thatneedsto besatisfiedfor our assumption
thatλ � 0. Substituting A from (7) into (6) andthenalsointo (9), weget

0 � pr
ω

sinφ � rcosφ � 3
4

sB2 (10)
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�
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�
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�
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ω
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�
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Equations(10) and(11) maybeusedto solve for ω andφ. Writing Φ � cosφ, we getfrom (10) a
quadraticequationfor Φ

Φ2 � � r2 � p2

ω2 � 1����� Φ � 3
2

srB2 ��� � p2r2

ω2 � 9
16

s2B4 ��� 0 (12)

whosesolution for Φ maybesubstitutedinto (11) to geta singleequationfor ω andits amplitude
dependence.Given that theseareall complex transcendentalequations, we cansimplify in two
ways.First,we canassumethatωτ1� 2� 3 � 1 althoughthatis not actuallytrue.. .Alternatively, we
cansolve for thefrequency andphasewithout thenonlinearcorrection,ω0 � φ0 by settingtheterm
with B2 � 0 in (10, andthenaddthe nonlinearcorrectionasa smallperturbation.For the linear
case,(10)gives

cotφ0 � � p
ω0

(13)

andsubstituting this in (11)wefind

1 � acos
�
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�
ω0τ1 � p
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ω0
sin
�
ω0τ2��� cr

ω0
sin
�
ω0τ3� (14)

The transcendentalequations(13) and(14) may now be usedto solve (numerically, as this is a
transcendentalequation.. . , note that we alsoexpect it to have more thanone solution) for the
frequency andphaseω0 � φ0 without theeffectsof thenonlinearity. Next, treatingtheB2 termasa
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smallperturbationandwriting φ � φ0 � φ1 andω � ω0 � ω1 whereφ1 � ω1 areperturbationsdueto
thenonlinearB2 term,assuming φ1 � ω1 � 1 andlinearizing(10)and(11)wefind
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0
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4

sB2 (15)
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�
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which is a systemof two linear equationsfor ω1 � φ1, with known coefficients (that is, known
giventhesolution for ω0 � φ0). Thesetwo equationsmaynow besolvedfor theperturbationto the
frequency andphasein termsof theamplitudeB of thesmallnonlinearity.

This solutionis whatwe needed(!):it give usω1
�
B � , which is thedesiredeffect of thesmall

nonlinearityon theperiodof El Niño.
Thingsthatmightbeinterestingto calculateandplot from theabovecomputation:

" ω0 � φ0 asfunctionof someof themodelparameterssuchasτ1 � 2 � 3 � a � b � c � ε etc.Notethatthere
is likely morethanonesolution for ω0 � φ0 for agivensetof modelparameters.

" ω1 � φ1 asfunctionof theamplitude B andof all of thesamemodelparametersasabove.

Thingswe probablyneedto do with the actualnumericalmodelof the delayedoscillator in
orderto betterconnectit to theanalysisabove. Theobjective is to verify theaboveanalysisusing
thenumericalsolutionof themodel,asfollows

" Setthe modelparametersto the neutrallystableregime λ � 0: a small initial perturbation
will simply causeoscillationsthatwill notgrow norbedamped.

" In this regime,try differentinitial amplitudes,all small. Eachsuchinitial perturbationwill
resultin a neutraloscillation with a differentamplitude. Note that in thenonlinearregime,
any smallperturbationgrows until thenonlinearitylimits furthergrowth andtheoscillation
is thensaturatedat someamplitudethat is not at all relatedto the amplitude of the initial
perturbation.

" plot theperiodasfunctionof theamplitudefor eachof theabove experiments. Compareto
thepredictionof theabove theoryfrom thesolutionfor ω1

�
B � .
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