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Abstract: Surface plasmon waves in metal-dielectric-metal structures have 
been theoretically examined. Because of the existence of evanescent waves 
that can have comparable or smaller decay rates than the propagating waves, 
the sign of dispersion does not necessarily indicate the sign of effective 
refractive index for these structures. By using the direction of energy decay 
to distinguish the sign of index, we have obtained different results and 
insights from previous reports. We also propose an approach to increase the 
bandwidth and decrease the loss of negative index surface plasmon 
propagation in the MDM structure, by simply changing the properties of its 
dielectric layer. 
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1. Introduction 

Negative index material (NIM) is a particularly interesting example of artificially engineered 
metamaterial, whose refractive index has a negative real part [1-3]. When an electromagnetic 
wave propagates inside a NIM, its energy and wave fronts propagate in opposite directions. 
Negative refraction of the propagating waves and amplification of the evanescent waves at the 
boundary between a positive index material and a NIM have been proposed for sub-
wavelength imaging [2]. 

NIMs were first implemented by assemblies of resonant elements on a deep 
subwavelength scale, which are difficult to fabricate for applications at optical frequencies [4-
12]. In 2006, Shin and Fan theoretically proposed an all-angle negative refraction lens at 
optical frequencies, which does not rely on resonant components and is flat at an atomic level 
[13]. The proposed NIM consists of metal-dielectric-metal (MDM) layers, a planar structure 
that was studied as early as 1969 [14]. Later, Lezec et al. reported experimental observation of 
negative refraction inside a MDM structure in the visible frequency range [15]. Recently, 
Feigenbaum et al. suggested that fast light could be responsible for the negative refraction 
observed by Lezec et al. [16] Because of the high ohmic loss rates from metals in this 
structure, care must be taken to distinguish between propagation and evanescence when 
studying the behaviors of waves. In our paper, we will present a careful examination of the 
solutions to the equations of surface plasmon waves in the MDM structure. Our results will 
identify the existence of a variety of propagating and evanescent surface plasmon waves. The 
evanescent decay rates of the latter can be comparable to, or smaller than, the ohmic loss rates 
of the former. Consequently, the criterion of dispersion and phase velocity having opposite 
signs does not necessarily indicate negative index, which is only applicable to propagating 
waves. By using the direction of energy decay as the criterion for identifying the sign of 
index, we have obtained different conclusions from previous reports. 

2. Surface plasmon waves in metal-dielectric-metal structure 

Let’s solve for the surface plasmon modes of the 2-D MDM structure in Fig. 1, in which a 
thin layer of silicon nitride is sandwiched between gold half-spaces. In our calculation, we 

have used the experimentally-measured values for relative permittivity ε/ε0 of gold at different 

frequencies, εAu, reported in Ref. 17. The relative permittivity ε/ε0 of silicon nitride, εSN, is set 
to 4. Surface plasmons in this structure are TM polarized, i.e., the magnetic field has only a y-
polarized component. We will only consider TM polarization in this paper. By satisfying 
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boundary conditions at metal-dielectric interfaces and letting the fields decay to zero at z = 

±∞, the dispersion relations of the TM polarized modes can easily be obtained as below [18]. 
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In Eq. (1), “–” is for antisymmetric modes, and “+” is for symmetric modes. When we discuss 
symmetry in this paper, we are referring to the symmetry of electric fields with respect to the 
center plane of the dielectric layer in the MDM structure. The field profile in the upper gold 

half-space follows exp(-kAu z)exp(iβx). Similarly, the field profile in the lower gold half-space 

follows exp(kAu z)exp(iβx). In the dielectric region, the field profile follows A exp(kSN 

z)exp(iβx) + B exp(-kSN z)exp(iβx), where A and B are constants. 0 /k cω=  is the wave 

vector in vacuum, and d=40 nm is the thickness of the dielectric layer. We define the square 

root in Eq. (2) such that Real(k) ≥ 0. Let β=β’+iβ”, where β’ and β” represent the real and 

imaginary parts of β, respectively. In this paper, we define β’ to be non-negative, meaning 
that the phase front always propagates along the +x direction, as the time dependence is taken 

as e
-iωt

. A positive or negative β” value signifies exponential decay of energy along the +x or 
–x direction, respectively. The dispersion relations are calculated by finding the zeros of Eq. 
(1) at each frequency. 
 

 

Fig. 1. A planar metal-dielectric-metal structure. d = 40 nm is used unless otherwise stated. 

 
First we will consider a hypothetical situation for which there is no ohmic loss. The 

imaginary part of εAu is set to 0, while the real part is kept, again taken from Ref. 17. This 
violates the Kramers-Kronig relations but is appropriate for our purpose of identifying the 
surface plasmon modes. Figure 2 shows the calculated dispersion relations of the 

antisymmetric and symmetric modes. In each of Fig. 2(a) and 2(b), the values of β’ and β” at 
each frequency for a set of modes are plotted as red and blue curves, respectively. Similarly, 

green and yellow curves are used for the values of β’ and β”, respectively, for other modes. It 
should be noted that two pairs of colors are used purely to make the diagrams clearer and have 
no other meanings. In a lossless structure, there is no energy decay as a wave propagates, 

therefore β”=0 for propagating modes, while the curves with β”≠0 correspond to the 
evanescent modes. 
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                                                 a                                                                                            b 

Fig. 2. Dispersion diagrams for a planar structure consisting of a 40 nm thick silicon nitride 
layer sandwiched between lossless gold half-spaces. Red and blue curves correspond to the real 

and imaginary parts, respectively, of β/2π at each frequency 1/λ for some modes. λ is free 
space wavelength. Similarly, the green and yellow curves correspond to the real and imaginary 
parts for other modes. (a) Antisymmetric modes. (b) Symmetric modes. 

 
There are several important features to be noticed in Fig. 2: There is one antisymmetric 

propagating mode below ωsp [18], labeled ‘1’, and one symmetric propagating mode 

immediately above ωsp, labeled ‘2’. ωsp is the asymptotic value of surface plasmon frequency 
at a lossless metal-dielectric interface when the surface plasmon wavelength approaches zero. 
The symmetric propagating mode has negative group velocity values and has been proposed 
by Shin and Fan as a means for obtaining negative refractive index and sub-wavelength 
imaging [13, 18-20]. When the dielectric layer is thicker than a critical thickness, the 

frequency of the symmetric propagating mode at β = 0 drops below ωsp, and its refractive 
index becomes positive. There are an infinite number of higher order evanescent modes with 

larger β” values which have not been plotted. In the dispersion diagrams, the distances 

between the β” curves of different order evanescent modes decrease with increase in the 
dielectric layer thickness. When the dielectric layer is thicker than a cutoff thickness, metal 
clad waveguide modes will show up, which have not been plotted either [21]. 

For propagating waves, if the group velocity vg=dω/dβ’ and the phase velocity vp=ω/β’ 
have opposite signs, the material exhibits negative refractive index. However, for evanescent 
waves, no wave packet can be formed by summing up a group of monochromatic waves, each 

corresponding to a different (ω,β’+iβ”) point in the dispersion diagram [22]. Therefore group 
velocity loses its physical meaning when evanescent waves are being considered, and the sign 

of the dispersion quantity dω/dβ’ can not be used to determine the sign of refraction. This 
normally does not present problems for studying low loss materials, because the evanescent 
waves decay much faster than the propagating waves and it is easy to distinguish between the 
two. However, surface plasmons at optical frequencies suffer from high ohmic loss rates, 
which can be high enough to be comparable to the evanescent decay rates for the case of 
MDM structures. In the following, we will identify the propagating and evanescent waves in 
the lossy structure by comparing it to the lossless case. We will determine the sign of 
refractive index for both propagating waves and evanescent waves from the direction of 
energy velocity ve. In a lossy material having no variation along the direction of ve, ve is in the 

same direction as the decay rate of energy amplitude β”, and β” and n have the same sign. For 

propagating waves, β” corresponds to dissipation of electromagnetic power. For evanescent 

waves, β” corresponds to the sum of both evanescent decay and power dissipation. When the 
evanescent decay rates are comparable to or lower than the propagation loss rates, the 
evanescent waves could contribute in various refraction experiments as well. Note that, in a 

lossless material, veβ” = 0. In order to relate the direction of energy propagation to the sign of 

β”, loss must be included. 
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In order to identify the surface plasmon modes in a lossy structure with the modes in the 
lossless case, note that under the lossless condition, the time reverse of a solution to the 
Maxwell equations is also a solution. Therefore, for each point in the dispersion diagram of 

Fig. 2, there is a corresponding point with the same β’ value but with β” having the same 
magnitude but opposite sign. So in Fig. 2 we have plotted only half of the dispersion diagram. 

An important concept is that an evanescent mode with β’ ≠ 0 is not the same mode as its time 

reverse – although the magnitudes of β” are the same. When loss is included, such a pair of 

modes would correspond to two dispersion points with different magnitudes of β”. The 

difference between two such modes is explained in Fig. 3. Because β’ ≠ 0, there will be power 
flowing along the x-direction in both dielectric and metal, but in opposite directions so that 
there is zero total power flow along the x-direction for the evanescent modes under the 
lossless condition. If the power flows in the +x direction in the dielectric and in the –x 
direction in the metal, as in Fig. 3(a), there must be net power leaving the dielectric for the 
metal in order to have the energy density decay in the +x direction. The power flow in the 
dielectric decays by being converted to flow in the backward direction in the metal. Its time 
reverse, illustrated in Fig. 3(b), is a different mode which has net power leaving the metal for 
the dielectric. When loss is included, there will be non-zero total power going in the direction 
of decay, in order to provide energy for ohmic heating. The modes in Fig. 3(a) and 3(b) will 
then contain more power in the dielectric and the metal, respectively. Through dispersion 
calculations, it will be shown that each point on the dispersion diagram of the lossless 

structure, illustrated in Fig. 2, that corresponds to a evanescent mode and has β’ ≠ 0, 
corresponds to one positive index mode and one negative index mode of the lossy structure. 
The other points on the dispersion diagram of the lossless structure correspond to only one 
mode each of the lossy structure, because each of them is essentially the same mode as its 
time reverse: for lossless propagating modes, there is zero net power conversion between the 

dielectric and the metal; for lossless bandgap modes with β’ = 0, there is no power flowing 
along the x- direction inside the dielectric or the metal. 
 

  
                                                           a                                                                       b 

Fig. 3. Schematic mode profiles of a pair of evanescent modes with β’ ≠ 0, which are time-
reverse to each other under the lossless condition. The arrows indicate the directions and 
magnitudes of power flows, which have been integrated within each layer. 

 
Figure 4 presents dispersion diagrams of the lossy structure, in which the imaginary part of 

εAu has been included in the calculation. Let us identify the lossy surface plasmon modes in 
Fig. 4 with the lossless modes in Fig. 2. With loss, the signs of n and ve can be determined 

from, and are the same as, the sign of β”. The red/blue and green/yellow curves show the 

values of β’ and β” for different modes. First let us compare the dispersion diagrams of 

antisymmetric modes in Fig. 2(a) and 4(a). There is one dispersion curve below ωsp in Fig. 
2(a), and below a similar turning frequency in Fig. 4(a), that corresponds to a propagating 
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mode, as shown by the red and blue curves labeled ‘1’. The evanescent modes above ωsp in 
Fig. 2(a), labeled ‘3’, split into two very different sets of dispersion curves in Fig. 4(a), 

labeled ‘3a’ and ‘3b’, the ‘a’ modes having β”, n > 0 and much smaller decay rates than the 

‘b’ modes which has β”, n < 0. The evanescent mode below ωsp in Fig. 2(a) also split into two 
set of curves in Fig. 4(a), labeled ‘2’, but only the one with n < 0 is plotted. Part of the red 

curve in Fig. 4(a), labeled ‘f’, shows negative dispersion around 1/λ ~ 2 µm
-1

, i.e. a free space 

wavelength λ of 500 nm. Although the corresponding decay rates are small, this negative 

dispersion regime clearly corresponds to evanescent behavior because ve and dω/dβ have 
opposite signs. Therefore this negative dispersion but positive index regime of the lossy 

structure corresponds to the lossless evanescent part above ωsp in Fig. 2(a), labeled ‘3’, instead 
of corresponding to part of the lossless propagating mode, labeled ‘1’. Next let us compare the 
symmetric modes under lossless and lossy conditions, as shown in Fig. 2(b) and 4(b). The 

lossless evanescent mode below ωsp in Fig. 2(b), labeled ‘1’, split into two dispersion curves 
in Fig. 4(b), labeled ‘1a’ and ‘1b’, one with n > 0 and the other with n < 0. The lossless 

evanescent modes a distance above ωsp and with β’ = 0, labeled ‘3’ in Fig. 2(b), correspond to 
just one dispersion curve with n > 0 in the lossy structure, labeled ‘3’ in Fig. 4(b). The 

negative index propagating mode right above ωsp in Fig. 2(b), and right above a similar 
turning frequency in Fig. 4(b), both labeled ‘2’, exhibit negative dispersion and negative vg as 

shown by the red curves, and zero or negative β” values, as shown by the blue curves. The 
curves labeled ‘4’ in Fig. 2(b) and 4(b) correspond to evanescent modes with higher decay 
rates. 
 

  
                                               a                                                                                            b 

Fig. 4. Dispersion diagrams for a planar structure consisting of a 40 nm thick silicon nitride 
layer sandwiched between gold half-spaces, ohmic loss included. Red and blue curves 

correspond to the real and imaginary parts, respectively, of β/2π at each frequency 1/λ for some 

modes. λ is free space wavelength. Similarly, the green and yellow curves correspond to the 
real and imaginary parts for other modes. (a) Antisymmetric modes. (b) Symmetric modes. 

 

3. Discussion on negative index behavior 

Having identified the surface plasmon waves in the MDM structure by categorizing them into 
antisymmetric/symmetric and propagating/evanescent modes, let us discuss application of this 
structure as a negative index material. In Fig. 4, the antisymmetric mode labeled ‘f’ and the 
symmetric mode labeled ‘2’ both demonstrate negative dispersion and relatively low decay 
rates, are both in a similar frequency range, but correspond to opposite signs of refractive 
indices. Often different metals are used for the upper and lower metals in the MDM structure, 
which makes it impossible to differentiate the modes by symmetry [13, 15]. In such situations, 
if we plot a complete dispersion diagram, the positive index evanescent modes, ‘f’, and the 
negative index propagating modes, ‘2’, will appear together at similar frequencies, both 
showing negative dispersion and being capable to transport energy at similar decay rates. This 
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observation tell us that, in such a structure having high ohmic losses, propagating and 
evanescent modes may not be distinguished from each other by the amplitudes of decay rates, 
and the sign of dispersion can not be simply applied to determine the sign of refraction. Which 
type of mode will be more dominantly excited is dependent on the experiment design and 
conditions [13, 15]. As a rule of thumb, more power being excited inside the metal 
corresponds to negative refractive index, and vice versa [16, 19]. From this discussion, we 
believe the negative refraction of MDM experimentally observed by Lezec et. al is indicative 
of negative index [15]. 

Gain media have been proposed to compensate ohmic loss for propagating modes [23-
25]. Gain will affect evanescence behavior in a different manner. Comparing Fig. 2(a) and 
4(a), the decay rates of the positive index evanescent modes, labeled ‘3’, ‘3a’ and ‘f’, are even 
larger when ohmic loss is ignored. Using a theory similar to the Kramers-Kronig relations, 
Stockman predicted that, in order to have negative index behavior, loss should not be 
compensated too much [26]. 

The ultimate goals of NIM design include a large negative Real(n), a large Figure of 
Merit FOM = |Real(n)/Imag(n)|, a broad bandwidth and optimized impedance matching [27]. 
The bandwidth of negative index behavior of MDM structures can be increased by thinning 
the dielectric layer, while employing a higher index dielectric material to obtain the same 
center frequency [28]. Fig. 5 shows the calculated dispersion diagram of propagating modes in 
a 20 nm thick silicon layer sandwiched by gold half-spaces. The refractive index of silicon is 
taken as 4. Optical absorption in crystalline silicon is much weaker than in gold at visible 
frequencies, and is ignored in the calculation. Comparing Fig. 5 with the ‘2’ mode in Fig. 4(b) 
reveals that the NIM band is extended from the blue and green frequency range to almost the 
entire visible frequency range. The loss of the NIM is also reduced. 
 

 

Fig. 5. Dispersion relations for a planar structure consisting of a 20 nm thick silicon layer 
sandwiched between gold half-spaces. Red and blue curves correspond to the real and 

imaginary parts of β/2π at each inverse wavelength 1/λ.. λ is free space wavelength. 

 

4. Summary 

We have studied the surface plasmon waves in the MDM structure by solving dispersion 
equations and comparing solutions under lossless and lossy conditions. The surface plasmon 
waves are categorized into antisymmetric/symmetric and propagating/evanescent modes. The 
sign of refractive index has been determined by the direction of energy decay, for both 
propagating and evanescent waves. It has been found that, because of ohmic loss in the MDM 
structure, some evanescent modes can transport energy at similar or lower decay rates than the 
propagating modes, which makes it inappropriate to judge the sign of refractive index from 
the sign of dispersion. Also shown is that a thinner dielectric layer in the MDM structure leads 
to a larger bandwidth and a lower loss of the negative index symmetric propagating mode. We 
believe that, by clarifying the properties of surface plasmon waves in the MDM structure, our 
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study will facilitate future theoretical and experimental work on metamaterials containing 
multiple metal-dielectric interfaces. 
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