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Hi Fiona,

Hereis a summaryof what| did basedon JoeKeller's suggeson. | haven't checled the
algebraat all, sol am surethereare errors. Hopefully the generalprocedures roughly OK in
spite of theseerrors. If we could addthe calculationdescribechereto the work you have done
duringthesummeiplusfind the 2/3/4UPOs,we shouldbe ableto perhapswvrite areasonablyice
manuscripbnthewholething... Whatdo you think?

best,Eli

1 Analyticderivation

Startfrom the delayedoscillatorequationsof [1] basedon the rechage oscillata andtwo strip
approximaton of [2].

h(t) = ah(t—11)+bT(t—12)+cT(t—13) (1)
aT w
ot —ET—H—ly(T—wa(h))

~ —pT+rh—sh® 2

Substitue a soluion of theform
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Now, assumehatthe modelis neutrallystable(A = 0), substiute (3) in (1) and(3) in (2),, multi-

plying eachof theresultirg equationgdy eithersin(wt) or coqwt), andintegrateover afull period

219 gt Furthermoreyse
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andneglectthecog 30) term(equivalentto projectingour soluion onthefirst Fourierterm). Using
theidentites
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theresultof theabove proceduras thefour equations
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Thereare5 unknawvn in the problem: A,B,A, @, w. Sincewe are treatingthe problemas being
guasi-linearthereis an overall scalethat cannotbe determined.Thesefour equationgherefore
sene to determineA (or B), ¢, w, andthe condition that needsto be satisfiedfor our assumptn
thatA = 0. Substituthg A from (7) into (6) andthenalsointo (9), we get
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Equationg10) and(11) maybeusedto solve for w andg. Writing ® = cosg, we getfrom (10) a
guadraticequationfor ®
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whosesoluion for @ maybe substituédinto (11) to geta singleequationfor w andits amplitude
dependenceGiventhattheseare all comple transcendentaquationswe cansimpify in two
ways. First, we canassumehatwt » 3 < 1 althoughthatis notactuallytrue.. . Alternatvely, we
cansolve for the frequengy andphasewithout the nonlinearcorrection,wg, ¢ by settingtheterm
with B2 = 0 in (10, andthenaddthe nonlinearcorrectionasa small perturbation.For the linear
case(10)gives
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andsubstiuting thisin (11) we find
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The transcendentaéquationg13) and (14) may now be usedto solve (numerically asthis is a
transcendentakquation.., notethat we also expectit to have more than one solution) for the
frequeny andphasewy, @ Without the effectsof the nonlinearity Next, treatingthe B2 termasa



smallperturbatiorandwriting @ = @ + ¢ andw = wp + w1 where@;, w; areperturbationslueto
the nonlinearB? term,assumig @1, w; < 1 andlinearizing(10) and(11) we find
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which is a systemof two linear equationsfor w1, @;, with known coeficients (that is, known
giventhe soluion for wyo, @). Thesetwo equationsnay now be solvedfor the perturbatiorto the
frequeny andphasen termsof theamplitudeB of thesmallnonlinearity

This solutionis whatwe needed(!):it give us w1 (B), which is the desiredeffect of the smalll
nonlinearityon the periodof El Nifio.

Thingsthatmight beinterestingo calculateandplot from the above computation

e Wy, (p asfunctionof someof themodelparametersuchast » 3,a,b, c, € etc. Notethatthere
is likely morethanonesolution for wy, ¢p for agivensetof modelparameters.

e wq, @1 asfunctionof theamplituce B andof all of the samemodelparameterasabove.

Thingswe probablyneedto do with the actualnumericalmodelof the delayedoscillata in
orderto betterconnectt to theanalysisabove. The objectve is to verify the above analysisusing
thenumericalsolution of themodel,asfollows

e Setthe modelparameterso the neutrallystableregime A = 0: a smallinitial perturbation
will simply causeoscillationsthatwill notgrow nor bedamped.

¢ In thisregime,try differentinitial amplitudes,all small. Eachsuchinitial perturbationwill
resultin a neutraloscillation with a differentamplituce. Note thatin the nonlinearregime,
ary smallperturbatiorgrows until the nonlinearitylimits further growth andthe oscillation
is thensaturatecat someamplitudethatis not at all relatedto the amplitude of the initial
perturbation.

e plot the periodasfunction of theamplitude for eachof the above experimens. Compareto
the predictionof theabove theoryfrom the solutionfor w; (B).
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