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smooth at much larger strains. As the smooth surface folds locally into a crease, the mate-
rial around the crease loads and unloads. We show that the hysteresis of plasticity retards
the formation of the crease. For a crease growing in an infinite body, the stress field is
self-similar as the crease grows, and the critical strain e¢ is the applied strain needed to

Ié?e/:‘;térsds' maintain the self-similar growth. We simulate the formation of creases using an elastic-
Plasticity plastic model with linear hardening, and characterize the degree of plasticity of the model
Hysteresis by the ratio of the tangent modulus to elastic modulus, E¢/E. A small value of E/E leads to
Metal a large critical strain for the onset of creases. We further show experimentally that creases
Plastics can form at a strain of 0.49 for high-density polyethylene (HDPE) with E;/E ~ 0.025, but

cannot form for metals (aluminum, copper, and stainless steel) with E;/E ~ 0.001.
© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

When an elastomer is compressed beyond a critical strain, its surface folds locally into self-contact and forms a crease
(Fig. 1a). Further compression increases the length of self-contact. Upon unloading, the crease unfolds continuously until
the surface becomes smooth again. At the level of strains when the crease forms, most elastomers are well described by the
neo-Hookean model, which is characterized by a single material parameter, the shear modulus. At the onset of the crease,
the length of the self-contact is small compared to lengths characterizing the specimen. Consequently, the critical strain for
the onset of crease is a constant, independent of the type, size and shape of the elastomer, and independent of the method
of loading.

About two decades ago, the critical strain for the onset of crease was found experimentally to be 0.35 (Gent and
Cho, 1999). These authors could not reconcile this experimental value with the critical strain 0.46 predicted theoretically
for the onset of smooth surface wrinkles (Biot, 1965), but their basic experimental findings have been amply confirmed by
other researchers. In experiments of homogeneous elastomers under compression, smooth surface wrinkles have never been
reported, but creases have been reported widely (Barros et al., 2012; Cai et al.,, 2010, 2011; Dervaux and Amar, 2012; Ghatak
and Das, 2007; Hong et al., 2009; Saha et al., 2010; Tanaka et al., 1992, 1987; Trujillo et al., 2008; Weiss et al., 2013; Yoon
et al.,, 2010). Creases can be triggered in many ways (Li et al.,, 2012), on a hydrogel under compression (Hong et al., 2009)
(Fig. 1b), on a hydrogel swelling under constraint (Tanaka et al., 1987; Trujillo et al., 2008; Yoon et al., 2010) (Fig. 1c), on a
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Fig. 1. Under compression, gels and elastomers form creases, but metals do not. Creases form on the surfaces of (a) an eraser, (b) Liang Fen (a starch gel,
a popular Chinese food, courtesy of Denian Zhuang), and (c) a swollen hydrogel. Creases do not form on the surfaces of (d) aluminum, (e) copper, and (f)
stainless steel. The scale bar is 5 mm.

tissue growing under constraint (Dervaux et al., 2011; Jin et al., 2011), on an elastomer under compression (Cai et al., 2011;
Saha et al., 2010), and on a dielectric elastomer under electric field (Wang et al., 2012; Wang et al., 2011).

Creases affect various functions in biology and engineering. Gyri form as a human brain matures (Richman et al., 1975;
Tallinen et al., 2016); The formation of creases is also commonly observed during the swelling of a constrained hydrogel,
and this phenomenon has been suggested to mimic tumor growth (Dervaux et al., 2011). Creases can be used to develop
a surface that reversibly hides and exposes surface under temperature change (Kim et al., 2010), and that functions as a
mechanically gated electrical switch (Xu et al., 2014). However, undesirable creases need to be avoided because they may
damage materials. Creases in walls of tires subjected to large bending deformation may lead to earlier failure (Gent and
Cho, 1999). Creases formed in the adaptive lens may significantly change the focal length (Zalachas et al., 2013).

The fundamental study of creases took a decisive turn when it was pointed out that creases and wrinkles are two distinct
types of instability (Hohlfeld and Mahadevan, 2011, 2012). For the convenience of wording, consider an elastomer undergo-
ing homogeneous deformation. In either type of instability, the homogeneous deformation becomes unstable and gives way
to inhomogeneous deformation. At the transition, the inhomogeneous state deviates from the homogeneous state by a per-
turbation, which is infinitesimal in some sense. Wrinkles set in by a perturbation of infinitesimal strain. By contrast, a crease
sets in by a perturbation of large strain, but infinitesimal length of self-contact. Once a spatially-localized, large-amplitude
perturbation is introduced on the surface, the calculated critical strain for the onset of crease is around 0.35. The creased
state has lower elastic energy than the homogeneous state (Hong et al., 2009; Jin et al., 2015, 2011; Jin et al., 2014). Finite
element simulations have shown that wrinkles are unstable and dynamically collapse to creases (Cao and Hutchinson, 2011).
If defects on the surface are small, surface energy is a barrier to creasing, and will increase the critical strain for the onset
of a crease (Chen et al., 2012). The formation of creases can become complex when they form on the surface of a substrate
with gradient modulus or with pre-compression (Chen et al., 2014; Diab et al., 2013).

So far, the literature has been devoted exclusively to creases on materials capable of large elastic deformation (e.g.,
elastomers, gels, and tissues). Here we study creases on materials capable of large plastic deformation (e.g., metals and
plastics). Our preliminary experiment has shown that when metal bars are bent, the inner surfaces remain smooth at strains
much beyond 35% (Figs. 1d-f). When a smooth surface locally folds into a crease, the material around the crease loads
and unloads. For a plastically deformable material, loading and unloading exhibit hysteresis, which dissipates energy. We
hypothesize that plasticity retards the formation of a crease, in a way analogous to that plasticity retards the growth of a
crack. When the contact length is small compared to other lengths, the crease is in effect growth in an infinite body, and the
contact length is the only relevant length scale. Once the distance is normalized by the contact length, as the crease grows,
the stress field is self-similar. The applied strain needed to maintain the self-similar growth defines the critical strain e¢ for
the onset of the crease. We use the finite element method to simulate the growth of creases in materials capable of large
plastic deformation, and show that the hysteresis of plasticity increases the critical strain for the onset of crease. We perform
crease tests on several materials, including aluminum 6061, copper 101, stainless steel, and high-density polyethylene. The
combination of computation and experiment supports the hypothesis that plasticity retards the formation of creases.

To provide further perspective, recall several types of instability commonly observed in plastically deformable ma-
terials. When a sheet of metal deforms plastically, the homogeneous state may bifurcate into an inhomogeneous state
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Fig. 2. Loading and unloading stress-strain curve of an elastic-plastic material model with linear hardening.

(Needleman and Rice, 1978; Rice, 1976; Stéren and Rice, 1975; Young, 1976). Examples include Liiders bands (Hallai and
Kyriakides, 2011; Lubliner, 2008), shear bands (Anand and Spitzig, 1980; Hutchinson and Tvergaard, 1981; Needleman and
Rice, 1978; Rice, 1973, 1976; Rudnicki and Rice, 1975), and surface wrinkles (Hutchinson and Tvergaard, 1980; Larsson et al.,
1982; Triantafyllidis, 1980). Surface wrinkles are observed on a pressurized aluminum alloy tube near fracture region, and
on a bent carbon steel tube also with a small strain (Hallai and Kyriakides, 2011; Larsson et al., 1982). For these instabili-
ties, bifurcation analysis is often used to calculate the critical strain, which is found strongly depends on the elasto-plastic
constitutive laws (Anand and Spitzig, 1980; Hutchinson and Tvergaard, 1980, 1981; Needleman and Rice, 1978; Rudnicki and
Rice, 1975). No crease has ever been experimentally observed or theoretically predicted in plastic materials, perhaps because
these materials develop other types of instability before reaching the critical strain for creases. Creases have been observed
in a plastic film on a compliant substrate (Cao et al., 2012), and on the surface of bulk thermoplastics through ultrahigh
electric fields (Wang et al., 2012). However, the effect of plasticity on the formation of creases has not been studied before.

2. Finite element simulation

To study the effect of plasticity on the formation of creases by finite element simulation, we need to choose a material
model. The material model must capture an essential aspect of plasticity: the state of stress depends on the history of the
state of strain, not just on the final state of strain. Beyond this aspect of plasticity, in this paper we choose not to study
other more refined aspects of plasticity. We adopt the J, flow theory with linear hardening (Fig. 2). This elastic-plastic model
involves four material properties: Young’s modulus E, Poisson’s ratio v, initial yield strength oy, and tangent modulus E;. All
these properties are taken to be constant, independent of plastic deformation.

The critical strain e¢ for the onset of creases is a function of three dimensionless parameters: E;/E, oy/E, and v. Because
creases form at large strains, the effect of elastic compressibility is negligible, and we do not study the effect of Poisson’s
ratio v. The value of E;/E is bounded between 0 and 1. When E;/E=1, the model becomes a purely elastic model with no
hysteresis. As E:/E decreases, the hysteresis increases. When E;/E =0, the model becomes an ideal plastic model. We expect
that e increases as E;/E decreases. Similarly, we expect that e¢ increases as oy/E decreases, but our simulation will show
that e is much less sensitive to oy/E than to E:/E. Incidentally, oy/E sets the size of elastic strain, which is much smaller
than the strain at which creases form. We further assume that the defects on the surfaces are large enough, so that the
effect of surface energy is negligible. Thus, this material model reduces the study of the effect of plasticity on creasing to
the problem of computing e¢ as a function of E;/E.

We use the commercial finite element software Abaqus 6.10/Standard to simulate the formation of a crease under plane
strain conditions. The computational model is a rectangular block subject to a compressive strain e=(H-h)/H, where H is
the length in the undeformed state, and h is the length in the deformed state (Fig. 3a). When the strain is beyond a critical
value €€, the material block forms a crease (Fig. 3b). We characterize the size of the crease by the length of self-contact, I.
The material properties (E, E; and oy) are determined using the diagram of true stress and natural strain, ¢ =In(1-e).

We follow the finite element method used to analyze creases on an elastomer (Cai et al., 2011). Instead of focusing on
the initiation of a crease, this approach calculates the growth of a crease as the applied compressive strain increases. Due
to symmetry, we simulate the left half of the block, size Hx H in the undeformed state. The size of the block affects the
growth of deep creases, but not the onset of creases. A quarter of a small circular defect is prescribed at the intersection of
the free surface and symmetrical boundary, with radius of the defect is D ~ H/1000, far smaller than the thickness of the
block. To resolve the stress and strain fields near the defect, the size of the mesh near the defect is far smaller than the size
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Fig. 3. Computational model. (a) A block of material is of height H and width 2H in the reference state. A defect is introduced on the surface by placing
together two quarters of a circle with radius D. (b) The block is compressed to width 2h, and the surface forms a crease with the self-contact length L
The applied strain is defined as e=(H— h)/H. (c) Crease contact length I/H evolves with the applied strain for several defect sizes. Here, E;/E=0.6 and
oy/E=0.005.

of the defect. A uniform horizontal displacement is prescribed on the left boundary. The right boundary is the symmetric
boundary. On the bottom boundary, the vertical displacement is constrained, and the horizontal displacement is free. The
block is meshed with 4-node bilinear plane strain quadrilateral CPE4 elements.

The computational model has two length scales: the size D of the defect and the size H of the block. We assume that
the two length scales are widely separated: D < <H. To illustrate the effect of the defect size, we simulate the formation of
crease for several values of D/H (1/2000, 1/1000 and 1/500). We track the contact length I as the applied strain e increases
(Fig. 3c). The defect size slightly affects the [-e curve when the contact length is comparable to the defect size, but does not
affect the I-e curve when the contact length is much larger than the defect size. A smaller defect gives a steeper increase
of the contact length at initiation. As D/H— o, the I-e curve is expected to intersect the horizontal axis vertically. We
determine the critical strain for the onset of crease when the contact length increases steeply. So long as the two length
scales are widely separated, D < <H, the defect size negligibly affects the critical strain, which is about ~0.42 for all three
curves.

We examine the evolution of the field as the applied strain changes (Movie S1 for more details of the evolution). The
material on the free surface far from the crease is homogeneously compressed. As a material particle enters the crease
region, the curved surface of the crease stretches and thus unloads the material particle, which is shown by the decreasing
principal compressive strain on the free surface toward the crease (Fig. 4a). This loading and unloading behavior near the
crease causes pronounced hysteresis.

When the applied strain reaches 0.51, we reduce the applied strain. The crease gradually unfolds, but the surface does not
become smooth even when the applied force vanishes. A V-shaped morphology remains on the free surface with substantial
residual stress (Fig. 4b). This residual crease is associated with plastic deformation, and is different from unloading a crease
in an elastomer. A larger E;/E gives a shallower V-shape. When E;/E =1, the material model becomes purely elastic, and the
surface of unloaded block becomes flat. This behavior is consistent with the unloading of a creased elastomer.

We also track the evolution of the state of a representative material particle P as the applied strain changes. This evo-
lution is characterized by several parameters: the principal compressive strain (Fig. 4c), the orientation (Fig. 4d), and the
ratio of the in-plane maximum principal stress to the in-plane minimum principal stress (Fig. 4e). Four representative states
(1), (2), (3), (4) are marked on the stress-strain curve, corresponding to loading, unloading, re-loading, and unloading again
(Fig. 4f).
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Fig. 4. Evolution of a crease during loading and unloading. (a) A crease evolves from e=0.42 to 0.425. Note that as the applied strain increases, the
principal strain on the free surface decreases towards the crease, which implies unloading in the crease. (b) Unloading after the applied strain reaches 0.51.
The crease unfolds but does not vanish and leave a V-shaped residual morphology. When the applied strain increases, the state of a material particle P
evolves. This evolution is characterized by several parameters: (c) the principal compressive strain of particle P, (d) the orientation of particle P, and (e) the
ratio of the in-plane maximum principal stress to the in-plane minimum principal stress. (f) Four states (1)-(4) are marked on the stress-strain curve. The
calculation is obtained from simulation with E;/E=0.6, oy/E=0.005, and D/H=0.001.

In state (1), the material particle P is far away from the defect, and is in a region under homogeneous deformation. The
principal strain coincides with the applied strain (Fig. 4c), and the principal orientation is parallel to the loading direction,
6 =0 (Fig. 4d). The material particle P is under proportional loading, ¢ max/0 i, =0 (Fig. 4e).

In state (2), the material particle P has already entered the curved surface of the crease. The principal strain of particle
P decreases as the applied strain increases (Fig. 4c). The material particle P rotates 90 degrees towards the crease contact
region (Fig. 4d). This rotation causes non-proportional loading, ¢ max/0 min > 0 (Fig. 4e).

In state (3), the material particle P is in the crease contact region. The principal strain increases as the applied strain
increases (Fig. 4c), and the principal orientation maintains perpendicular to the loading direction (Fig. 4d). The material
particle P is still under non-proportional loading (Fig. 4e).

In state (4), the material particle P is unloaded. The material particle P first moves towards the free surface in the contact
region, and finally settles down on the free surface. The principal strain decreases (Fig. 4c), and the principal orientation
settles down to a finite value of 22.5° (Fig. 4d). This final angle defines the sharpness of V-shaped residual crease.
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Fig. 5. Self-similar evolution of a crease. (a) Schematic of a material particle located in a distance y below the crease tip. The stress o y; is tracked as the
crease grows. (b) The stress o1; as a function of crease contact length for material particles fixed at y/D=30. (c) The stress o1; as a function of crease
contact length for material particles located at y/l=1, 2 and 3. (d) For a fixed contact length I[/H=0.06, the stress o1; as a function of y/l with various
yield strengths. All three curves fall into a single curve, negligibly dependent on the yield strength. Calculations are done for E;/E=0.6, oy/E=0.005 and
D/H=10.001.

3. Self-similar growth of a crease

The growth of a crease is analogous to the blunting of a crack in that they both evolve by self-similar fields. For an
infinitely long crack blunting in an infinitely large body, the crack opening displacement is the only length scale. As the crack
opening displacement increases, the stress field is self-similar when the distance is normalized by the crack-tip opening
displacement (McMeeking, 1977). Similarly, for a crease growing in an infinitely large body, the contact length is the only
length scale. As the contact length increases, the stress field is self-similar when the distance is normalized by the contact
length. The critical strain e¢ is the applied strain needed to maintain the self-similar growth of the crease. In the following,
we use finite element simulation to first show that the formation of a crease is self-similar.

Our numerical simulation only approximately realizes the self-similarity because the computational model has two ad-
ditional length scales, D and H. We define a coordinate y with the origin at the crease tip (Fig. 5a). As the contact length [
increases, the origin of the y axis moves, and a sequence of material particles pass the spatial point of coordinate y. We cal-
culate the distribution of the horizontal stress o1; (¥). If the spatial point is at a fixed distance from the crease tip, y/D =30,
o 11 drops significantly as the contact length grows (Fig. 5b). If the spatial point is at a distance that scales with the contact
length, y/l=constant, 0y; maintains approximately a constant value when D <1 <0.1 H (Fig. 5c). When [ <D, the defect af-
fects the stress. When [ > 0.1H, the size of the block affects the stress. In both cases, the o1; changes as the contact length
increases, and the growth is not self-similar. For an infinitesimally small defect and infinitely large body, the evolution of a
crease should be exactly self-similar.

We further show that the stress state near the crease tip weakly depends on the initial yield strength. We fix a crease
contact length I/H=0.06 and calculate the stress o q; at different y/l with three values of the initial yield strength. All three
curves almost fall into a single curve. This is because significant plastic deformation has evolved the stress level far beyond
its initial value. The independence of stress state and initial yield strength is also observed in HRR field (Hutchinson, 1968;
Rice and Rosengren, 1968). Also note that when y/l is above ~5, the stress reaches a plateau, which implies that the stress
state in this region is unaffected by the growth of crease.
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Fig. 7. The design of specimens for the crease tests. Left: high-density polyethylene. Right: aluminum. The scale bar is 1cm.

4. The critical strain for the onset of a crease

As noted before, the ratio of the tangent modulus to the elastic modulus measures the degree of plasticity of the material
model. We plot the normalized contact length I/H as a function of the applied strain e for various values of E:/E (Fig. 6a).
Recall that the strain for the surface to self-contact depends on the defect size D introduced in the computational model.
Also recall that a crease undergoes self-similar growth in an infinite body, and that the critical strain e¢ is the applied
strain needed to maintain the self-similar growth. In the numerical simulation, we determine e¢ as the applied strain when
the contact length increases steeply. The uncertainty introduced by this practice is small so long as the two length scales
separate widely, D < <H.

As expected, a smaller E;/E gives a larger critical strain e¢ for creases (Fig. 6b). This trend is understood as follows. A
smaller E;/E exhibits larger hysteresis and larger energy dissipation upon unloading in the crease region. Consequently, an
additional compressive strain is required to initiate the crease. When E;/E =0.75, the critical strain is ~0.374, very close to
the critical strain in elastomers. As E;/E—1, the critical strain is expected to be smaller. In contrast, when E;/E=0.08, the
critical strain is ~0.85. Most metals and plastics have E;/E on this order of magnitude or smaller. At this level of strain,
plastic materials may already develop into other forms of localizations, or even rupture. As E;/E—0, the material flows
plastically after initial elastic deformation. The small elastic energy stored in the material is insufficient to trigger creases,
and the critical strain should approach 1. Moreover, at each value of E(/E, the critical strain for oy/E=0.05 is smaller than
that for oy/E=0.005. This is because larger oy/E recovers more elastic energy upon unloading, and thus facilitates a crease
to form earlier. The numerical results indicate that the critical strain is sensitive to E¢/E, but is much less sensitive to o y/E.
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E¢[E for all three metals is ~0.001. (d)-(f) Photos of metal specimens at different applied strain. No crease is observed in all three metals. The scale bar is
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5. Crease tests on metals and plastics

Numerical computation, such as the one presented above, depends on the choice of material model. No material model
captures all nuances of plasticity of metals and plastics. The predictions on the basis of any material model should be
used with caution. To further ascertain our hypothesis that plasticity retards the formation of creases, we conduct experi-
ments using commonly available materials capable of large plastic deformation: aluminum, copper, steel, and high-density
polyethylene.

The crease tests for soft elastic materials (e.g., gels, elastomers) typically include bending test (Gent and Cho, 1999;
Ghatak and Das, 2007; Hohlfeld and Mahadevan, 2011) and uniaxial compression test by releasing a pre-stretched elastic
substrate (Cai et al., 2011). Direct compression test is often impractical, because at large compression, the specimen is likely
to bulge out on the lateral surfaces due to the friction at the top and bottom surfaces, even with lubricant. It is also im-
practical to find a substrate to compress metals and plastics to a large strain. To address the testing issues, here we design
a specimen of a special shape (Fig. 7). The specimen is suitable to mount on a test machine, circumvents the bulging effect,
and can induce large compressive strain on both curved surfaces. We use an Instron hydraulic test machine (model 8501)
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of 0.317. The crease extends through the entire surface. (¢) Photo of the specimen after unloading. A large opening is observed on the free surface. (d)
Cross-sectional view of the opening. A V-shaped morphology of the residual crease is revealed. The scale bar is 2.5 mm.

to perform all the tests. Displacement control is used to track the overall applied strain (displacement divided by the height
of the specimen). The loading rate is set at 2.5 mm/min. To identify the critical condition of creases, a digital camera is used
to monitor the surface. We perform the crease tests on several metals (aluminum 6061, copper 101 and stainless steel).

To identify the plastic hysteresis of each material, loading and unloading force-displacement curve of each material is
measured individually. The loading and unloading force-displacement curves of three metals show drastic plastic hysteresis,
and E(/E are estimated ~0.001 (values are estimated from true stress-strain curves which are converted from the experi-
mentally measured engineering stress-strain curves, so that they can compare with the values predicted by the simulations)
(Fig. 8a-c). As the strain is applied up to 0.35, no crease is observed, and the curved surfaces remain smooth (Fig. 8d-f). We
conduct finite element simulation to calculate the local strain at the center of the curved surface. We build a computational
model of same geometry of specimen, and mesh with 8-node linear brick C3D8. We apply compressive strain to the model
and determine the vertical strain field. When the applied strain is 0.35, the local strain is calculated to be ~0.8 (Fig. 8g).
We note that at this level of strain, assuming no other localizations set in, the critical strain for creases is predicted much
larger than 0.8 when E;/E ~ 0.001 (Fig. 6b). For real metals, also note that the E;/E value typically is not a constant, and the
E:/E value decreases as the plastic strain increases. Hence, the critical strain for the onset of crease is expected to be even
larger.

We further test plastics, since plastics can have larger E¢/E than metals. We measure the loading and unloading force-
displacement curve for high-density polyethylene (HDPE) (McMaster-Carr) (the specimen conducted in the test is of rect-
angular shape with dimensions 1.9cm x 1.9 cm x 2.54cm) and estimate E;/E ~ 0.025 (Fig. 9a). The crease test shows that
creases form at the center of both curved surfaces at a critical applied strain of 0.208. The corresponding local strain is
calculated ~0.498. The crease extends through the entire surface and becomes clear at an applied strain of 0.317 (Fig. 9b).
Note that the local critical strain of 0.498 at E/E ~ 0.025 is inconsistent with the prediction of our numerical simulation
(Fig. 6b). The cause of this discrepancy is unclear at this writing.

We subsequently unload the specimen. The crease gradually unfolds but does not vanish and leave a large opening
(Fig. 9c). The cross-sectional view of the opening reveals a V-shaped morphology (Fig. 9d), which is consistent with the
result of numerical simulation (Fig. 4b).

6. Conclusion

In summary, our computation and experiment have shown that plasticity retards the formation of creases. As the surface
forms a crease, a material particle near the crease evolves by a complex sequence of states: loading when the particle is
far from the crease region, unloading when the particle enters the crease region, and re-loading when the particle is in the
self-contact region. The loading-unloading hysteresis dissipates energy and retards the growth of the crease. For a crease
growing in an infinite body, the stress field is self-similar once the distance is normalized by the contact length. The applied
strain needed to maintain the self-similar growth defines the critical strain for the onset of the crease.

We simulate the formation of a crease using a material model that captures an essential aspect of plasticity: the state of
stress depends on the history of the state of strain. Within this model, the degree of plasticity is characterized by the ratio
of the tangent modulus to elastic modulus E/E. A smaller value of E;/E exhibits more pronounced hysteresis, and thereby
leads to a larger critical strain for the onset of crease. Upon unloading, the crease unfolds and leaves a V-shaped morphology
on the free surface due to the irreversible plastic deformation. A crease forms on a HDPE with E¢/E=0.025 at a critical strain
of ~0.498, larger than 0.35 which is the critical strain in elastomers with no hysteresis. However, no crease forms on metals
with E(/E ~ 0.001 even at a strain of 0.8.
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