
138

PHYSICAL REVIEW B 67, 155101 ~2003!
Fast method for force computations in electronic structure calculations

Nicholas Choly* and Efthimios Kaxiras
Department of Physics and Division of Engineering and Applied Sciences, Harvard University, Cambridge, Massachusetts 02

~Received 17 October 2002; published 1 April 2003!

We present efficient@O(N ln N)# methods for computing three quantities crucial to electronic structure
calculations: the ionic potential, the electron-ion contribution to the Born-Oppenheimer forces, and the
electron-ion contribution to the stress tensor. The present methods are applicable to calculations in which the
electronic charge density is represented on a uniform grid in real space. They are particularly well suited for
metallic extended systems, where otherO(N) methodologies are not readily applicable. Based on a fast
algorithm for determining the atomic structure factor, originally developed by Essmannet al. @J. Chem. Phys.
103, 8577~1995!# for fast Ewald energy and force computation, the present methods involve approximations
that can be systematically improved. The methods are tested on a representative metallic system~bulk Al!, and
their ability to simultaneously achieve high accuracy and efficiency is demonstrated.
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A wealth of efficient methods have recently be
developed1–11 for calculating electronic properties of an e
tended physical system that require an amount of comp
tion that scales linearly with the size of the systemN. This
size can be defined to be the number of atoms or the num
of valence electrons, or the volume of the system, all
which are linearly related for large condensed systems
this article we present a quasilinear-scaling@O(N ln N)#
method for computing the ionic potential, the ionic force
and the stress tensor in electronic structure calculatio
Atomic forces are necessary for the calculation of ma
physical properties of a system, including the determinat
of the optimal structure and simulation at a finite tempe
ture. Some linear-scaling methods achieve linear comp
tional scaling for the computation of the energy but not
the forces on all of the ions.7 Other linear-scaling method
achieve efficient force calculations by working with a ba
of localized functions,5,8,9 which are less efficient at repre
senting delocalized electronic states found, for example
metallic systems. The present method applies to calculat
performed in a periodic parallelepiped supercell, not nec
sarily orthogonal, in which the electronic charge densityr(r )
is represented on a uniform grid.

As a result of the Hellmann-Feynman12,13 theorem, the
force on thepth ion ~within the Born-Oppenheimer approx
mation! is given by the sum of the partial derivatives of th
ion-ion energy~the Ewald energy! and the electron-ion en
ergy with respect to the atomic coordinates:

Fp5Fp
Ewald1Fp

e2 i52
]EEwald

]tp
2

]Ee2 i

]tp
, ~1!

where

Ee2 i[E
cell

r~r !Vion~r !dr , ~2!

and the ionic potential is defined as

Vion~r !5(
R

(
p51

Nat

Vpsp~r2tp2R!, ~3!
0163-1829/2003/67~15!/155101~6!/$20.00 67 1551
a-

er
f
In

,
s.
y
n
-
a-
r

in
ns
s-

where here thetp are the atomic positions within the un
cell, Vpsp(r ) is the pseudopotential representing the ions, a
the outer sum overR is over all lattice translation vector
R5n1a11n2a21n3a3 for all integersni , where theai are
the lattice vectors defining the unit cell. For simplicity o
presentation, we will consider systems that involve only o
type of pseudopotential, but the methods presented here
eralize readily to systems with multiple pseudopotentia
Furthermore, nonlocal pseudopotentials can be split int
short-range nonlocal part and a long-range local part; o
the long-range local part ofVpsp will be considered here. It
should be noted that the present methods make only pa
the electronic structure calculation efficient, and in the co
text of the Kohn-Sham method, the overall electronic str
ture calculation will still scale asN3 due to the need to or
thogonalizeN wave functions or to diagonalize anN3N
matrix. Thus the present methods are particularly relevan
the orbital-free density functional methods,10,11 which deal
only with local pseudopotentials and can achieveO(N) scal-
ing for the entire calculation.

The smooth particle mesh Ewald method14 ~SPME! is an
efficient scheme@O(N ln N)# for computing the Ewald en-
ergy EEwald and its derivatives with respect to the atom
coordinates,]EEwald/]tp . Here we show how similar idea
can be used to yield efficient methods@also O(N ln N)] for
determining the ionic potentialVion(r ), and the other com-
ponent of the Born-Oppenheimer forces,]Ee2 i /]tp .

We begin the presentation of our method by express
Vion(r ) in terms of the structure factor,S(r ):

Vion~r !5
1

VE Vpsp~r2r 8!S~r 8!dr 8, ~4!

where

S~r !5V(
R

(
p51

Nat

d~r2tp2R! ~5!

andV5ua1•(a23a3)u is the unit cell volume.
In reciprocal space, the expression forVion becomes
©2003 The American Physical Society01-1
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ṼQ
ion[

1

VE
cell

Vion~r !eiQ•rdr5
1

V
Ṽpsp~Q!S̃Q , ~6!

where

Ṽpsp~Q![E Vpsp~r !eiQ•rdr , ~7!

and, using Eq.~5!,

S̃Q[
1

VE
cell

S~r !eiQ•rdr5 (
p51

Nat

eiQ•tp. ~8!

Inversely, we have

Vion~r !5(
Q

ṼQ
ione2 iQ•r, ~9!

where theQ sum ranges over all integer multiples of th
reciprocal lattice vectorsbi defined byai•bj52pd i j .

For the purposes of the present work, we assume thatr(r )
is represented on aN13N23N3 grid of points r l 1l 2l 3
5( l 1 /N1)a11( l 2 /N2)a21( l 3 /N3)a3, with l i50, . . . ,Ni
21. We will denote quantities such asr(r l 1l 2l 3

) as

r( l 1 ,l 2 ,l 3). The Fourier transform ofr(r ) is approximated
by

r̃~m1b11m2b21m3b3!.F@r~ l 1 ,l 2 ,l 3!#, ~10!

whereF is the discrete Fourier transform:

F@ f ~ l 1 ,l 2 ,l 3!#5
1

N (
l 150

N121

(
l 250

N221

(
l 350

N321

f ~ l 1 ,l 2 ,l 3!

3e2p i ( l 1m1 /N11 l 2m2 /N21 l 3m3 /N3), ~11!

whereN[N1N2N3. Its inverse,F 21, is given by

F 21@ f̃ ~m1 ,m2 ,m3!#5 (
m150

N121

(
m250

N221

(
m350

N321

f̃ ~m1 ,m2 ,m3!

3e22p i ( l 1m1 /N11 l 2m2 /N21 l 3m3 /N3).

~12!

Using Eq.~6!, and transforming back to the real space gr
we can determineVion(r ) via

Vion~ l 1 ,l 2 ,l 3!5
1

V
F 21@ P̃~m1 ,m2 ,m3!S̃~m1 ,m2 ,m3!#,

~13!

whereP̃(m1 ,m2 ,m3) is the array given by

P̃~m1 ,m2 ,m3![Ṽpsp~m18b11m28b21m38b3! ~14!

and mi85mi for 0<mi<Ni /2 and mi85mi2Ni otherwise.

The arrayS̃(m1 ,m2 ,m3) is given by

S̃~m1 ,m2 ,m3![S̃~m1b11m2b21m3b3!. ~15!
15510
,

Calculation of the structure factor via Eq.~8! will scale
with the square of the system size, because it needs t
computed at every reciprocal space grid point (m1 ,m2 ,m3),
and at each of these points a sum must be performed
each atom in the system. However, Essmannet al. and
Dardenet al., as part of their efficient smooth particle mes
Ewald method,14 provide an elegant method for computin
the structure factor efficiently~albeit approximately!, requir-
ing an amount of computation that scales as onlyN ln N. By
incorporating this algorithm to compute the structure fact
the present methods for computing both the ionic poten
Vion(r ) and the electron-ion contribution to the forcesFp

e-i

achieve the sameO(N ln N) quasilinear-scaling.
Here we summarize the method of Essmannet al. and

Dardenet al. for efficiently computing the structure facto
but refer the reader to the original reference 14 for full d
tails. The crux of the algorithm lies in the approximation
the exponential in Eq.~8! with ~complex! cardinalB splines.
The nth-order cardinalB-spline function,Mn(x), is defined
as follows:M2(x)512ux21u for 0<x,2, andM2(x)50
otherwise; and the higher-order cardinalB splines are defined
recursively:

Mn~x!5
x

n21
Mn21~x!1

n2x

n21
Mn21~x21!. ~16!

We define the grid coordinates of thepth atom asuip
[Ni tp•bi , or equivalently, tp5(u1p /N1)a11(u2p /N2)a2
1(u3p /N3)a3. The structure factor, expressed in terms
the grid coordinates, is

S̃~m1 ,m2 ,m3!5 (
p51

Nat

expS 2p i
m1

N1
u1pD

3expS 2p i
m2

N2
u2pDexpS 2p i

m3

N3
u3pD .

~17!

The exponentials can be approximated bynth-order car-
dinal B splines, wheren is even, as

expS 2p i
mj

Nj
ujpD.bj~mj ! (

k52`

`

Mn~ujp2k!expS 2p i
mj

Nj
kD ,

~18!

wherebj (mj ) is

bj~mj !5
exp@2p i ~n21!mj /Nj #

F (
k50

n22

Mn~k11!exp@2p i ~mj /Nj !k#G . ~19!

When thisB-spline approximation of the exponential is us
in Eq. ~17!, it becomes a discrete Fourier transform:
1-2
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S̃~m1 ,m2 ,m3!.B̃~m1 ,m2 ,m3!

3 (
p51

Nat

(
k1 ,k2 ,k352`

`

Mn~u1p2k1!

3Mn~u2p2k2!Mn~u3p2k3!

3e2p i (m1k1 /N11m2k2 /N21m3k3 /N3)

5NB̃~m1 ,m2 ,m3!F@Q~ l 1 ,l 2 ,l 3!#, ~20!

where

B̃~m1 ,m2 ,m3![b1~m1!b2~m2!b3~m3! ~21!

and

Q~ l 1 ,l 2 ,l 3!5 (
p51

Nat

(
c1 ,c2 ,c352`

`

Mn~u1p2 l 12c1N1!

3Mn~u2p2 l 22c2N2!Mn~u3p2 l 32c3N3!.

~22!

The arrayQ( l 1 ,l 2 ,l 3) can be computed quickly@O(Nat)#,
because it is only nonzero for subcubes of dimensionn3n
3n located near each atom. It is becauseF@Q# can be com-
puted with the fast Fourier transform~FFT! @which is per-
formed inO(N ln N) operations# that the structure factor it
self can be computed withO(N ln N) operations.

It is now easily seen how the structure factor algorith
provided by the SPME method can be used to yield an e
cient method for computingVion( l 1 ,l 2 ,l 3). By substituting
Eq. ~20! into Eq. ~13!, we obtain

Vion~ l 1 ,l 2 ,l 3!5
N

V
F 21

†P̃~m1 ,m2 ,m3!B̃~m1 ,m2 ,m3!

3F@Q~ l 1 ,l 2 ,l 3!#‡. ~23!

In practice, Eq.~23! could be used to efficiently comput
Vion( l 1 ,l 2 ,l 3) with the following algorithm. First
Q( l 1 ,l 2 ,l 3) is computed via Eq.~22!. Then F@Q# is ob-
tained via the FFT.F@Q# is then multiplied byB̃ and P̃,
defined by Eqs.~21! and ~14!. Then the inverse FFT of this
product is computed and multiplied byN/V, yielding the
arrayVion( l 1 ,l 2 ,l 3).

The calculation of the electron-ion contribution to th
ionic force,]Ee2 i /]tp can also be made efficient, and aga
this comes from expressing]Ee2 i /]tp in terms of the struc-
ture factor. In the discrete variable representation, the exp
sion for the pseudopotential energy, Eq.~2!, becomes

Ee2 i.
V

N (
l 1 ,l 2 ,l 3

r~ l 1 ,l 2 ,l 3!Vion~ l 1 ,l 2 ,l 3!, ~24!

which can be viewed as a dot product ofr andVion; we can
also evaluate this dot product in reciprocal space. Taking
account thatr is an array of real numbers, the expressi
becomes
15510
-

s-

to

Ee2 i.V (
m1 ,m2 ,m3

F@r~ l 1 ,l 2 ,l 3!#* F@Vion~ l 1 ,l 2 ,l 3!#.

~25!

Then, using Eq.~23! for Vion, this becomes

Ee2 i.N (
m1 ,m2 ,m3

F@r~ l 1 ,l 2 ,l 3!#* P̃~m1 ,m2 ,m3!

3B̃~m1 ,m2 ,m3!F@Q~ l 1 ,l 2 ,l 3!#. ~26!

Following this substitution, we now express the dot prod
in real space again:

Ee2 i. (
l 1 ,l 2 ,l 3

Q~ l 1 ,l 2 ,l 3!F 21
†F@r~ l 1 ,l 2 ,l 3!#

3 P̃~m1 ,m2 ,m3!* B̃~m1 ,m2 ,m3!* ‡. ~27!

Because the only factor that depends on the atomic posit
is Q, we can readily differentiate with respect to the atom
positions:

]Ee2 i

]tpa
5 (

l 1 ,l 2 ,l 3

]Q

]tpa
F 21

†F@r~ l 1 ,l 2 ,l 3!#

3 P̃~m1 ,m2 ,m3!* B̃~m1 ,m2 ,m3!* ‡, ~28!

wherea51,2,3 is the vector component of the force. Equ
tions ~23! and ~28! @and the expression for the stress tens
Eq. ~A3!# constitute the central results of this article.

The partial derivatives]Q/]tpa can be evaluated readil
with the definition ofQ, Eq. ~22!, and with the aid of the
following B-spline identity:

d

dx
Mn~x!5Mn21~x!2Mn21~x21!. ~29!

Computing the partial derivatives of Eq.~28! for all of the
atoms in the system requires an amount of computation
scales asN ln N. As with Q, the partial derivative array
]Q/]tpa( l 1 ,l 2 ,l 3) is only nonzero in subcubes near th
atomic positions, so computing it requiresO(N) computa-
tion. The fast Fourier transforms scale asN ln N.

The application of Eq.~28! for rapid computation of the
electron-ion forcesFe-i can proceed algorithmically as fol
lows. The Fourier transform ofr( l 1 ,l 2 ,l 3) is computed; then
F@r# is multiplied by P̃* and B̃* . Then the inverse Fourie
transform of this product is found. Then by utilizing E
~29!, the derivatives]Q/]tpa( l 1 ,l 2 ,l 3) are computed during
the summing over thel i ’s, yielding ]Ee2 i /]tpa . Similar
ideas can yield an efficient expression for the computation
the stress tensor. The details of the efficient stress te
method are covered in the Appendix.

Although these methods have been presented assu
that only one type of pseudopotential~and hence only one
type of ion! is present in the system, multiple types a
readily treated. Since the ionic potential is a linear functi
of the pseudopotentials, then with multiple types of pseu
potentials the total ionic potential is a sum of ionic potenti
of the different types,
1-3
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Vtot
ion~ l 1 ,l 2 ,l 3!5(

t
Vt

ion~ l 1 ,l 2 ,l 3!, ~30!

where t indexes the pseudopotential type. The individu
Vt

ion are each computed with Eq.~23! using theQ array as-

sociated with this set of ions and theP̃ array associated with
this pseudopotential type. Likewise, to compute the io
forces, Eq.~28! is used to compute the forces on all ions o
given pseudopotential type, using theQ array associated with
this set of ions, and theP̃ array associated with this pseud
potential type.

Several tests have been performed to examine the a
racy of these methods. The accuracy of the approxim
structure factor, Eq.~20!, increases when the number of gr
points N increases, and when theB-spline ordern is in-
creased. However, in an electronic structure calculation,
is not simply free to choose the number of grid points
computingS̃. It is clear from Eqs.~23! and ~28! that S̃ and
the electronic charge densityr must exist on the same grid
and typically energy convergence considerations dictat
minimum grid density on whichr is represented. So it mus
be established that for a given grid density, the error incur
by using the approximateS̃ when generatingVion and calcu-
lating the forces@i.e., the present methods, Eqs.~23! and
~28!# is not much more than the error that would be pres
using the same finite number of grid points and theexact
structure factorS when generatingVion and calculating the
forces. In other words, it must be shown that the error in
total energy and forces that comes from using an appr
mateS̃ is smaller than the error due to using a grid of fin
density. Furthermore, in order to establish that these meth
are indeed~quasi-! linear scaling, it must be demonstrate
that for a fixed grid densityN/V and fixedB-spline ordern,
the error per atom due to the approximateS̃ does not increase
when the system size is increased.

All tests here have been done on systems of alumin
atoms simulated with orbital-free density function
theory.10,11 The present methods for generatingVion(r i) @i.e.,
the method of Eq.~23!# and Fe-i @Eq. ~28!# were tested as
follows: first, in order to test the error due to the approxim
S̃ compared to the error from the rest of the calculation,
Al atoms were placed in a cubic box 8.08 Å on a side, a
displaced randomly by about 0.5 Å from their fcc crystalli
positions. ThenVion was generated using the exactS̃ @Eq.
~8!#, and the present method@Eq. ~23!# with B-spline orders
n56,8,10,12, and separate electronic relaxations were d
in each of theseVion’s, yielding corresponding total energie
After electronic relaxation, electron-ion forcesFe-i were cal-
culated using derivatives of the exactS̃ and with the presen
method @Eq. ~28!#. This was done for successively high
grid densities. The results are shown in Fig. 1. The rela
error between the energy and the converged energy, as
sured by

uE2E`u

uE`u
~31!
15510
l

c
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e
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e
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~whereE` is the energy in the limit of infinite grid density!
is plotted as a function of grid density for different choices
Vion: Vion generated with the exact method and the pres
method.E` is taken to be the total energy evaluated with
grid density of 800 points/Å3, a considerably higher densit
than that plotted in Fig. 1; thus the deviation from this grid
energy from the trueE` is of a smaller order of magnitud
than the energy deviations found at the grid densities
plored in Fig. 1, making it a suitable energy to use asE`. It
is clear that with aB-spline order ofn510 the error due to
the use of the approximateVion is negligible compared to the
error due to the finite grid density. Also plotted is the relati
error in the calculated electron-ion forcesFe-i . The method
used for calculating the force corresponded to the met
used to calculateVion; e.g., the data for the forces calculate
with the present method and a sixth-orderB spline were done
with charge densities relaxed in aVion generated with the
present method with a sixth-orderB spline. Thus errors in the
forces that were calculated with the present method h
some error contribution from using the present method
generatingVion. The relative force error was measured as
fractional root-mean-square deviation of each force com
nent on each atom:

F (
i 51

Nat

(
a

~Fia2Fia
` !2

(
i 51

Nat

(
a

~Fia
` !2 G 1/2

, ~32!

where theFi
`’s are the forces in the limit of infinite grid

FIG. 1. ~a! Relative error in the energy compared to infinite gr
density limit, Eq.~31!. ~b! Relative error inFe-i compared to the
infinite grid limit, Eq. ~32!.
1-4
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FAST METHOD FOR FORCE COMPUTATIONS IN . . . PHYSICAL REVIEW B67, 155101 ~2003!
density, in the same sense as explained above forE`. In this
case, already at aB-spline order ofn58 the forces are al-
most as accurate as those calculated with the exact me
and forn510,12 the forces are indistinguishable.

Second, in order to verify the scaling of these methods
different system sizes, four different systems were con
ered. For systems of 32, 64, 96, and 128 Al atoms, displa
from crystalline positions as before,Vion was generated with
the exact S̃, and with an approximateS̃ generated with
eighth-orderB splines. The grid density in each case was 2
points/Å3. After electronic relaxation, forces were calculat
using the exactS̃ or with the present method, again corr
sponding to the method used to generateVion. The relative
error between these energies and forces as a function of
tem size is plotted in Fig. 2. The relative errors are measu
as before, with expressions such as Eqs.~31! and ~32!, but
instead of comparing to the energy and forces of the infin
grid density limit, the energy and forces are compared
those calculated using the same grid density and the e
structure factor of Eq.~8!. The relative error in the energy i
seen to be constant as a function of system size, and
relative error in the forces is actually seen to decre
slightly with increasing system size. Thus sufficient accura
can be achieved with the present methods for calculatingVion

and Fe-i using a fixedB-spline order and grid density, con
firming that these methods will scale quasilinearly with s
tem size.

Finally, the time required to generateVion with the exact
and present methods, and to evaluate the electron-ion fo
with the exact and the present methods is plotted in Fig
One unit of time in the figure corresponded to 1.38 s
execution time on a 450 MHz Pentium III processor. T
present methods are far superior even for modest numbe
atoms. It is also noted that the present methods are rea
parallelized.

In conclusion, we present accurate and efficient meth
for computing the ionic potential and the Born-Oppenheim
forces on atoms by utilizing an approximate form of t

FIG. 2. The relative difference between the total energy~circles!
and forces~squares! calculated with the present methods and w
the exact structure factor methods, as a function of system size@see
Eqs.~31! and ~32!#.
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structure factor. It has been demonstrated that the errors
to the present methods do not increase with increasing
tem size. As is typically the case with approximate numeri
methods, there is a trade-off between accuracy and efficie
with the present methods. Accuracy can be systematic
improved by increasing the grid density or by increasing
B-spline ordern, both at the expense of more computin
time. However, it was demonstrated that the errors int
duced by using the present methods at aB-spline order of
n510 are small compared to errors in other parts of
electronic structure calculation that arise due to the use
finite grid density. Thus aB-spline order of 10 is recom
mended as the optimal compromise for simple metals
Al, which was used here as a test case.

APPENDIX: THE ELECTRON-ION CONTRIBUTION
TO THE STRESS TENSOR

The present methods are readily applied to the comp
tion of the electron-ion contribution to the stress tensor. T
stress tensor can be calculated with the methods of Nie
and Martin.15 One constructs an ionic potential skewed by
strain tensore and a density similarly skewed and scaled
preserve normalization:

Ve
ion~r ![Vion

„~11e!21r …,

re~r ![@det~11e!#21r„~11e!21r …. ~A1!

The electron-ion contribution to the stress density tenso
then given by

Vsab
e2 i5

]Ee
e2 i

]eab
ue→05

]

]eab
E

celle

re~r !Ve
ion~r !dr . ~A2!

Under the strain transformation, the structure factor is
changed, and the Fourier components of the dens
F@r( l 1 ,l 2 ,l 3)#, are simply scaled by@det(11e)#21. The re-
ciprocal lattice vectors, to first order ine, becomebi→(1
2e)bi , and hence]big /]eab52dagbib . Differentiating

FIG. 3. The computation time required to generateVion and
evaluate theFe2 i ’s as a function of number of atoms, for the trad
tional and present methods. The numbers on each curve repr
the exponent of a power law fit.
1-5
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Eq. ~26! with respect toeab , one obtains an efficient metho
for the electron-ion stress density tensor:

sab
e-i 52

Ee2 i

V
dab2

N

V (
m1 ,m2 ,m3

QaQb

uQu
P̃8~m1 ,m2 ,m3!

3F@r~ l 1 ,l 2 ,l 3!#* B̃~m1 ,m2 ,m3!F@Q~ l 1 ,l 2 ,l 3!#,

~A3!
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