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Announcements

e |nvest in a stapler! About 80% of PS0s were not stapled.

That makes us sad,
which rhymes with bad,
which are the grades we give when sad.

e Please staple the two parts of psets separately.

e There will be a math section! Mondays 4:30-5:30, room TBA. If
you want to go to a more "math-y” section instead of your
regular section, and haven’t emailed Victor already, please do
SO
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Definitions, Through the Looking Glass
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‘And only one for birthday presents, you know. There’s glory for
you!’

glory,” Alice said.

Humpty Dumpty smiled contemptuously. ‘Of course you don'’t —
till | tell you. | meant “there’s a nice knock-down argument for
you!”!

‘| don’t know what you mean by

‘But “glory” doesn't mean “"a nice knock-down argument,” Alice

objected.

‘When | use a word, Humpty Dumpty said in rather a scornful
tone, ‘it means just what | choose it to mean — neither more nor
less.

‘The question is, said Alice, ‘whether you can make words mean
so many different things.

“The question is, said Humpty Dumpty, ‘which is to be master - -
that’s all’



Harvard CS 121 & CSCI E-207 September 17, 2009

Nondeterministic Finite Automata

An | NFA |is a 5-tuple (Q, X, 9, qo, F'), where

e (),>,qo, F are as for DFAs

¢ 5:Qx (ZU{e}) — P(Q).

When in state p reading symbol &, can go to any state ¢ in the
set d(p, o).

e there may be more than one such ¢, or

e there may be none (in case §(p, o) = 0).

Can “jump” from p to any state in (p, €) without moving the
input head.
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Computations by an NFA

N = (Q, >, 9, qo, F') accepts w € ¥* if we can write
w = 1y1Y2 - - - Ym Where each y; € ¥ U {e} and there exist
ro, ..., m € @ such that

1. 70 = qo,

2. ri11 € 0(r;,y;v1) foreachi=0,...,m — 1, and

3. r, € F.

Nondeterminism: Given N and w, the states rg,...,r,, are

not necessarily determined.
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Example of an NFA

b

N :
a

a

N = ({90, 91, 92,93}, {a, b}, 9, g0, {q0} ), Where ¢ is given by:

J—

a b g
qo {Cll} 0 0
q1 {QQ} 0 )
g2 | {ao} | {20, g3} | 0
g3 | {a}| 0 |0

Work out the tree of all possible computations on aabaab
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How to simulate NFAs?

e NFA accepts w if there is at least one accepting computational
path on input w

e But the number of paths may grow exponentially with the
length of w!

e Can exponential search be avoided?
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NFAs vs. DFAs

NFAs seem more “powerful” than DFAs. Are they?

Theorem: For every NFA N, there exists a DFA M such that
L(M) = L(N).

Proof Outline: Given any NFA NV, to construct a DFA M such
that L(M) = L(N):
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NFAs vs. DFAs

NFAs seem more “powerful” than DFAs. Are they?

Theorem: For every NFA N, there exists a DFA M such that
L(M) = L(N).

Proof Outline: Given any NFA NV, to construct a DFA M such
that L(M) = L(N):
Have the DFA keep track, at all times, of all possible states
the NFA could be in after reading the same initial part of the
input string.
l.e., the states of M are sets of states of V, and ¢},(R, w) is

the set of all states NV could reach after reading w, starting
from a state in R.
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Example of the SUBSET CONSTRUCTION

NFA N for {z1x5- -2 : kK > 0 and each x; € {aab, aaba, aaa}}.

N starts in state 0 so we will construct a DFA M starting in
state {0}.

10
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Example of the SUBSET CONSTRUCTION

NFA N for {z1x5- -2 : kK > 0 and each x; € {aab, aaba, aaa}}.

b

N starts in state 0 so we will construct a DFA M starting in
state {0}. Here it is:

All other transitions are to
the “dead state” (). The other
states are unreachable,
though technically must be
defined. Final states are all
those containing 0, the final
state of M.

11
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Formal Construction of DFA M from
NFA N = (Qa 27 57 qo, F)

On the assumption that d(p, ) = () for all states p.
(i.e., we assume no e-transitions, just to simplify things a bit)

M= (Q,%,d,q), F') where

Q" = P(Q)
@ = {0}
F' = {RCQ:RNF 0} (thatis, R € Q)

0 (R,0) = {qe@:qed(r,o) forsomer e R}

U o(r, o)

12
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Proving that the construction works

Claim: For every string w, running M on input w ends in the
state
{q € Q) : some computation of NV on input w ends in state ¢}.

Pf: By induction on |w]|.

Can be extended to work even for NFAs with e-transitions.

“THE SUBSET CONSTRUCTION”

13
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Closure Properties
Theorem: The class of regular languages is closed under:
- Union: L; U Lo
- Goncatenation: Lyo Ly ={zy:x € Lyandy € Lo}
- Kleene *: L} = {x122-- 2 : k> 0and each x; € L}
. Complement: L

. Intersection: L; N Lo

14
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Closure Properties
Theorem: The class of regular languages is closed under:
- Union: L; U Lo
- Goncatenation: Lyo Ly ={zy:x € Lyandy € Lo}
- Kleene *: L} = {x122-- 2 : k> 0and each x; € L}
. Complement: L

. Intersection: L; N Lo

Union: If L; and L, are regular, then L, U L Is regular.

M,
o O M el o © M hgs the states and
O N O transitions of M; and M,
plus a new start state e-
M, > transitioning to the old start
O O —O O state

15
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Concatenation, Kleene *, Complementation

Concatenation:
L(M) = L(My) o L(M>)

Kleene *:
L(M) = L(M)*

Complement:
L(M) = L(M;)

September 17, 2009

16



Harvard CS 121 & CSCI E-207 September 17, 2009

Closure under Intersection

Intersection

= § Hence closure under

union and complement
< - 7 implies closure under
iIntersection

17
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A more constructive and direct proof of closure under
intersection

Better way (“Cross Product Construction”):

From DFAS Ml — (Qla 27 517 d1, Fl) and M2 — (QQv Ea 52;Q27F2),
construct M = (Q, X, 6, qo, F'):

Q = Q1 xQ

F = Fi X Fy
0((r1,72),0) = (01(r1,0),02(rz2,0))

g = (q1,92)

Then L(M;) N L(Ms) = L(M)

18
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Some Efficiency Considerations

The subset construction shows that any n-state NFA can be
iImplemented as a 2™-state DFA.

NFA States | DFA States
4 16
10 1024
100 2100
1000 21000 >, the number of particles in the universe

How to implement this construction on ordinary digital
computer?

NFA states DFA state bit vector

1,...,n O[1]110/(--1
1 2 n

19
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Is this construction the best we can do?

Could there be a construction that always produces an n? state
DFA for example?

Theorem: For every n > 1, there is a language L,, such that
1. There is an (n + 1)-state NFA recognizing L,,.

2. There is no DFA recognizing L,, with fewer than 2" states.

Conclusion: For finite automata, nondeterminism provides an
exponential savings over determinism (in the worst case).

20
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Proving that exponential blowup is sometimes unavoidable

(Could there be a construction that always produces an n?
state DFA for example?)

Consider (for some fixed n=17, say)

L, = {w € {a,b}" : the nth symbol
from the right end of w is an a}

e Thereis an (n + 1)-state NFA that accepts L,,.

e There is no DFA that accepts L,, and has < 2" states

21
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A “Fooling Argument”

e Suppose a DFA M has < 2" states, and L(M) = L,
e There are 2™ strings of length n.

e By the pigeonhole principle, two such strings x # y must drive
M to the same state g.
e Suppose z and y differ at the k" position from
the right end (one has a, the other has b)
(k=1,2,...,0orn)

e M must treat za™ " and ya™ " identically (accept both or reject
both). These strings differ at position n from the right end.

e S0 L(M) # L,, contradiction. QED.

22
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lllustration of the fooling argument

x a raF a a|a
~ : : :
Yy b ya”_k b a | a
k - t t
M in state qq M in state ¢
Different symbols n M in same state p,

positions from right

e ¢ and y are different strings
(so there Is a position k£ where one has a and the other has b)

e But both strings drive M from s to the same state ¢

23
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What the argument proves

e This shows that the subset construction is within a factor of 2
of being optimal

e |[n fact it is optimal, i.e., as good as we can do in the worst
case.

e Sitill, in many cases, the “generate-states-as-needed” method
yields a DFA with <« 2™ states

(e.g. if the NFA was deterministic to begin with!)
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