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wl postinckling belvior of uviclly stifened ¢vlindri 1
a vien 1o asceriaining the exten! o which carions effects such as
eccenti icily, and barreling anfluence the fmperfection-sensiis
In wiost cases, when {iese effoces resull v an increase 1n e buckltng load of
the perfect striichure, they increase (ks umperfection sensifivity as well

Eiastic Postbuckling Behavior of
Stiffened and Barreied Cylindrical Shells

cells is studied wilh
corercenfricuy, load
v aof these structires fo

fr some in-

sfances, however, barreling can signicantly riise the buckling lond of the sicll while

radicing 1fs Tmperfection-sensilivity,

The analysis. which is bused on Koiier's general

Hreory af posthuckitng behavior and o5 made within the contex! of Karman-Donnell-type
treary, fakes inie account nonlinear prebuckling deformations and diflerent boundary

eondiiions.

Introduction

R}.m.:\'r buckling studies of stiffened cylindrical
shell~ have pointed to a number of porentially useful wuys to
substartiilly erease the resistance of these siructures Lo
buckling at little or no weight expense. Some of the most in-
tevesring of these have been discussed by Almiroth and Bushnell
[11* and wrveved by Stein [2]. Included are such effects as
stiltenct cvcentrieity, Joad eccentricity and meridional earvature
or burreliig. TU b= not uncommen that compuated buckling loads
are ratzed by a faclor of 1wo and even miore if these eflects are
propeily taker advanrage of.  Tests have already venfied the
supertor sirenglh of onrside-stiffened cxvlinders over thewr m-ide-
~tillened counterpart-. While most <iudies to date have noi
been based on optimal configurations, there ~cems 1o be little
doubt that exploitation of these effects will lead o more el-
fictent structars<,

It~ paper we examine the exient to which three of these
effects, which have such a lavge influence on the classical buekling
load, nfluence the structure’s postbnekling behavior and ils
senslivily o uperfections. Previous shell studies scem (o Indi-

and
n under Grant Ns(G-339, and by the Division of
sied PPhysics, Harvard Umiveraity.
I - ety deslgnate References at encd of paper.
Contrilinted i the Applied Mechanics Divisjon {or publication
[without presentation’ in the JOU KxaL of APPLIED MECHAN
Dizcussion of this paper sheuld be addressed to the Lditorial De-
part:nent, ANNMTI, Tnited Fngineering Center, 345 Cast 47th Street,
New Y ork, N.%. 10017, and will be aceepted until Jamuary 31, 1970,
D1~z received after the closig date will be recurned. Manu-
seript receved by ARME Applicd Mechanics Division, Oetoher 4,

cate that [t iz not uncormmon to find inereased sensitivity going
along with increased buekling loads. This was established in
some instances for outside va. inside axially ~tiffened evlinders
under anxial compression in & study which neglected the pre-
buckling deformations 13!, Here, a consistent approach is [ol-
lowed which take~ into account the nonlinear prebuckling
deformations.  The analyws i~ based on Kotter's general theory
of postbuckling behavior [4-6] and i~ made within the context
of Kdrmdn-Diunnell-ta pe shell theoy . All caleulations are exact
although numerical results follow from numerical 1ntegration of
ardinary differential cquations,

A general oatline of the analy -Is s presented in the next see-
tion.  No attempt ha- been made to fill in all detatls since many
of them are similar 10 those covered in Bodiansks s analysis for
the case in which the prebuckling deformations can be ignored

(71

Buckling and Postbuckling Analysis

Generalized Idrmdn-Domiell equations governing the elastic
deformation of stilfened cxlindrieal shells have been given in

References !3] and | These equations are formulated on the
basts of nonlinear strain the Dounefl-Mushtari-
Viasov type with the aid of the principle of virtnal work.  Stifi-
ener properties are “smeared out” to arrive at effective bending
and stretehing stitine~e~ for the skin-stiffener combination.
The governing equatlions can be reduced to an equaiion for
moment cyuilibrinm and one compaltibility equation written in
terms of 1he normal snrward deflection of the shell T and a stress
function &, namels.

L) - LlF]

measires of

= P+ R = 2R W, (D

1068 final revioon, January 8, 1868, Paper No 69-3P\I-T. LyplF, — LWy = T,b— T, 0T, (2}
Nomenclature
a, b = pozthuckling coef- ¢, = distance [rom stringer A, = stringer bending  mo-
ficienis: sec equation centrotd Lo skin mid- meni
[} o o - T . N
) die surface—puositive  yf ML, = skin bending muments
A -4“ = see eguabion (4) for an external sufi- - . R
; k ) N, = singer contnbution 1o
4, = cross—seclional avex ol aner
A . . restllant  membrane
siringer F = stress function .
- e L o slress
b = mperfection-sensitivity H = weelig 4 vy . }
measure H, . H,. H, = cffectivestretching com- Sho Vg ey T TERURALL 11:‘16111)1‘11’)8
.. = =ee equation {4 pliances slresses in sk
D= Efa2il — ») 7. = stringer moment of in- n = number of cireaaleren-
D..,D.. D, = cllective bending stifl- eriis tial wavelengihs
nesses L = cylinder length F = compressive axial load
i, = siringer spacing Ly, Lu Ly = differeniial operator de-
E = Young's modulug fined in equation (3 (Continued on nert pagel
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where r and y are the axial and circumferential coordinates in the
shell middle surface. 'The linear differential operators are defined

by
Lol 1 = Dasl Joseas + 200t Doy + Dl Dogss
Lol 1 = Qul Toones + 200 Toresw + @l Ty
i et L @
R B,
Ll ) = Hol Doewes + 2Hol Daoww + Hol Doer

where R and R, are the circumferential and meridional radii of
curvature and formulas for the effective bending and stretching
stifinesses were given in Reference [3] and are listed here in
Table 1.2

In this paper consideration has been restricted to eylinders
(and slightly barreled cylinders) with an isotropic skin and axial
stiffening. Only three parameters are needed to characterize the
stiffening properties if the torsional rigidity of the stringers is
ignored. These are the area ratic d,/d{, the bending stifiness
ratio KI,/Dd, and the eccentricity ratio ¢,/t where 4, and I, are
the area and moment of inertia of the stringer, d, is the distance
between stringers and e,, the distance froin the skin middle surface

¢ Equations (1-3} are slightly modified {rom the equations given in

to the stringer centroid, is taken to be positive when the stiffener
is on the outer surface of the shell. The resultant membrane
stresses In the skin N, ¥, and N, and the averaged resultant
membrane stress in the axial stringers N, are related to the stress
function and the normal displacement by (see Table 1 for the
coefficients)

]Vz + Ara = F)yy; Ny = F::::‘ N = _Fa.ﬂl

(4)

Nz = A:zFJ:z + AzyF + E:zW:zz

Tey

Fitch [9] and Cohen [L0] have given general developments of
Koiter’s initial postbuckling theory which are directly applicable
to the nonlinear shell theory used in this study. Their treat-
ments are extensions of the analysis given in References [11] and
f12] to include the effect of nonlinear prebuckling behavior. In
the brief outline of the initial postbuekling analysis which fol-
lows, the general theory will not be repeated but results from it
will be translated directly into the W-F notation of Kdrmdn-Don-
nell theory. A precise specification of the different boundary
conditions is given in the Appendix,

The axisymmetric prebuckling deformaetion of the perfect shell
can be written as

Reference {3] to include the effect of meridional eurvature They
are restricted to shells which are shallow in the axial direction. Wo = w(z, P) {3)
Nomenclature
P. = classical buckling load Qenr @ryp @y = se€ equation (3) a = seeequation (20}
(buckling load of per- R = circumferential radius of & = buckling displacement
fect structure) curvature  {cylinder amplitude
Pg = buckling load (maxi- radius) 5 = initial imperfection am-
mum support load ) of R, = meridional radius of cur- plitude
imperfect structure vature A = average endshortening
(Polunsirt, = 2w[3(1 — w2~ aEue ¢t = skin thickness v = Poisson’s ratio (taken to
(classical buckling U = axial displacement of ke 0.3 in the calcula-
load of an infinitely shell middle surface tions)
long unstifiened c¢yl- ¥V = circumferential displaee- § = initial slope of post-
inder) ment buckling load vs. end-
g = distance from point of W = normal displacement shortening cwurve
load application to T = axial coordinate 6" = slope of prebuckling
skin middle surface— y = circumferential coordi- load vs. endshorten-
positive when outside nate ing curve abt eritical
middle surface Z = (1 — )L /RY valne
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SN B S (5)

o=@ g v iem (Cont.)

where P is the total compressive load applied to the eylinder.

Even though the prebuckling behavior is nonlinear, the two fourth

order differential equations governing w® and J° are linear in these

quantities, These two equaticns can, in turn, be reduced to a
single fourth order equation for w:

a0t +{Cc, + P 0 4+ O pan? VAIUP P
y 1w =
4 2T o) " T ormiH, R 8RR,
(6)
together with an auxiliary equation for f%:
H_ o = (0 _up | Lo v, P 7)
=l TN BT iR
d
where { )"=_( Jand
dz
- 20., 1
TL= - = = O = 8
G Dt O Tk e,

The classical bucklzng load of the perfect structure is denoted by
P, and in all cases examined here is the load ai which a nonaxisym-
metric bifurcation from the prebuckling state oceurs. An
asymptotie perturbation expaznsion of the solution, valid in the
neighborhood of this bifurcation point, can be obtained in the
form

L a8/ + b8/ + . .. )
P,

W o= WO+ WO 4 S 4
F o= Fo4 6P £ 50 4 (10)

where § is the amplilude of the buckling mode W', The pre-
buckling solution is also expanded about the critical load so that

Ve = W 4 (P — POWSE 4+ 2P — P2V + ...

(11}
o = P 4 (P — PP + P = PP + .
. . . ate ) 2|
where Wpt= Wiz, P), W= > }LPfP(., L= P2 ps” ete.

This expansion generates a sequence of linear boundary value
problems. The problem for W' and F,? follows directly [rom
equations (5)-(7):

P
CAngfrrr + (CB + < ) U‘)COH + CCL'E‘CO

orR
B vd,, 1 Lo a2y
T EH, R 2xRR, 2R C
Cars o 1 vd .
Ho M = Qb + 7 Wt — m (13)

The clegssical buckling problem is a linear eigenvalue problem
governed by the following equations:
LW} + Ly[F] + Fe W00 — f 0,
2rR 77 e

— w®'F L0 =0

LulF) = Lo[W®) + wet "W 0 = 0

{14)

Separated sclutions for the huckling mode can be obtained in the
form

Wiz, y) = wWz) cos (ny/R)

{(15)
FO{z, y) = f(z) eos (ny/K)

786 / pzcemper 1969

where n is the integer number of circumferential wavelengths
associated wilh the buckling mode. The resulting ordinary dif-
ferential equations which follow direcily from equations (i4)
and (153) are not given here. Boundary conditions are listed in
the Appendix.

The second order boundary value problem is governed by (here
we anticipate a = 0)

P.
Ly [W®] 4 LolFP] + 97;?. W, b0 — f W

— w0 = — LR (f )
+ cos (Zny /RO Tl 4 [t — 'Zf“)’u"-l")}

Ly[F®] — LolW®] 4wl W 5

(16}

= Lin/RR { My + cos (2ny/R)w D — wh'n)

These equations can be reduced to two systems of ordinary dif-
{erential equations with the separation

W = . (z) + wg(z) cos (2ny/R)
(17)
F

Jalz) + fa(e) cos (ny/R)

Solutions of the above boundary value problems are sufficient
to yield the most impartant information aboul the initial post-
buckling behavior and the associated imperfection-sensitivity.
In every casc considered in this paper the first postbuckling co-
efficient, @, in equation (9) is identically zero since this relation is
independent of the sign of the buckling displacement. There-
fore, the initial relaticuship between the lead and the buckling
displacement amplitude hinges on the sign and magnitude of b.
If b is negative the load carrying capacity diminishes {ollowing
buckling and the shell is imperfection-sensitive, while if & is
positive the structure retains some ahility to support increased
loads once bilurcation bas taken place. Throughout this
paper we have consistently identified & with the amplitude of the
buckling mode displacement by normalizing the maximum value
of WO to be unity,  Thus in equation (9), 6/ is the ratio of the
buckling amplitude to the skin thiekness and not the cfective
thickness of the skin-stifiener combination. The formula for b
is (Fitch (9]}

Fior(ipo, 7)) 4 2pwerron, 117,

= . - (18
b Do Fer* (W, 70y 4. aF=(qi o 1100 18)
where the following shorthand notation has been uscd
A*B, ) = f [4..B,C,+ 4, .B.C,
5
- A.zv(B‘rC.y + ByCz)]d‘S (19)

and the integration is over the entire middle surface of the shell.

The initial slope of the generalized load-deflection curve Just [ol-
lowing bifurcaticn indicates further informaiion concerning the
extent to which buckling can be expecled to be gradual or sudden
under the {wo limiting conditions of loading, i.e., prescribed load
and prescribed generzlized displacement. In every example dis-
eussed in this paper the generalized displaccment is the average
end displacement, and for the cylindrical shell examples this can
be wrtten as

A= f (U, = ¢l 048 = f e, — ¢ W2, —oli", ) dS
5 5

where U is the axial displacement and g is the loading eccentricity.
A Taylor expansion of A, using {9)-(11), vields

AL (p AW
- = [e 4 - -
A B,

with a fairly lengthy expression for & in terms of ¥\, D) ete,,
which will not he given here. A similar caleulation yields an ex-

(20}

Transaclions of {he ASME



pression for ¢ for Lhe barreled rylinders,

Finallv, a mecsure of the impersclion-sensutdr ity of the structure
is most easilv obtained by considering the eflect of an initial de-
viation ol the shell middle surface frum the perfect configuration
in the shape of the buckling mode.  Thus with an lntial imper-
feation 1T = 8111, the maximum support load P is related 0
the clas<iral buckling load Pe and the imperfection amplitude §
by the asymutotic formula

ve s
L]

Po/Plo=1 =3y 7D—87 504 4+ ...

(21

I — 180{ by gl s =

Here again, the tmiperfection ampliinde has been normalized with
respect to the skiu thickness &, When the prebuckling state 1s a
purely membrane one, & =6, but in the present case in which pre-
buekling deforinations cannot be ignored?

BEF ORI 10y 4 prusgin Jate

L A stk it L (o)
VPSRV, Py 4 2RI s, 1100 ]2

F Tocomplele the outline of the analvsis sketched above we close
thiz section with a briel dizcussion of the numerical method em-
ploved 1o evaluate the results given in the remaining sections,
In nondirmen-ional form the several boundary value problems
and associated bountary conditions are specified by the following
nondimensional quantities: Ef /Dd,, A/dJ, e { gt, Rk, Z,
nL/R and ». The ordinary differential eqaaijons for wel, 100,
wi e, g, eie, are reduced to finlte difference form and
solved by use of a well-known Gaussian elimination scheme due
to Potters [13]. The eigenvalue problem for the classical buck-
ling load and mode ean be solved in the usual way in which
the lowest etgenvalue associated with integer values of » ix found,
and Lhen the lowest of them all 13 identified with the clas<ical
toad. TRewults were obtained by trealing nl. B os a continuous
variable and thus It was uol necessary to snesify the length-
radius ratio of the <hell.  This procedure iz consstent with the
fact that (he critical value of nl . 7 turis out to be a fairly Jarge
number and for an L, & of order unity or less n itself wiil be fairly
large.  Therefove, the re-nlts can be regarded as exact for auy
value of L J7 =uch that the as<ociated value of » s integer and ap-
proximate for ather values of L. & with an error in the buekling
load of order 1. n? and uu error in b, & and « of vrder 172, In
any casc, application of the [Jonneli-Mushiari-Viasov strain
meazures 1= resrricted to shells for wiuch = > 5, sav.  In every
example pre-ented in this paper, a siugle buckling meoede Is
associated nith the critival cigenvalue and the cxpansion (9)-
{11) was made in anticipaiion of this fact.

The expre=sions Tor b, & and a can eastly be redieed to ordinar:
integraticns over the ¢ coordinare and these
formea with a ~tandard numencal integrnti
check on arciracy, <ome examples {rem veference [0,

U

1eZraton: were pel-
~cheme, As a

in wheeh
che prebinckling deformanon was dentically zeve and for which
closed form
cases of the

seres wolutions were avalable, were run as special
present procedure. With siaty integration stations
lenpth of the <hell. accuraey o nithin ahout cne
et eould be «i el for the qoantities b b and
acamnacy should be espected for the cases in
Tu thi- paper ail

which precuckling deformations are importart.

resiltasie for o Porson s ratio of 0.3.

Effect of Stringer Eccentricily on Posibuckling Behavior

Twe examples have been chosen to illustruwie the elfect of
stringer eccenmrielty on the buekling load and on the Tnitial post-
iny behavior of an axially stiftened ¢y linder nnder axial com-

1. The load,

backling The  impeleclun-sensivity

paramecr boawd the initial slepe @ of the Ladeand shorreng
GOaTe el in g Las a funedon of the length pavamerer

The s 0oscrenaney beoween Fitvh's restit 0 fur this oxnres-

md J 4 ehen [LO]. We have redenived the general result

el e two formal vrrocedures used Ly theze aurhors and

i Eitel's eapresson Lo e coprect.
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Z for a exlinder which i~ both simiply supported and loaded at the
skin miadie surface. The same parwmencrs ave displaved in Fig.
2 for a completely clamped evlinder. Numerical dara from wl
the~e figures were pluited are given in Table 2 aloug
nuterical data for othier quantities such as b, nL 'R and &,7 the
slope of the pretckling load-end shortening curve st the eriveal
ivad.  The parameters B Dd, = (60, A, dl = 1 aud « ¢
b characternize 2 cvluder with o nunderate o }

To emn e of stiffening, o
the brickling load of red =lell (F, L
buekling load of a lnng unstiflened eviinaer with the <ame rudins
fand sk thivhies- 1 e

enling.

1P gmersty = 2w [301 — »¥] 7 ER2

Loeatun
gnnaNCes
e first noted

5 Iy I ] Ty
i of tle <ne cleEsry

s oo the onter s

ciling.  Fuch eccen 3
pub [14] and lLave leen
Lo, 1ns v by Block

el

further
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Fig. T The effect of stringer eccentricity on the buckling ond pastbuckling
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ported at the skin middle surface and loaded in oxial compression

The results shown in Fig. .
sensitivity of thig shell as i
beeomes lnrge. Nevertheless, fhe tnial <lope & 0f the lowd-end
shortening curve is very negative which 1
fuf a nearly perfect <hell. at leas
prescribed end displacerment even though the sens
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The second expression above holds when the rise A at the equator
is gmall compared to the length L.  Even slight barreling, corre-
sponding to a rise at the equator of only several skin thicknesses,
has a pronounced effect on the buckling load.

The outside-stiffened shell iz a good deal more imperfec-
tion-sensitive than the inside-stiffened one in thiz example
when neither is barreled. Any amount of barreling seems ta
diminish the sensitivity of the outside-stilfened cylinder, while it
Increaszes the sensitivity of the inside-stiffened one over the range
in which its buckling load rises rapidly with increasing barreling.
However, once the barreling is sufficiently large to cause little
further increase in the classical load, then eveu greater barreling
seems to have as its main effect a decrease in the imperfection-
sensitivity.

Almroth and Bushnell [1] and Stein [2] discussed examples
in which harreling has a much larger effect on the classical
buckling load of an inside-stifened cylindrical shell than its out-
side-stiffened counterpart so that with a slight amount of barreling
the inside-stifiened shell actually has a higher buckling load.
We have studied a simply supporied shell of this type. The post-
buckling behavior predicted is similar to that shown in Fig. 4 for
the clamped shells, except that the iucreasc in imperfection-
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Fig. 4 The effect of barreling on the buckling and postbuckling behavior
of clam ped, axially stiffened cylindrical shells subject to axial compres-
sion

sensitivity of the inside-stiffened cylinder is even much more
pronounced in the range in which the buckling load rises rapidly
with only small increases in barreling.

Goncluding Remarks

As a rough rule, it would appear that most mechanisms of the
type discussed here for increasing the buckling load of a stiffened
cvlindrical shell increase to some extent its imperfection-sensi-
tivity as well, A similar tendency has been noted for other shell
configurations—see, for example, the survey by Budiansky and
Hutchinson [18] and the paper by Koiter [6]. An important
exceplion to this rule seems to occur in some instanees when
barreling is employed to increase buckling resistance as has been
discussed in the previous section. More extensive studies of this
aspect of barreling would probably be worthwhile.

In general, stiffening lowers imperfection-sensitivity. Some
tests on carefully prepared cylinders with moderately heavy
stiffening suggest that loads close to those predicted for the per-
fect structures can be obtained, although it is not entirely clear
what boundary conditions actually have been enforced in & num-
ber of these tests [1], [2]. More lightly stiffened cylinders show
much greater discrepancies between predictious for the perfect
shells and tests [1]. Recently the assertion has been made to the
effect that the classical buckling analysis should adequately
predict the actual buckling loads of cylindrical shell structures
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with practical levels of stiffening {19], [20]. The present results
suggest that perhaps such a blanket assertion may be incautious
until further studies and tests to determine optimal configura-
tions of stiffening, barreling, ete., have been carried out. This
note of eaution seems to be further justified since catastrophic
huckling has been observed in a number of the tests reported in
the recent literature.

APPENDIX

Boundary Conditions

Clamped Boundary Conditions

W=W,=0 z=00L (23)
V=0 z=0L (24)
U=20 x=01

(25)
v,=0 z=LJ

Equations (23) and (24) imply €, = 0 or in terms of Wand F:
(]- - VA::)F.z.: - VAzyF.yy - yB.rzn',n- =0 (26)

Equations (23), (24), (25) imply 2¢
W and F:

evy — €.r = Dorin terns of

(=200 +») + VAzu)F.zvy — (1 — v-jlxr)F,z:r + I’B.r:]'["-.zx.r. =0

(27)

Thus, the clamped boundary conditions, written in terms of W
and F, are equalions (23), (26}, and (27). Theboundary condi-
tions for each of the sequence of boundary value problemns is oh-
tained by substitution of the perturbation expansion into these
conditions. It should also be meniioned that the requirement
that the tangential displacements U and 7 be single-valued in
any circuit about the circumference of (he shell can be shown to be
satisfied for each of the boundary value problems considered.

Simpte Support Boundary Canditions

W=0 z=00L (28)
V=0 z=0LFL (2%)
N, +N,=F, =—Pfsk z-0,L (30)

M, + Mjd, 4+ (N, + Nile, —g) — Nye, = 0
r=0,L (31)

The load eccentricity ¢ and the stringer eccentricily ¢, are
measured [rom the skin middle surlace and are taken to be posi-
tive in the outer direction. Equation (29) imaplies (26). Equa-
tion {31) can be written as

(D + E].«I/d.v)w.zz + F,yy(q - ee)
+oe(dF . + AR, + BLW ) =0 (32)

Thus, equations (26), (28), {30), and (32) are the boundary con-
ditions considered here.  Substitution of the perturbation expan-
sion into these equations vields the econditions for each problem;
for example,

w =0
(D + Eljd ' — (g — e,)P/2nR r=0L
+ e fA S — A P20k + B, w*’) = 0
and .
W = W, W=F 0 =F ®=0 z=00L
for< =1, 2.
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