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Fast method for force computations in electronic structure calculations
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We present efficienfO(N In N)] methods for computing three quantities crucial to electronic structure
calculations: the ionic potential, the electron-ion contribution to the Born-Oppenheimer forces, and the
electron-ion contribution to the stress tensor. The present methods are applicable to calculations in which the
electronic charge density is represented on a uniform grid in real space. They are particularly well suited for
metallic extended systems, where ott@@fN) methodologies are not readily applicable. Based on a fast
algorithm for determining the atomic structure factor, originally developed by Essetasin[J. Chem. Phys.

103 8577(1995] for fast Ewald energy and force computation, the present methods involve approximations
that can be systematically improved. The methods are tested on a representative metalli¢sy&tahn, and
their ability to simultaneously achieve high accuracy and efficiency is demonstrated.

DOI: 10.1103/PhysRevB.67.155101 PACS nunider71.15—m, 71.15.Dx

A wealth of efficient methods have recently beenwhere here the, are the atomic positions within the unit
developed ! for calculating electronic properties of an ex- cell, VP*{(r) is the pseudopotential representing the ions, and
tended physical system that require an amount of computahe outer sum oveR is over all lattice translation vectors
tion that scales linearly with the size of the systdimThis ~ R=n,a;+ n,a,+ nsas for all integersn;, where thea; are
size can be defined to be the number of atoms or the numbdée lattice vectors defining the unit cell. For simplicity of
of valence electrons, or the volume of the system, all ofpresentation, we will consider systems that involve only one
which are linearly related for large condensed systems. Itype of pseudopotential, but the methods presented here gen-
this article we present a quasilinear-scalip@(N InN)] eralize readily to systems with multiple pseudopotentials.
method for computing the ionic potential, the ionic forces,Furthermore, nonlocal pseudopotentials can be split into a
and the stress tensor in electronic structure calculationshort-range nonlocal part and a long-range local part; only
Atomic forces are necessary for the calculation of manythe long-range local part 6fPs will be considered here. It
physical properties of a system, including the determinatiorshould be noted that the present methods make only part of
of the optimal structure and simulation at a finite temperathe electronic structure calculation efficient, and in the con-
ture. Some linear-scaling methods achieve linear computaext of the Kohn-Sham method, the overall electronic struc-
tional scaling for the computation of the energy but not forture calculation will still scale adl® due to the need to or-
the forces on all of the ionsOther linear-scaling methods thogonalizeN wave functions or to diagonalize adxN
achieve efficient force calculations by working with a basismatrix. Thus the present methods are particularly relevant to
of localized functions;®® which are less efficient at repre- the orbital-free density functional methotfst® which deal
senting delocalized electronic states found, for example, inly with local pseudopotentials and can achié) scal-
metallic systems. The present method applies to calculatioriag for the entire calculation.
performed in a periodic parallelepiped supercell, not neces- The smooth particle mesh Ewald methddSPMB is an
sarily orthogonal, in which the electronic charge densi)  efficient schnemg O(N InN)] for computing the Ewald en-
is represented on a uniform grid. ergy EF"d9 and its derivatives with respect to the atomic

As a result of the Hellmann-Feynmidrt theorem, the  coordinates JE®*@9dt,,. Here we show how similar ideas
force on thepth ion (within the Born-Oppenheimer approxi- can be used to yield efficient methopso O(N In N)] for
mation is given by the sum of the partial derivatives of the determining the ionic potentiat°(r), and the other com-
ion-ion energy(the Ewald energyand the electron-ion en- ponent of the Born-Oppenheimer forc@Ee*‘/atp.
ergy with respect to the atomic coordinates: We begin the presentation of our method by expressing
V°(r) in terms of the structure facto®(r):

) aEEWald aEe—i
_ Ewald e—i_ _ [
Fo=F "+ Fp at, at, oy | L
V'°”(r)=—j VPSR —r")S(r')dr’, (4)
where Q
. . where
Ee_'EJ p(r)V'(r)dr, 2
cell N
and the ionic potential is defined as S(f)=Q; pzl o(r—t,—R) ()
Nat | | . .
\Vion(r) = VPSRr—t —R), 3 and(Q)=|a;-(a;Xaz)| is the unit cell volume.
") ; pzl r=t-R) ® In reciprocal space, the expression ¥df" becomes
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{yion_— 1 ion iQ-r 1y S s
Va =§Jceuv (re' dr:ﬁvp Q% ©)

where
\N/"S"(Q)Ef VPSRT)EQTdr, (7)
and, using Eq(5),
1 Nat
So=—| S(rerdr=>, e, 8
SQ Qjcell ( ) pgl ( )
Inversely, we have
Vion(r):% ViQone—iQ~r’ (9)
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Calculation of the structure factor via E) will scale
with the square of the system size, because it needs to be
computed at every reciprocal space grid poimt (m,,msz),
and at each of these points a sum must be performed over
each atom in the system. However, Essmagiral. and
Dardenet al,, as part of their efficient smooth particle mesh
Ewald method* provide an elegant method for computing
the structure factor efficientlgalbeit approximately requir-
ing an amount of computation that scales as dwin N. By
incorporating this algorithm to compute the structure factor,
the present methods for computing both the ionic potential
V°(r) and the electron-ion contribution to the forceg’
achieve the sam®(N In N) quasilinear-scaling.

Here we summarize the method of Essmaatral. and
Dardenet al. for efficiently computing the structure factor,
but refer the reader to the original reference 14 for full de-
tails. The crux of the algorithm lies in the approximation of
the exponential in Eq:8) with (complex cardinalB splines.

where theQ sum ranges over all integer multiples of the e nh_order cardinaB-spline functionM (x), is defined

reciprocal lattice vectorb; defined bya;-b;=274;; .

For the purposes of the present work, we assumepitrat
is represented on a;XN,XN3 grid of points Ml
=(|1/N1)a1+(|2/N2)a2+(|3/N3)a3, W|th |i=0,. . ,Ni
—1. We will denote quantities such aﬁ(r|l|2|3) as
p(l4,15,13). The Fourier transform op(r) is approximated
by

p(Myby+myb,+mabs)=Fp(ly,1,,12)], (10

where F is the discrete Fourier transform:

Ni—1 Np—1 Ng—1

> > .32:0 f(l1,02,13)

17=0 15=0

1
f[f(|1,|2,|3)]zﬁ
><e27ri(llml/N1+I2m2/N2+I3m3/N3), (11)
whereN=N;N,Nj. Its inverse,F 1, is given by
N;—1 Np—1 Ng—1

F T (mymymg)]= > X Eo"f'(ml,mz,m3>

my=0 my=0 mgz=

s @27 (11my /Ny +1mp INp+I3mg INg)

12

Using Eq.(6), and transforming back to the real space grid,

we can determin&°"(r) via

1

V1 Iz, 0) = GF H[P(my,mg,mg)S(my,m;,my)],
(13
whereP(m;,m,,m5) is the array given by
P(my,m,,m3)=VPAm}b, + mib,+mjby) (14

and m{ =m; for 0=m;<N;/2 and m{ =m;—N; otherwise.
The array~S(m1,m2,m3) is given by

’é(ml,mz,mg) Eé(m1b1+ m2b2+ m3b3). (15)

as follows:M,(x)=1—|x—1| for 0=x<2, andM,(x)=0
otherwise; and the higher-order cardiBadplines are defined
recursively:

X n—Xx
My (x) = mMnfl(X)‘F —Mp_1(x=1).

—] (16)

We define the grid coordinates of thgth atom asu;,
=Nity-by, or equivalently, t,=(u;,/Ni)ay+ (Uz,/No)a,
+(uzp/N3)ag. The structure factor, expressed in terms of
the grid coordinates, is

5 Nat m,
S(m11m21m3): E ex 277' _ulp)
p=1 Ny
.My . M3
Xexp 2i N—Zuzp exp 2i N—3u3p .
17

The exponentials can be approximatedriii-order car-
dinal B splines, wheren is even, as

. m; - . m;
exp 2mi —2uj, | =b;(m;) X M(uj,—Kexg 2mi k|,
Nj k=—oo Ni
(18
whereb;(m;) is

by(my) = exd2mi(n—1)m;/N;]

S (19
LZO M (k+1)exd 2mi(m, /Nj)k]}

When thisB-spline approximation of the exponential is used
in Eq. (17), it becomes a discrete Fourier transform:
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le,mz,m3)z§(ml,m2,m3)

ES=0 X Ap(lyla ) *FAVOY,15,05)].

Nat £ mg,mz,mg 5
x> S Myugp—ky) | @9
P=1 ky kg kg= = Then, using Eq(23) for V°", this becomes
><Mn(UZp_kz)Mn(u3p_k3) ) ~
¢ @27 (Mgky /Ng +moka INp+ Mgk /N3) S Nm ; " Flp(l1,12,15)]* P(my,m;,mg)
1,112,113
=NB(m;,my,m3) FIQ(I1,12,15)], (20 X B(my,my,mg) FIQ(I1,15,15)]. (26)
where Following this substitution, we now express the dot product
in real space again:
B(my,my,mz)=b;(m;)b,(my)bs(ms) (21) .
ES = X QI ) F HAp(ILl2,15)]
and l1.12.13
Nat * X P(my,my,mg)*B(my,m,,my)*]. 27
Q112,19 = p; C11C2§3:7m Mn(Uzp=l1=CiNy) Because the only factor that depends on the atomic positions
is Q, we can readily differentiate with respect to the atomic
XMp(Uzp—=l2=CoNz)Mp(Uzp—1l3—C3Na). positions:
(22) e—i
JE Q
The arrayQ(l4,l,,l5) can be computed quicklfO(N®)], Ipa _|1%|3 atpaf [Fp(1.12,12)]
because it is only nonzero for subcubes of dimensiam _ _
% n located near each atom. It is becaud®] can be com- XP(my,my,mg)*B(my,m;,mg)*], (28

puted with the fast Fourier transfor(f&FT) [which is per-
formed inO(N In N) operations that the structure factor it-
self can be computed wit®(N In N) operations.

wherea=1,2,3 is the vector component of the force. Equa-
tions (23) and(28) [and the expression for the stress tensor,

It is now easily seen how the structure factor aIgorithmEq' (A3)] constitute the central results of this article.

. . . The partial derivative®Q/dt,, can be evaluated readily
provided by the SPME method can be used to yield an effi- . s P . ;
cient method for computing™®(I,,1,.15). By substituting with the definition ofQ, Eq. (22), and with the aid of the

Eq. (20) into Eq. (13), we obtain following B-spline identity:

d
. N _ — M, (X)=M,_1(X)=M,_4(x—1). (29)
VUL lp 15 = g F P(my,my,mg)B(my, mp,my) dx " ot n-t
Computing the partial derivatives of ER8) for all of the
XFLQ(1,12,15)]] (23)  atoms in the system requires an amount of computation that

) . scales asNInN. As with Q, the partial derivative array
In practice, Eq.(2_3) could be use_d to eff|C|e_ntIy com_pute 9Q/dtya(l1,12,15) is only nonzero in subcubes near the
V®(ly,l2,15)  with  the following algorithm.  First  4iomic positions, so computing it requir€(N) computa-
Q(l1,12,15) is computed via Eq(22). Then F7TQ] is ob-  tion, The fast Fourier transforms scaleMdn N.
tained via the FFTA Q] is then multiplied byB and P, The application of Eq(28) for rapid computation of the
defined by Eqs(21) and(14). Then the inverse FFT of this electron-ion forced®" can proceed algorithmically as fol-
product is computed and multiplied Hy/(), yielding the  |ows. The Fourier transform gf(l,,l,,l3) is computed; then
array V(I ,15,13). , o F p] is multiplied byP* andB*. Then the inverse Fourier

The calculation of the electron-ion contribution to the yansform of this product is found. Then by utilizing Eq.
ionic force, JE"'/dt,, can alscgiti)e made efficient, and again (29) the derivativesiQ/dt,,(I1,,,!3) are computed during
this comes from expressing=®"'/dt, in terms of the struc-  he summing over thd;’s, yielding JE® //at,,. Similar
tl_Jre factor. In the discrete yariable representation, the expresjeas can yield an efficient expression for thepcomputation of
sion for the pseudopotential energy, E2), becomes the stress tensor. The details of the efficient stress tensor
method are covered in the Appendix.
Although these methods have been presented assuming

that only one type of pseudopotenti@nd hence only one
. type of ion is present in the system, multiple types are
which can be viewed as a dot productfndV'"; we can  readily treated. Since the ionic potential is a linear function
also evaluate this dot product in reciprocal space. Taking intef the pseudopotentials, then with multiple types of pseudo-
account thatp is an array of real numbers, the expressionpotentials the total ionic potential is a sum of ionic potentials
becomes of the different types,

) ;
= 2 p(ulaloVlLlo b)), (24

s
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10 100

V(I l,5) =2 V(I 15,15), (30)

where 7 indexes the pseudopotential type. The individual
V'°" are each computed with E¢R3) using theQ array as-

sociated with this set of ions and tRearray associated with
this pseudopotential type. Likewise, to compute the ionic
forces, Eq(28) is used to compute the forces on all ions of a
given pseudopotential type, using tQearray associated with

this set of ions, and thB array associated with this pseudo-
potential type.

Several tests have been performed to examine the accu-
racy of these methods. The accuracy of the approximate
structure factor, Eq(20), increases when the number of grid
points N increases, and when tHg-spline ordern is in-
creased. However, in an electronic structure calculation, one
is not simply free to choose the number of grid points for 107

computingS. It is clear from Eqgs(23) and (28) that'S and

the electronic charge densitymust exist on the same grid,
and typically energy convergence considerations dictate a
minimum grid density on whiclp is represented. So it must
be established that for a given grid density, the error incurred s

by using the approximats when generatinyy™" and calcu- 0 . 100 3
lating the forcedi.e., the present methods, Eq23) and grid density (points/A’)
(28)] is not much more than the error that would be present
using the same finite number of grid points and ®&ct — gengjry jimit, Eq.(31). (b) Relative error inF®' compared to the
structure factorS when generating/" and calculating the  i4finite grid limit, Eq. (32).

forces. In other words, it must be shown that the error in the

total energy and forces that comes from using an approxitwhereE” is the energy in the limit of infinite grid density

mateS is smaller than the error due to using a grid of finite is plotted as a function of grid density for different choices of

on. on H
density. Furthermore, in order to establish that these methodé - V' . generated with the exact method and the present

; T ; i thod.E” is taken to be the total energy evaluated with a

are indeed(quasiy linear scaling, it must be demonstrated me . : . ; X
: : : ; el grid density of 800 points/A a considerably higher density
that for a fixed grid densiti/() and f,'XEdB spline (_)rdem, than that plotted in Fig. 1; thus the deviation from this grid’s
the error per atom due to the approxim&tdoes notincrease gnergy from the tru€” is of a smaller order of magnitude
when the system size is increased. ~ than the energy deviations found at the grid densities ex-
All tests here have been done on systems of aluminumyjored in Fig. 1, making it a suitable energy to useE&s It

atoms simulated with orbital-free density functional js clear that with &B-spline order ofn= 10 the error due to
theory:%* The present methods for generatv(r;) [i.e.,  the use of the approximaté®" is negligible compared to the
the method of Eq(23)] and F*' [Eq. (28)] were tested as error due to the finite grid density. Also plotted is the relative
follows: first, in order to test the error due to the approximateerror in the calculated electron-ion force&'. The method
S compared to the error from the rest of the calculation, 32used for calculating the force corresponded to the method
Al atoms were placed in a cubic box 8.08 A on a side, andised to calculaty"; e.g., the data for the forces calculated
displaced randomly by about 0.5 A from their fcc crystalline With the present method and a sixth-or@espline were done
positions. TherV°" was generated using the ex&{Eq. with charge densities relaxed in\4°" generated with the

(8)], and the present methd&q. (23)] with B-spline orders present method with asixth-ordﬁrspline. Thus errors in the
n=6,8,10,12, and separate electronic relaxations were dorf@rces that were calculated with the present method have

in each of thes&*™s, yielding corresponding total energies some error contribution from using the present method for
After electronic relaxation, electron-ion forcE&' were cal- generating/*". The relative force error was measured as the

. L ~ . fractional root-mean-square deviation of each force compo-
culated using derivatives of the ex&gand with the present .
. . ' nent on each atom:
method[Eqg. (28)]. This was done for successively higher

Relative Error

-6

107 r

FIG. 1. (a) Relative error in the energy compared to infinite grid

grid densities. The results are shown in Fig. 1. The relative Nat vz
error between the energy and the converged energy, as mea- 21 2 (Fia—Fp)?
1= a
sured by No , (32)
Fi)?
|[E—E”| .21 Ea: (Fio)
— (31) - : o :
|[E”| where theF’s are the forces in the limit of infinite grid
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FIG. 2. The relative difference between the total endaigles FIG. 3. The computation time required to generat®' and
and forces(squarek calculated with the present methods and with evaluate thé=*""s as a function of number of atoms, for the tradi-
the exact structure factor methods, as a function of systenjs#ze  tional and present methods. The numbers on each curve represent
Egs.(31) and (32)]. the exponent of a power law fit.

L . . structure factor. It has been demonstrated that the errors due
density, in the same sense as explained aboveEToin this ) o .
to the present methods do not increase with increasing sys-

case, already at B-spline order ofn=8 the forces are al- . . : . . .
most as accurate as those calculated with the exact methotg m size. As is typically the case with approximate numerical

and forn=10.12 the forces are indistinauishable methods, there is a trade-off between accuracy and efficiency

Second in’orderto verify the scalin gof these r'nethods for" ith the present methods. Accuracy can be systematically
different sg/stem sizes, four different gystems were consid'—mproveOI by increasing the grid density or by increasing the
ered. For systems of 32, 64, 96, and 128 Al atoms, displaceaﬁp“ne ordern, both at the expense of more computing

from crystalline positions as beforé®" was generated with e. However, it was demonstrated that the errors intro-
y P ’ 9 duced by using the present methods aB-apline order of

the exactS, and with an approximat& generated with n—10 are small compared to errors in other parts of the

eighth-ordeB splines. The grid density in each case was 237g|ectronic structure calculation that arise due to the use of a

points/ A3, After~electron|c relaxation, forces were calculated fjpjte grid density. Thus a&-spline order of 10 is recom-

using the exact or with the present method, again corre- mended as the optimal compromise for simple metals like

sponding to the method used to generdt®. The relative Al, which was used here as a test case.

error between these energies and forces as a function of sys-

tem size is plotted in Fig. 2. The relative errors are measured AppPENDIX: THE ELECTRON-ION CONTRIBUTION

as before, with expressions such as E&4) and (32), but TO THE STRESS TENSOR

instead of comparing to the energy and forces of the infinite ) )

grid density limit, the energy and forces are compared to The present methods are readily applied to the computa-

those calculated using the same grid density and the exabfn of the electron-ion contrlbutlor] to the stress tensor. The

structure factor of Eq(8) The relative error in the energy is stress ter:]slor can be calculated W|th the methOdS of Nielsen

seen to be constant as a function of system size, and tid Martin:® One constructs an ionic potential skewed by a

relative error in the forces is actually seen to decreasétrain tensok and a density similarly skewed and scaled to

slightly with increasing system size. Thus sufficient accuracyPf€Serve normalization:

can be achieved with the present methods for calculatifiy ion/ -+ sion 1

and F*' using a fixedB-spline order and grid density, con- VI N=Vo(i+e ),

Igmlrsligzg?at these methods will scale quasilinearly with sys p.(N)=[del1+ &)~ p((1+ &)~ Ir). (A1)
Finally, the time required to generat€®" with the exact The electron-ion contribution to the stress density tensor is

and present methods, and to evaluate the electron-ion forcéisen given by

with the exact and the present methods is plotted in Fig. 3.

One unit of time in the figure corresponded to 1.38 s of

execution time on a 450 MHz Pentium 1ll processor. The

present methods are far superior even for modest numbers of

atoms. It is also noted that the present methods are readilynder the strain transformation, the structure factor is un-

parallelized. changed, and the Fourier components of the density,
In conclusion, we present accurate and efficient method$T p(l4,l5,13)], are simply scaled bydet(l+ €)1~ 1. The re-

for computing the ionic potential and the Born-Oppenheimeriprocal lattice vectors, to first order g, becomeb;— (1

forces on atoms by utilizing an approximate form of the —e€)b;, and hencedb;,/de,z=— J,,b;iz. Differentiating

e—i
€

0’ = =
afB &Ea,B |€~>0 ‘?Eaﬁ

Leu pNVO(rydr. (A2)

€
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Eq. (26) with respect te, 5, one obtains an efficient method where Q=m;b;+mjb,+mib;, and P’(my,m,,my)
for the electron-ion stress density tensor: =dVPSAQ)/d|Q|. This method has been subjected to simple

_ ge-i N Q.0 tests comparing the derivative of the energy with respect to
o= T(Saﬁ_ a > “—'BTD’(ml,mz,m3) the crystal lattice constant to the components of the stress
my.m g |Ql tensor. These tests indicate an accuracy similar to the present
~ force method. It must be noted, however, that unlike the
* b L
X (112, 15) 1" B(My, Mz, M) FIQ(I1,12,15) ], ionic forces, the cell stress has contributions from all terms
(A3)  in the energy, andr; is merely one of them.
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