Probabilities and Codes
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Probabilities

1 Fair coin: P(heads) = 1/2
1 Fair die: P(rolling 3) = 1/6
1 Fair card deck: P(hearts) = 1/4 v

! P(ace) = 1/13 {8
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Probabilities of Independent
Events Multiply

1 P(heads and then heads) =1/2 41/2 = 1/4

1 P(3and then 4) = 1/6 4 1/6 = 1/36

1 P(ace and ace) = 1/1341/13 = 1/169! .0059 but
only if the first card drawn is replaced and the
deck is completely reshuffled, otherwise the
events are not independent

1 P(ace and ace without reshuffling) =

1/13 & 3/51! .0045
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Unlikely Events

1 How likely are 100 heads in a row?
1 (1/2)1001 10-32=
.00000000000000000000000000000001
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How Small is 2-190 = 10-32? i

1 Age of universe ! 10'8sec = 1027 nanoseconds
(1 nanosecond = 1 ns = 1 billionth of a second = 109 sec)

1 If you flip a coin 100 times every billionth of a
second, you will get 100 heads in a row about
once every hundred thousand lifetimes of the
universe

10%2=10%410G7
1 Thisis Qnever Ofor all practical purposes
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Morse’s telegraph
1844 1848

The “Electro” Wireless Key
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Morse Code (1838)
A|B|C|D|E|F|G|H]|I J|K|L|M
- |-E E. - -

Morse Code (1838)

A/B|C/DIE|F|G|H|I |J|K|L|M
.08(.01/.03|.04|.12|.02|.02|.06 |.07|.00|.01|.04|.02

.07|.08|.02|.00|.06|.06|.09|.03|.01|.02|.00|.02|.00
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How Long are Morse Codes on
Average?

1 Not the average of the lengths of the letters:
(2+4+4+3+E )/26 = 82/26! 3.2

1 We want the average a to be such that in a typical
real sequence of say 1,000,000 letters, the number of
dots and dashes should be about ad1,000,000

1 The weighted average:
(freq of A)a(length of code for A)
+ (freq of B)a(length of code for B)
+E
=.0842 + .0144 + .0344 + .044B+! 2.4

Data vs. Information

Message sequence:
Qea,Oay,0qea,0@ea,Oay, OhayOF
In ASCII, 348 = 24 bitsof data per message

But if the only possible answers are QeaGand
May,Othere is only 1 bit of information per
message

Entropy is a measure of the information
content of a message, as opposed to its size

Entropy of this message sequence = 1 bit/msg
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Squeezing out the “Air”

1 Suppose you want to ship pillows in boxes and
are charged by the size of the box

B TR

1 Lossless data compression
1 Entropy = lower limit of compressibility

Claude Shannon (1916-2001)

A Mathematical Theory of CommunicatiQi948)
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Communication over a

Channel
Source Coded Bits Received Bits Decoded Message
S Y T
Channel
symbols bits bits symbols

Encode bits before putting them in the channel
Decode bits when they come out of the channel

E.g. the transformation from Sinto X changes
“yea” -->1 “nay” -->0

Changing Y into T does the reverse

For now, assume no noise in the channel, i.e. X=Y
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Example: Telegraphy

Source English letters -> Morse Code

Baltimore

Washington

February 4, 2009 14

Low and High Information Content
Messages

1 The more frequent a message is, the less information it
conveys when it occurs

1 Two weather forecast messages: %
A\
A & A A &
! Bos: A A R\
&
1 LA B\

1 In LA GunnyGis a low information message and @loudyOis
a high information message

Harvard Grades

% A A- B+ B B- C+

2005 | 24 25 21 13 6 2

1995 | 21 23 20 14 8 3

1986 | 14 19 21 17 10 5

1 Less information in Harvard grades now than in recent
past
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Fixed Length Codes (Block Codes)

Example: 4 symbols, A, B, C, D

A=00, B=01, C=10, D=11

In general, with n symbols, codes need to be of
length Ig n, rounded up

For English text, 26 letters + space = 27 symbols,
length = 5 since 24 < 27 < 25

(replace all punctuation marks by space)
AKA ®lock codesO

Modeling the Message Source

Source » Destination

1 Characteristics of the stream of messages
coming from the source affect the choice of
the coding method

1 We need a model for a source of English
text that can be described and analyzed
mathematically
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Zeroth-Order Approximation to
English

1 Zeroth-order entropy of English is 5 bits/symbol

1 A zeroth-order source of English acts as though all
symbols are equally likely

1 A string from a zeroth-order source of English:

xfoml rxkhriffjuj zlpwcfwkceyj
ffieyvkcgsghyd gpaamkbzaacibzlhjgd
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First-Order Approximation to English

1 Use symbol frequencies

1 Use shorter codes for more frequent symbols
1 Morse Code does something like this
1 Example with 4 possible messages

A B C D
7 1 1 1
0 100 | 101 | 110
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Prefix Codes

Only one way to decode left to right

B C D
7 1 1 1
100 | 101 | 110

o

000010000000001 1000000000100
AAAA A AA

B AAAAAA D AAAAAA

e e e —_
B
2
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What is the Minimum Average
Code Length?

Average bits per symbol:

T 1+.1-3+.1:3+.1:3=1.6
bits/symbol (down from 2)

0 |100 | 101|110

71+12+.1-3+13=15 | 7|1 |11
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Entropy of this code <= 1.5
bits/symbol

1 Possibly lower? How low?

J1+12+.13+13=15 |7 |1 |11
0 | 10 |110|111
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First-Order Approximation to
English

From a First-Order Source for English:

ocroh hli rgwr nmielwis eu |l
nbnesebya th eei alhenhttpa
oobttva  nah brl

Can get an upper bound on entropy of
English this way (about 4 bits/character)

This model does not accurately model the
structure and redundancy of English

February 4, 2009 2




