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Abstract
A class of planar, pin-jointed truss structures based on the ancient Kagome basket weave pattern with exceptional
characteristics for actuation has been identiﬁed. Its in-plane stiﬀness is isotropic and has optimal weight among planar
trusses for speciﬁed stiﬀness or strength. The version with welded joints resists plastic yielding and buckling, while
storing minimal energy upon truss bending during actuation. Two plate structures are considered which employ the
planar Kagome truss as the actuation plane. It is shown that these plates can be actuated with minimal internal resistance to achieve a wide range of shapes, while also sustaining large loads through their isotropic bending/stretching
stiﬀness, and their excellent resistance to yielding/buckling.
 2003 Elsevier Ltd. All rights reserved.
Keywords: Trusses; Plates; Actuation; Buckling; Kagome

1. Introduction
A class of actuating plate structures is introduced, based on a planar truss having the Kagome weave
pattern (Fig. 1). The two planar manifestations to be explored both consist of faces connected by a tetrahedral truss core (Fig. 2) with the following distinctions:
(i) A Kagome plane and a solid skin,
(ii) two Kagome faces.
The feature rendering the Kagome planar truss exceptional for actuation is that its members can be actuated (elongated or contacted) to achieve arbitrary in-plane nodal displacements with minimal internal
resistance. This attribute arises because the inﬁnite, pin-jointed version satisﬁes most of the requirements
for static determinacy, permitting minimal elastic energy storage (in bending) even when the joints are
welded. These beneﬁts become apparent upon comparing with a highly redundant (isotropic) planar truss,
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Fig. 1. Sketch of pin-jointed, planar Kagome lattice with member length L. Dashed lines give the boundaries of the primitive unit cell.

Fig. 2. Sandwich plates based on planar Kagome truss plates. (a) Sandwich with one Kagome truss face and a solid skin face and
(b) sandwich with two Kagome truss faces.

exempliﬁed by identical triangular units with equal length members. If such a truss replaces the Kagome in
Fig. 2, axial deformation of the members would be required upon actuation, storing substantial energy. The
Kagome truss is the only example known to us of an inﬁnite planar truss amenable to assembly from repeat
units having both isotropic stiﬀness and the properties desired for actuation.
The purpose of this paper is to introduce some important properties of the Kagome planar truss and to
provide an overview of its role in actuating plate structures. More complete treatments will be given in
subsequent papers. Several aspects of the performance of this conﬁguration will be addressed.
(i) A discussion of determinacy for inﬁnite pin-jointed trusses with repeating units reveals that no such
conﬁguration can be both statically and kinematically determinate.
(ii) The pin-jointed Kagome truss has kinematic mechanisms, but the weld-jointed version is resistant to
premature failure by suppressing them and, moreover, inhibits premature failure by either plastic yielding or buckling.
(iii) In combination with superior in-plane stiﬀness (Hyun and Torquato, 2002), these features render the
Kagome planar truss an ideal structural unit for two-dimensional actuation.
(iv) The actuation capability is revealed by analyzing the response of the plates in Fig. 2 at long wavelengths (relative to the truss member length).
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2. Determinacy and the Kagome planar truss
The relevance of static determinacy to actuation of two- and three-dimensional truss structures has been
appreciated for some time in connection with the design of space antenna and mirrors (Miura, 1984a,b;
Rhodes and Mikulas, 1985; Mikulas et al., 1993). Because the forces in the members of a pin-jointed,
statically determinate truss are determined by equilibrium alone, any member can be elongated or shortened without inducing forces in other members, at least to lowest order in the nodal displacements. Accordingly, the structure oﬀers no resistance to actuation, yet, simultaneously, it is capable of carrying
applied loads. With a focus on large actuated structures, we consider inﬁnite plates of the kind shown in
Fig. 2 where the truss part of the structure is comprised of identical repeating units. The eﬀects of ﬁniteness
are discussed elsewhere. The ﬁrst step considers inﬁnite planar trusses with pinned joints.
2.1. Static and kinematic determinacy of inﬁnite planar trusses with repeating units
MaxwellÕs necessary condition for static determinacy of a pin-jointed truss requires that the number of
member forces equal the number of joint equilibrium equations. For an inﬁnite planar truss, this criterion
requires an average of four members converging at each joint. Note that the Kagome truss (Fig. 1) satisﬁes
this condition, whereas a triangulated truss with repeating equilateral triangles has an excess of two
members at each joint.
Kinematic determinacy for a truss satisfying the above condition requires that joint positions are uniquely determined by member lengths (no mechanisms) such that member lengths can be varied independently without incurring deformation of any members.
Additional conditions must be imposed to ensure static or kinematic determinacy of an inﬁnite, pinjointed planar truss. These are discussed by Guest and Hutchinson (2002) and applied to periodic trusses
such as the Kagome truss. These authors show that inﬁnite trusses built up from repeating units (planar or
three-dimensional) cannot satisfy all of the conditions for both static and kinematic determinacy. That is,
any such inﬁnite truss that is statically determinate will necessarily have kinematic mechanisms. Conversely,
any inﬁnite truss that is kinematically determinate will have states of self-stress.
2.2. The Kagome planar truss: stiﬀness and uniform actuation strains
The inﬁnite pin-jointed Kagome truss is neither statically nor kinematically determinate (Wicks, 2002)
and yet it is capable of bearing arbitrary overall loads. In contrast, for the case of a ﬁnite Kagome truss, it is
possible to add additional members to the boundaries in order to make it both statically and kinematically
determinate.
Consider the inﬁnite Kagome truss and assume that each member is identical with length, L, crosssectional area, A, and YoungÕs modulus, E. Further, suppose the truss is loaded at inﬁnity such that the
normal and tangential stress resultants per unit length acting on an edge perpendicular to the x1 -direction
are (N11 ; N12 ); similarly, the stress resultants on an edge perpendicular to the x2 -direction are (N21 ; N22 ),
where N21 ¼ N12 and notation standard to plate theory is used. All bars with the same inclination carry
identical loads. With three representative members denoted by A, B and C and for the truss orientation
shown in Fig. 1, the forces are
pﬃﬃﬃ
pﬃﬃﬃ
pﬃﬃﬃ
FA ¼ ðL= 3Þð3N11  N22 Þ; FB ¼ 2LðN22 = 3  N12 Þ; FC ¼ 2LðN22 = 3 þ N12 Þ
ð1Þ
The overall stiﬀness of the Kagome planar truss is isotropic such that the relation between the average inplane strains and the overall stress resultants are given by
e11 ¼ S 1 ðN11  mN22 Þ;

e22 ¼ S 1 ðN22  mN11 Þ;

e12 ¼ S 1 ð1 þ mÞN12

ð2Þ
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pﬃﬃﬃ
with S ¼ EA=ð 3LÞ and m ¼ 1=3. The inverted relation is (with m ¼ 1=3)




9
1
9
1
3
N11 ¼ S e11 þ e22 ; N22 ¼ S e22 þ e11 ; N12 ¼ Se12
8
3
8
3
4

ð3Þ

Hyun and Torquato (2002) optimized the topology of inﬁnite, planar isotropic truss-like structures in order
to maximize stiﬀness for a given weight. They used an evolution algorithm coupled to a general plane stress
analysis of the structure to arrive at an optimal geometry. The Kagome truss and the triangulated truss
were found to be almost identical in stiﬀness per unit weight. When analyzed within the framework of pinjointed trusses, the two geometries are precisely equally optimal, attaining the dilute limit of the Hashin and
Strickman (1962) upper bounds.
It is an elementary exercise to relate the overall strains, (e11 ; e22 ; e12 ) to the actuation strains (eA ; eB ; eC ) of
bars A, B and C, respectively. The overall strains can be achieved without inducing any stress in the
members by actuating (i.e. elongating or contracting) the three sets of members according to
pﬃﬃﬃ
pﬃﬃﬃ
3
3
1
3
1
3
e12 ; eC ¼ e11 þ e22 þ
e12
eA ¼ e11 ; eB ¼ e11 þ e22 
ð4Þ
2
2
4
4
4
4
or
e11 ¼ eA ;

1
2
e22 ¼  eA þ ðeB þ eC Þ;
3
3

1
e12 ¼ pﬃﬃﬃ ðeC  eB Þ
3

ð5Þ

When the joints are welded, bending in the members results in a small resistance to actuation. To estimate
the magnitude, note that the strains induced
by ﬃbending are of order, ðr=LÞeA , where eA is taken to be
pﬃﬃﬃﬃﬃﬃﬃ
representative the actuation strain and r ¼ I=A is the radius of gyration of the member, with I as the
2
moment of inertia. Consequently, the elastic energy induced by actuation scales with EðreA =LÞ multiplied
by the volume of truss deformed. The corresponding elastic energy-scaling factor for an actuated redundant
truss is Ee2A . Thus, the energy stored in actuation of the Kagome truss is expected to be signiﬁcantly lower
than that in a redundant truss.

3. Mechanisms of the planar Kagome pin-jointed structure
It is instructive to determine the full set of possible collapse mechanisms for a pin-jointed planar Kagome
structure of inﬁnite extent. A systematic method has been developed to determine the competing collapse
mechanisms for any pin-jointed periodic structure (Hutchinson and Fleck, 2002). The method builds upon
the matrix methods of structural analysis pioneered by Pellegrino and Calladine (1986) and Pellegrino
(1993), and the Bloch wave analysis for periodic continue by Triantafyllidis and Schnaidt (1993). An
equivalent approach is to set up the governing set of ﬁnite diﬀerence equations for a periodic structure (e.g.
Forman and Hutchinson, 1970). The main steps in the analysis are as follows:
ii(i) The kinematic matrix for the unit cell is derived; this relates the bar elongations to the nodal displacements for all nodes and bars of the unit cell.
i(ii) For the given unit cell, the trial displacement ﬁeld djn of each node n at position x is written as
djn ¼ pjn expði2pk  xÞ

j ¼ 1; 2

ð6Þ

The harmonic function expði2pk  xÞ with wavevector k, is modulated by an unknown periodic
function pjn that repeats from one unit cell to the next. Substitution of the trial ﬁeld (6) into the kinematic matrix for the unit cell leads to a reduced kinematic matrix for the unknown quantities pjn for
the boundary and interior nodes.
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(iii) The possible collapse mechanisms are obtained by taking the bar elongations of the unit cell to equal
zero, and by examining the null space of the reduced kinematic matrix for any chosen values of k. The
dimension of the null space equals the number of mechanisms for the assumed wavevector k. In general, the null space is complex, and the real and imaginary parts of the displacement ﬁeld djn constitute
independent mechanisms.
3.1. Application of matrix analysis to the planar Kagome pin-jointed structure
The full set of mechanisms for the pin-jointed planar Kagome structure have been calculated using the
above matrix analysis. The Kagome structure is represented by the primitive unit cell as outlined by dotted
lines in Fig. 1, with the local co-ordinates (^
x1 ; x^2 ) aligned with the sides of the unit cell, and oriented with
respect to the Cartesian reference frame (x1 ; x2 ). Symmetry dictates the existence of three families of collapse
mechanism, with one family characterized by the wavevector k along the x^1 -direction, one along the x^2 direction and the third along the x2 -direction. It suﬃces to consider the canonical family of mechanisms
associated with wavevectors along the x2 -direction; the other two families can be obtained simply by rotating the Kagome structure with its canonical family of mechanisms by a clockwise or counter-clockwise
rotation through 60.
pﬃﬃﬃ
pﬃﬃﬃ
mechanisms are associated with jkj adopting the following values: jkj ¼ 3=4L, 3=6L,
pﬃﬃﬃThe canonical
pﬃﬃﬃ
3=8L, 3=10L . . . ; 0. For jkj ¼ 0, a single mechanism exists, and it can be characterized by the relative
rotation of neighboring triangles, see Fig. 3a. This inﬁnitesimal mechanism does not generate macroscopic
strain, but the ﬁnite version
of this mechanism does give rise to an equi-biaxial compressive strain. The
pﬃﬃﬃ
mechanism for jkj ¼ 3=4L resembles twinningpof
ﬃﬃﬃ alternating sign along the x2 -direction, as sketched in
Fig. 3b. For intermediate values of jkj, such as 3=6L, two independent collapse mechanisms exist (given
by the real and imaginary parts of djn ); each collapse mechanism comprises discrete bands of deformation
that are periodic along the x2 -direction. For the sake of brevity, these additional collapse mechanisms are
not shown, and the reader is referred to Hutchinson and Fleck (2002) for full details.
None of the inﬁnitesimal collapse modes described above gives rise to macroscopic strain. This is
consistent with the fact that the Kagome structure has a ﬁnite overall stiﬀness, as given by Eq. (3).

4. Strength of the planar Kagome structure with welded joints
When the joints of the Kagome planar truss are welded, the kinematic mechanisms identiﬁed above are
suppressed. However, the issue remains as to whether the welded truss is susceptible to buckling in modes of
similar shape to the mechanisms described above. This possibility is examined by performing a general

Fig. 3. Mechanisms of the planar Kagome truss. (a) jkj ¼ 0 and (b) jkj ¼

pﬃﬃﬃ
3=4L.
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bifurcation buckling analysis of the in-plane modes. As in the earlier sections, the length of each member is
L, the modulus is E and the cross-sectional area is A. The moment of inertia of the members governing inplane bending is I. We ﬁrst consider conditions for plastic yielding of the truss and continue with a
complete analysis of the in-plane elastic buckling modes.
4.1. Yield
It is straightforward to obtain analytic expressions for the plastic collapse strength of the Kagome truss
by assuming that each member behaves in rigid-ideally plastic manner, with a yield strength rY , and by
neglecting the small eﬀect of bending. The eﬀective yield locus is found by setting the bar tensions deﬁned in
(1) equal to the fully plastic axial yield load ±ArY with the following results:
pﬃﬃﬃ
N11  N22 =3 ¼ ArY =ð 3LÞ
pﬃﬃﬃ
pﬃﬃﬃ
ð7Þ
N22  3N12 ¼  3ArY =ð2LÞ
pﬃﬃﬃ
pﬃﬃﬃ
N22 þ 3N12 ¼  3ArY =ð2LÞ
Note the special case with N12 ¼ 0 deﬁnes a four-sided convex yield locus in the (N11 ; N22 ) plane as shown in
Fig. 4. The relations (7) can be re-phrased in terms of the principal in-plane stresses (N1 ; N2 ) and the orientation of the principal directions with respect to the Kagome truss. Using this approach it can be shown
that the Kagome truss is almost isotropic in its yield response (Hutchinson and Fleck, 2002).
4.2. Elastic buckling of the Kagome truss
Bloch wave theory can be used to obtain the elastic buckling strength of the welded Kagome truss
subjected to arbitrary, macroscopic in-plane loading. Following Triantafyllidis and Schnaidt (1993), the
ﬁrst step is to determine the tangential stiﬀness matrix K for the primitive unit cell (Fig. 1) at a given
macroscopic stress. Let d be the vector of virtual nodal displacements (two translations and one rotation
per node), and f be the work-conjugate vector of generalised forces (two direct forces and one moment per
node). Then, a non-trivial solution is sought for the homogeneous system of equations Kd ¼ f where K is
the symmetric, tangential stiﬀness matrix of the primitive unit cell, in accordance with beam-column theory
(see e.g. Livesley, 1975). One ﬁrst forms the 15 · 15 matrix K for the Kagome unit cell of Fig. 1 (ﬁve nodes
each with three degrees of freedom, d.o.f.) with the axial bar forces determined by the macroscopic stress
state using (1). Next, the generalised virtual displacement and force vectors d and f are given a Bloch wave
representation similar to (6), and one thereby obtains a (9 · 9) reduced stiﬀness matrix K r . The governing
equation for any buckling mode now reads K r d r ¼ 0. Further reductions may be made if desired: e.g. one
may ‘‘statically condense’’ internal d.o.f. such as those associated with joint 1 in Fig. 1. It is emphasized that
the reduced stiﬀness matrix is a non-linear function of both the assumed pre-buckling stress state and the
wavevector k.
The buckling load of the welded Kagome truss is obtained by incrementing the macroscopic stress state
(and thus the bar forces) along a given stress path, and by searching for a non-trivial solution of K r d r ¼ 0
for all k. This null space contains inﬁnitesimal elastic buckling modes (in general, real and imaginary)
analogous to the linear eigenvalue buckling analysis found in many commercial ﬁnite element codes (e.g.
ABAQUS). At low loads the nullspace is trivial whereas at suﬃciently high loads buckling is triggered and
the nullspace is non-trivial.
The elastic buckling locus in the macroscopic (N11 ; N22 ) plane is shown in Fig. 4 for various strut slenderness ratios. In this plot the stress resultants have been normalized by ArY =L, and, thus, the elastic
buckling locus depends upon the magnitude of the yield strain, eY ¼ rY =E. Whether elastic buckling or
pﬃﬃﬃﬃﬃ
plastic collapse controls the in-plane strength of the truss depends upon the ratio r=ðL eY Þ, where
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Fig. 4. The competition between elastic buckling and plastic collapse of the welded Kagome truss for selected values of slenderness
pﬃﬃﬃﬃﬃ
ratio r=ðL eY Þ.

pﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃ
r  I=A is the radius of gyration of the cross-section. If r=ðL eY Þ > 0:45, plastic yielding occurs prior to
elastic bucking for all combinations of N11 and N22 . For example, if eY ¼ 0:003 then plastic yielding is
operative if r=L > 0:024. In other words, only when its members are exceptionally slender will the weldjointed Kagome truss be susceptible to elastic buckling.
In general, only two elastic buckling modes––modes A and B (Fig. 4)––are found to be of practical
interest;
pﬃﬃﬃall others occurred at higher loads. Mode A is associated with N22 -compression and the wavevector
jkj ¼ 3=4L (note similarity to Fig. 3b) while Mode B is associated with N11 -compression and is equivalent
to Mode A rotated by 60 analogous to the above ‘‘canonical pin-jointed mechanism’’ discussion.

5. Two Kagome sandwich plates
The two sandwich plates considered in this paper are shown in Fig. 2. Actuation of members of the
Kagome planar trusses is envisioned. For the plate having just one truss face, it is assumed that face will be
actuated to achieve desired shapes of the solid face sheet. The Gaussian curvature of the desired shape must
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be small, otherwise large actuation forces will be required to overcome stretching of the solid face. For the
plate in Fig. 2b with two truss faces, each face will be actuated. This allows arbitrary shapes to be achieved
with no restriction on the Gaussian curvature.
For the sandwich plate with a single truss plate, the core is comprised of tetragonal truss units connecting the nodes of the face to the solid face as shown in Fig. 2a. The spacing between the faces is H and
the truss face sheet is characterized by (1)–(3). The solid face sheet has YoungÕs modulus, Ef , PoissonÕs
ratio, mf , thickness tf , and stretching stiﬀness, Sf ¼ Ef tf . The sandwich plate has isotropic stretching and
bending stiﬀnesses that can be readily derived. However, the expressions for these stiﬀnesses are algebraically lengthy. They simplify signiﬁcantly if mf ¼ m ¼ 1=3, in which case the plate stretching stiﬀness, S, and
bending stiﬀness, B, under a single component of moment are given by
S ¼ S þ Sf ;

B¼

H 2 S 2 þ Sf2
2 S þ Sf

ð8Þ

The conventional plate bending stiﬀness, deﬁned for curvature in only one direction, is B=ð1  m2 Þ.
Second, consider the sandwich plate with two Kagome truss faces; the core comprises tetragonal truss
units symmetrically positioned with respect to the mid-plane and connected to the face nodes as shown in
Fig. 2b. Eq. (8) applies with Sf denoting the in-plane stiﬀness of the bottom face. If the two faces are
identical, S ¼ 2S and B ¼ H 2 S=2.

6. Long wavelength actuation of Kagome plates
For the plate having one solid face, the Kagome back plane is actuated to achieve the desired shapes
(Figs. 2 and 5). For this case, the Gaussian curvature of the goal shape must be small, otherwise large
actuation forces will be required to overcome stretching. Conversely, for the plate with two truss faces, both
can be actuated to realize arbitrary shapes with no restriction on the Gaussian curvature. The aim is to
achieve speciﬁed non-planar shapes deﬁned by the transverse displacement ﬁeld, w0 ðx1 ; x2 Þ, of the lower face
sheet as closely as possible (Fig. 5). When the desired shape has wavelengths that are long compared to the
length of the truss members, the analysis is elementary. The results will be presented below. The corresponding analysis for shorter wavelengths will be presented in a subsequent paper.
6.1. Relation between member actuation and average in-plane displacements and strains for long wavelength
modes in the two-dimensional Kagome planar truss
Invoke a continuum description of the truss wherein the joints and members are imagined embedded
within a planar membrane. Measure displacements and strains from the reference state of the undeformed
membrane, and denote them in the usual way for a continuum by ua ðxl Þ and eab ¼ ðua;b þ ub;a Þ=2 where the
Greek subscripts range from 1 to 2. The displacement of a truss node coincides with the displacement, ua , of
the membrane at that point, and the extensional strain, e, of a member connecting neighboring nodes I and
J is e ¼ ðua ð~
xI Þ  ua ð~
xJ ÞÞta =L where ta is the unit vector parallel to the member and directed from J to I.
Equivalently, in the long wavelength limit the member strain can be expressed as e ¼ eab ta tb where the strain
is evaluated at the member location. Denote the top Kagome face sheet by the superscript T . Then, an

Fig. 5. Desired shape to be achieved by actuation.
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arbitrary in-plane displacement ﬁeld, uTa , of the truss joints can be achieved by actuation of the members to
undergo the extensional strain described above and derived from uTa , i.e. eT ¼ ðuTa ð~
xI Þ  uTa ð~
xJ ÞÞta =L. Thus,
the Kagome planar truss can be actuated to achieve any long wavelength, in-plane strain ﬁeld,
eTab ¼ ðuTa;b þ uTb;a Þ=2. Relations (4) and (5) can be used to obtain the member actuation strains from eTab . If
the Kagome truss plate had true pin joints, arbitrary member actuation would leave the truss unstressed.
The welded-joint Kagome truss is capable of arbitrary actuation without substantial resistance, while at the
same time being stiﬀ and strong in all directions.
6.2. Actuation of a Kagome-backed truss plate for long wavelength shapes
The combination of qualities noted above make the Kagome truss a unique two-dimensional element for
actuating either of the plate structures shown in Fig. 2. The passive bending behavior of each of the plates is
isotropic and substantial, as is the stretching stiﬀness. Moreover, the sandwich plate has a high resistance to
local buckling. Under the restriction of long wavelength actuation modes, it will be shown that the Kagome
planar truss comprising the top face of the plate can be actuated to achieve any normal deﬂection shape of
the bottom face sheet, provided that the deﬂection slopes are suﬃciently small. As already noted, larger
deﬂections are limited to those shapes for which the Gaussian curvature of the solid face sheet is small. For
the plate having a Kagome planar truss for both faces, this restriction can be removed if both faces are
actuated, as will be discussed in Section 6.3.
Let e0ab be the in-plane strains of the virtual middle surface of the sandwich. Let w0 ðx1 ; x2 Þ be the normal
deﬂection of that surface with j0ab as its curvature tensor, where j0ab ¼ w0;ab . With u0a ðxb Þ as the in-plane
displacements of the virtual middle surface, the in-plane strains are given by
e0ab ¼ 12ðu0a;b þ u0b;a Þ þ 12w0;a w0;b

ð9Þ

The compatibility equation for the middle surface strains is
e011;22 þ e022;11  2e012;12 ¼ G

ð10Þ

02

where G ¼ j12  j011 j022 is the Gaussian curvature of the middle surface. The formulation is limited to the
same restrictions as von Karman nonlinear plate theory: small strains and moderately large out-of-plane
2
rotations such that ju0;a j  1 and jw0;a j  1. For a core with ample shear stiﬀness, the strains in the top and
bottom faces can be expressed in terms of the middle surface strain and curvature using the classical Euler–
Bernoulli hypothesis. This hypothesis states that material points lying on a normal to the undeformed
middle surface remain on the normal to the deformed middle surface. For the top Kagome face this implies
eTab ¼ e0ab  ðH =2Þj0ab

ð11Þ

while for the bottom face (Kagome or solid)
eBab ¼ e0ab þ ðH =2Þj0ab

ð12Þ

Let w0 ðx1 ; x2 Þ be the desired shape of the plate. (Under the present restrictions for which (11) and (12) apply,
both the top and bottom face sheets have the same normal deﬂection as the virtual middle surface.) The
objective is to activate the top Kagome truss sheet to achieve w0 ðx1 ; x2 Þ such that there is no stretching strain
in the bottom face sheet. This ensures that any resistance to actuation is due only to bending and, therefore,
relatively small. Imposing eBab ¼ 0, requires e0ab ¼ ðH =2Þj0ab . Then, by (11), it follows that the top Kagome
truss sheet must be activated such that eTab ¼ H j0ab . Compatibility of the middle surface strains, e0ab , requires that (10) be satisﬁed. Since e0ab ¼ ðH =2Þw0;ab satisﬁes e011;22 þ e022;11  2e012;12 ¼ 0 identically, it follows
from (10) that the choice of shape w0 ðx1 ; x2 Þ must be restricted to have zero Gaussian curvature, that is
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2

G  j12  j011 j022 ¼ w0;12  w0;11 w0;22 ¼ 0. (This condition can be relaxed for suﬃciently small deﬂection slopes,
as will be discussed later.)
Assuming G ¼ 0, the nodal displacements in the top Kagome truss needed to achieve the strains
eTab ¼ H j0ab are uTa ¼ Hw0;a and the elongation (or contraction), DL, of a member with orientation
speciﬁed by the unit vector ta is
DL ¼ HLj0ab ta tb

ð13Þ

As discussed above, this displacement ﬁeld can always be achieved by actuating members of the Kagome
truss plane. Moreover, upon actuating to produce any shape of zero Gaussian curvature there are no induced stresses except those caused by truss bending. Additional loads applied to the sandwich plate induce
both bending and stretching. The members and solid face sheet must be designed to carry those loads. The
work of actuation is that required to displace the applied loads, plus the small internal energy stored in
bending.
2
The condition on w0 that G ¼ j012  j011 j022 ¼ 0 ensures that no stretch energy occurs in the face sheets.
When the slopes of the desired shape, w0;a , are restricted to be suﬃciently small, the Gaussian curvature can
be taken to vanish (since it is quadratic in w0;ab ), and the compatibility equation (10) can be linearized, with
its right hand side vanishing identically. Then, any shape w0 can be achieved by actuating the top Kagome
truss, but some stretching energy will be induced if G 6¼ 0. The practical limits to the linear regime will
depend on energy requirements for actuation and on buckling as well as plastic yielding constraints in the
truss members and the solid face sheet.
6.3. Long wavelength actuation of both faces of a two-faced Kagome truss plate
If members of each face of the two-faced Kagome truss plate in Fig. 2 can be actuated, it is possible to
achieve arbitrary shapes with no restriction on the Gaussian curvature of the desired shape. Given the
desired shape, w0 ðx1 ; x2 Þ, take u0a ¼ ð1=2ÞHw0;a such that, by (9), e0ab ¼ ð1=2ÞHw0;ab þ ð1=2Þw0;a w0;b . (This
choice necessarily satisﬁes (10).) Then, by (11) and (12), the strains that must be attained by actuation in the
top and bottom faces are eTab ¼ H j0ab þ ð1=2Þw0;a w0;b and eBab ¼ ð1=2Þw0;a w0;b , respectively. These strains are
achieved by actuating length changes of the members according to DL ¼ Leab ta tb , as already discussed.
It is worth noting that, as speciﬁed, the scheme is not unique. To prescribe unique actuation of the
members, both the in-plane displacements and the normal deﬂection must be prescribed. If the virtual midplane undergoes displacements (u0a ; w0 ), e0ab is given by (9). Then, by (11) and (12), the face sheets must be
actuated to achieve (u0a ; w0 ) such that
eTab ¼ 12ðu0a;b þ u0b;a Þ  12H j0ab þ 12w0;a w0;b

and

eBab ¼ 12ðu0a;b þ u0b;a Þ þ 12H j0ab þ 12w0;a w0;b

The displacements in the bottom face are (u0a þ ð1=2ÞHw0;a ; w0 ). Thus, if the aim is to activate the top and
bottom face sheets such that the bottom face sheet undergoes displacements (uBa ; wB ), this can be achieved
without incurring stretching energy by substituting w0 ¼ wB and u0a ¼ uBa  ð1=2ÞHw0;a into the expressions
just listed to obtain
1
1
eTab ¼ ðuBa:b þ uBb;a Þ  H jBab þ wB;a wB;b
2
2

and

1
1
eBab ¼ ðuBa:b þ uBb;a Þ þ wB;a wB;b
2
2

ð14Þ

with jBab ¼ wB;ab .
In summary, a plate having actuated Kagome planar trusses for each face can achieve any desired
displacement of the nodes of one of the faces, in-plane and out-of-plane. The resistance to actuation is due
only to truss bending eﬀects. A prescription for shapes having wavelengths that are long compared to the
2
plate thickness is presented. This prescription applies to shapes with moderately large slopes, jw0;a j  1. It
can be extended to shallow shells in a straightforward manner.
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7. Concluding remarks
The Kagome truss has been introduced as an actuating plane into a sandwich plate structure with the
potential for achieving arbitrary non-planar shapes. The primary feature of the weld-jointed Kagome truss
for actuation applications is its ability to deform as an eﬀective medium with arbitrary in-plane strains
against the minimal bending resistance of the joints. Other properties that make it especially eﬀective for
such applications are its isotropic stiﬀness, its substantial, near-isotropic in-plane yield strength, and its
high local buckling strength. The sandwich plate with two Kagome truss faces can be actuated to achieve
arbitrary displacements of the nodes of one face. The plate with only one face as a Kagome truss can be
actuated to deform the solid skin to a desired shape. However, unless the Gaussian curvature of the desired
shape is small, signiﬁcant stretching forces will develop and the energy of actuation will be large.
When the actuation is limited to long wavelength modes surprisingly simple results pertain. Methods are
being developed to cope with actuation into arbitrary shapes, including a detailed assessment of the stresses
produced by both the actuation and by the applied loads to be displaced. Problems related to the potential
for fatigue at welded joints will be addressed. More detailed results on the buckling strength will be
published separately (Hutchinson and Fleck, 2002). Optimization of plates designed for speciﬁc actuation
goals will also be performed in subsequent work.
Finally, we note that it has been possible to fabricate the panels described in Fig. 2 by using a procedure
based on the CNC bending of perforated plates, followed by transient liquid phase bonding of the faces to
the core. Tests on these structures are in progress to aﬃrm the stiﬀness and strength, to ascertain the
bending resistance of welded truss joints, and to establish limits on the realizable deformations imposed by
fatigue.
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