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these deformed states must be made immediately: the surface is almost never homo-
geneously deformed, and the surface can often have regions of self-contact where two
regions initially far from each other are adjacent. The inhomogeneous deformations
lead to the localization of strain and highlight a “rst di�culty in any treatment of
these problems. In addition, contact problems involve a non-local constraint that
complicates the search for solutions of the equations of elasticity which are other-
wise local. Thus, despite the apparent simplicity a�orded by linear elastic behaviour
in these situations, there are but a few cases where analytical progress is possi-
ble; indeed these special cases are con“ned to planar (cylindrical) and axisymmetric
deformations (Antman 1993) which do not involve the additional constraints or free
boundaries associated with contact. Indeed the humble crumpled sheet that is the
result of many a failed calculation is a constant reminder of the di�culties of our
subject, and provides a natural generalization of packing problems, much studied
in discrete geometry and statistical physics, to the realm of continuous objects such
as “laments and sheets. While we are still far from understanding the complexity
manifest in a crumpled sheet, in this paper we address two simple problems that
allow us to understand the fundamental ingredients involved in packing a sheet. We
will limit ourselves to a purely elastic analysis; this assumption would have to be
abandoned in any complete study of large-scale crumpling.

We start with a reminder of the basic physics of deformation of a thin, isotropic,
homogeneous, naturally ”at sheet. In the long-wavelength limit considered here, the
sheet has two primary modes of deformation: out-of-plane bending and in-plane
stretching. Cylindrical bending into a circular arc of curvature κ preserves the middle
surface of a sheet, but causes elementsaway from it to be strained. If the sheet has
a thicknessh, bending deformation produces strains of orderγB � κz at a distance
z along the normal to the middle surface. The elastic energy of pure bending is then
UB �

∫
dz γ2

B � h3. On the other hand, stretching of the middle surface produces
homogeneous strains through the cross-section, so thatUS �

∫
dz γ2

S � h. The total
energy for the elastic surface may then be written as (Rayleigh 1922)

energy = h3(bending) + h(stretching) . (1.1)

Indeed, as Rayleigh and others observed more than 100 years ago,

. . . when the thickness is diminished without limit, the actual displace-
ment will be one of pure bending, if such there be, consistent with the
given conditions.

(Rayleigh 1922, p. 396)

The sting in the last phrase poisons the search for a simple solution, for it refers to
the importance of the boundary conditions. A sheet that is stretched clearly cannot
respond by pure bending. However, one that is compressed does indeed respond by
bending once the buckling threshold has been crossed. But there is another subtlety
associated with arbitrary deformations. Since Gauss, we have known that isometric
transformations leave the Gaussian curvature invariant. Thus, it follows that those
deformations which change the Gaussian curvature cannot be isometric, and therefore
must stretch the surface. Said di�erently, a surface which is curved in two orthogonal
directions has a non-zero Gaussian curvature, and hence must be stretched. Since
this is energetically prohibitively expensive, it follows that when a sheet is crumpled,
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it tries to accommodate the deformations by bending in just one directionalmost
everywhere. However, owing to the nature of the constraint imposed by crumpling,
namely that the sheet must be con“ned within a smaller volume than one that it
originally inhabited, the sheet must deform by stretching in small regions leading to
peaks (Mallock 1908; Ben Amar & Pomeau 1997; Cerda & Mahadevan 1998; Cerdaet
al. 1999) and ridges (Mallock 1908; Witten & Li 1993; Lobkovskyet al. 1995) where
the deformation is highly localized. These structures act as hinges about which the
whole sheet can pivot as it is crumpled and packed.

The standard approach to quantify these packing problems involves solving a set
of partial di�erential equations that couple the bending deformations out of the
plane to the stretching deformations in the plane. For a naturally ”at sheet, these
equations are commonly known as the F¨oppl…von Karman equations (Landau &
Lifshitz 1997). They are only valid for small to moderate deformations, de“ned as
those where the displacements are of the order of a few times the thickness of the
sheet, but much smaller than the system size. Since this is insu�cient for the large
deformation problems considered here, we will eschew this approach. Instead, we
start from the observation that a crumpled surface is isometric to a ”at sheet almost
everywhere. Di�erential geometry teaches us that these piecewise isometric surfaces
to the plane, i.e. developable surfaces must be one of the following: perfectly ”at,
cylinders, cones or tangent developables (Struik 1988). Motivated by this, we will
consider the simplest packing problems involving a sheet: the con“nement of a cir-
cular cylindrical shell inside a rigid tube with a diameter smaller than that of the
shell, and the conical con“nement of a ”at sheet inside a rigid conical or cylindrical
container (such as a funnel). In each case, we analyse the free-boundary problems to
determine the shape of the con“ned sheet which is in partial contact with the rigid
con“ning boundary, and then consider its response and stability.

In §2 we start with a description of the geometry and kinematics of deformation.
In §3, we consider constrained cylindrical deformations of sheets as our “rst example.
This allows us to look at the two-dimensional analogue of crumpling which has one
simplifying feature„the deformations are always smooth. We consider the simple
packing of a cylindrical sheet into a slightly smaller cylindrical drum; the result is a
region over which the sheet loses contact with the drum, leading to a free-boundary
problem paradigmatic of constrained crumpling. This is analysed in terms of the
classicalElastica of Euler, accounting for large cylindrical deformations of a sheet,
or, equivalently, arbitrary planar deformations of a rod. In §4, we focus on the case
of constrained conical deformations of a sheet with a singularity at the vertex of
the cone. These deformations are necessarily three dimensional, but we show that
under fairly general assumptions it is possible to get an essentially exact description
of these deformations using a one-dimensional equation of equilibrium. This leads to
one of our main results: arbitrary large conical deformations of a sheet can also be
described in terms of the classicalElastica using an appropriate coordinate system.
In a sense, we should expect this, since conical deformations involve deformations
in only one direction, i.e. one of the principal curvatures of the sheet vanishes. In
terms of the Elastica we then consider the conical packing of a sheet that is forced
into a cylinder frame (Cerda & Mahadevan 1998; Cerdaet al. 1999) and analyse the
resulting free-boundary problem for the so-called conical dislocation that is one of
the main ingredients of crumpled sheet. Finally, in §5 we close with a discussion of
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Figure 1. Components of the forces Nij , Qij and moments mij along the oriented sections
de“ned by the coordinate curves α2 = const . and α1 = const .

how our approach may be used as a possible means of unravelling the complexity of
crumpled continua.

2. Geometrical and mechanical description of an inextensible surface

The middle surface of an inextensible sheet preserves its length in any direction. In
di�erential geometry this is equivalent to the statement that its “rst fundamental
form is invariant under this class of deformations. More precisely, if the surface is
described by the parametrization r(α1, α2), with α1 and α2 being the Lagrangian
coordinates of a material point of the middle surface, the metric tensor

gij = ∂� ir · ∂� jr, i, j = 1 , 2, (2.1)

is constant. It follows that any geometrical quantity which is a function only of
the metric tensor will be an invariant of the deformation. One of the most famous
examples of such a quantity is embodied in Gauss•s •Theorema Egregium• (Kreyszig
1991; Struik 1988); since the Gaussian curvature can be expressed purely in terms of
the metric tensor, it is also an invariant of inextensible surfaces. Thus, if a naturally
”at surface with zero Gaussian curvature is deformed inextensibly, its “nal state
will also have zero Gaussian curvature. Then, the curvature in at least one of the
principal directions at every point is always zero. Assuming that the deformations
are continuous and di�erentiable, this leads to the conclusion that through every
point one of the lines of curvature is a straight line. These lines are called generators,
and a visualization of their presence is a�orded in a bent transparency in ambient
light which re”ects strongly o� the straight generators.

For any such an isometric deformation, we must augment the previous geometrical
description with a statement about the equilibrium of forces and moments to describe
a physical sheet. We will denote the tangent to the lineα2 = const . ast1, the tangent
to the line α1 = const . as t2 and the normal to the surface asn, i.e. (∂� i = ∂/∂αi ):

t1 =
∂� 1r

g
1/ 2
11

, t2 =
∂� 2r

g
1/ 2
22

, n = t1 × t2. (2.2)

Here α2 = const . and α1 = const . de“ne a local orthogonal coordinate system.
Consider the force per unit length at a cross-section de“ned by the curvilinear

coordinate α2 = const . Since the normal to the cross-section lies alongt2, we denote
the force F2, following the convention introduced by Reissner (1941). This force can
be resolved into its orthogonal components (see “gure 1)

F2 = N21t1 + N22t2 + Q2n. (2.3)
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Figure 2. Forces F and moments M on an in“nitesimal segment de“ned by the intersection of
the coordinate curves α1 = const ., α2 = const ., α1 + d α1 = const . and α2 + d α2 = const .

Similarly, the force per unit length at a cross-section de“ned by the coordinateα1 =
const. is

F1 = N11t1 + N12t2 + Q1n. (2.4)

Here N11, N22 are the in-plane tensile stress resultants, whileN12, N21 are the in-
plane shear resultants, andQ1, Q2 are the out-of-plane stress resultants. In general,
N12 �= N21 since they correspond to forces on di�erent elemental areas. If in addition,
we denote the force per unit area asK, the equations of force equilibrium deduced
from “gure 2 lead to

Š F2 ds1|( � 1,� 2) + F2 ds1|( � 1,� 2+d � 2)

Š F1 ds2|( � 1,� 2) + F1 ds2|( � 1+d � 1,� 2) + K|( � 1,� 2) dA = 0 . (2.5)

Here ds1 = A1 dα1 is the arc length in the t1-direction and A1 = g
1/ 2
11 . Similarly,

ds2 = A2 dα2, where A2 = g
1/ 2
22 , and dA is the element of area:

dA = (det g)1/ 2 dα1 dα2 = A1A2 dα1 dα2.

Next, we de“ne M2 as the couple per unit of length of the middle surface
parametrized by the coordinate α2 = const . Since it is generated by a variation
of the stress in then-direction, it may be written as (see “gure 1)

M2 = n × (m21t1 + m22t2). (2.6)

Here m11, m22 are the bending torque resultants, whilem12, m21 are the twisting
torque resultants. Similarly, we de“ne M1 as the couple per unit of length of the mid-
dle surface parametrized by the coordinateα1 = const . Resolving it into components,
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we write
M1 = n × (m11t1 + m12t2). (2.7)

The balance of torques may then be deduced from “gure 2 and leads to

Š M2 ds1|( � 1,� 2) + M2 ds1|( � 1,� 2+d � 2) Š M1 ds2|( � 1,� 2)

+ M1 ds2|( � 1+d � 1,� 2) ds2t2 × F2 ds1|( � 1,� 2+d � 2) + d s1t1 × F1 ds2|( � 1+d � 1,� 2) = 0.

(2.8)

Rewriting equations (2.5) and (2.8) to re”ect the local equations of force and torque
equilibrium yields

∂� 1(A2F1) + ∂� 2(A1F2) + A1A2K = 0,

∂� 1(A2M1) + ∂� 2(A1M2) + A1A2(t1 × F1 + t2 × F2) = 0.

}
(2.9)

Then (2.9) constitutes a set of six di�erential equations for the ten unknowns cor-
responding to the six force and four torque components at any point on the middle
surface of the sheet. To close the system, we need some constitutive relations that
relate to the physical response of the material of the sheet.

Towards this end, we recall the fundamental theorem in the di�erential geometry
of surfaces which states that the “rst and second fundamental forms of a surface
completely de“ne it up to rigid-body motions (Struik 1988). The “rst fundamental
form is a scalar de“ned in terms of the components of the metric tensorgij , while
the components of the second fundamental form can similarly be de“ned in terms of
the curvature tensor

bij = Šn · ∂� i∂� jr. (2.10)

In terms of the coe�cients of the curvature and metric tensors, we can de“ne κ1 =
b11/g11 as the normal curvature along t1, κ2 = b22/g22 as the normal curvature
along the t2-direction, and τ = b12/(g11g22)1/ 2 as the geodesic torsion or twist of the
surface.

We pause to consider our sign convention, which is consistent with that of classical
shell theory (Reissner 1941; Dym 1990) but di�erent from that of classical di�erential
geometry (Kreyszig 1991; Struik 1988). Couples are considered positive when they
have the same sign as couples resulting from positive stresses on the part of the shell
above the middle surface, where above and below is de“ned by the orientation of the
normal. Furthermore, we de“ne a positive curvature when the centre of curvature
is below the middle surface and a positive twist when the linesα1 = const . rotate
clockwise about the axis de“ned byt1.

When the surface is deformed inextensibly, the “rst fundamental form is preserved
but the second fundamental form (and therefore the curvature) varies. At the lowest
order the constitutive relations relating the couples and curvatures for a naturally
”at sheet are (Love 1944; Dym 1990)

m11 = B(κ1 + σκ2), m22 = B(κ2 + σκ1), m12 = m21 = B(1 Š σ)τ, (2.11)

where σ is Poisson•s ratio of the material of the sheet,B = Eh3/12(1Š σ2) is the
bending sti�ness and E is the Young modulus of the sheet. At this order of approx-
imation the couples m12 = m21 but it is not true generally for thick shells; higher-
order constitutive relations can be found in Love (1944, pp. 565).
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Figure 3. Schematic of a puckered cylinder. (a) Puckering of a cylindrical surface of radius R
into another of smaller radius b. The puckering can be described by using a two-dimensional
geometry, so that the deformation is given by the vector v(s) = ( v1(s), v2(s)). ( b) De“nition of
the trihedron {t1, t2, n}.

To complete the formulation of the problem, we note that the curvature and metric
tensors must satisfy a set of compatibility relations known as the Gauss…Codazzi
relations, which are (Kreyszig 1991; Struik 1988)

∂� 2b11 Š ∂� 1b12 = b11Γ
1
12 + b12(Γ 2

22 Š Γ 1
11) Š b22Γ

2
11,

∂� 2b12 Š ∂� 1b22 = b11Γ
1
22 + b12(Γ 2

22 Š Γ 1
12) Š b22Γ

2
12,

det g
det b

=
1

det g

(
∂� 1

(
det gΓ 1

22

g22

)
Š ∂� 2

(
det gΓ 1

12

g22

))
,

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(2.12)

where Γ k
ij = ∂� i∂� jr · ∂� k

r are the Christo�el symbols which may be expressed
purely in terms of the components of the metric tensor, i.e. they are invariant for
isometric deformations.

Substituting the relations (2.11) into (2.9) leads to the elimination of the moments
in favour of the components of the “rst and second fundamental formsbij , gij .
Since we are interested in inextensible deformations,gij are invariant. Then, the
determination of the shape of the surface and the forces on it requires that we
determine the three coe�cients of the second fundamental form bij and the six
unknown forcesN11, N22, N12, N21, Q1, Q2, i.e. a total of nine unknowns. And we
have exactly the right number of equations: the six equations of equilibrium (2.9)
and the three relations of Gauss…Codazzi (2.12). Of course, these equations must be
supplemented by appropriate boundary condition on some combination of the stress
and couple resultants and/or the displacements. In the following sections we will
consider two concrete examples that apply the preceding equations to the packing of
a naturally ”at sheet into a slightly smaller cylindrical drum via either cylindrically
or conically deformed sheets.

3. The puckered cylinder

(a) Geometry

We consider a very long sheet rolled into the shape of a circular cylinder of radiusR.
The lateral ends of the sheet are glued to each other, and the resulting long cylindrical
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sheet is then introduced into a cylinder of radiusb < R as shown in “gure 3. The
excess length of the sheet causes it to pucker with a natural dimensionless control
parameter to describe the packing in this system given by

ε2 =
(R Š b)

b
. (3.1)

Assuming that the deformation of the sheet is cylindrical, the position vector describ-
ing the sheet can be written as

r(s, z) = v(s) + ze3, (3.2)

where v(s) = v1(s)e1 + v2(s)e2, s is the arc length of the two-dimensional curve
de“ned by v(s) and z is the length along the axis of the cylinder (see “gure 3a). We
observe that this class of one-dimensional deformations automatically satis“es the
Gauss…Codazzi relations (2.12).

The metric tensor associated with this deformation isgss = 1, gsz = 0, gzz = 1,
and the orthonormal vector triad describing the surface is

t1 = t, t2 = e3, n = t × e3. (3.3)

Here t = ∂sv is the tangent and n is the oriented normal to the planar curve that
completely describes the cylindrical sheet. In terms of the angleφ between t and
the horizontal (“gure 3 b), we have t = cosφe1 + sin φe2 and n = sin φe1 Š cosφe2.
The components of the curvature tensor are given bybss = κ, bzz = bsz = 0, where
κ = Šn · ∂st = �φ is the curvature of the planar curve shown in “gure 3. Here
and elsewhere, we use the notation�(·) � ∂s(·). The lines z = const . and s = const .
are the lines of curvature for all possible deformations, so that the geodesic torsion
τ = 0 identically. Therefore, msz = mzs = 0. Since the normal curvature along the
line s = const . is zero, mss = Bκ, mzz = Bσκ. Finally, torque equilibrium in the
n-direction yields Nsz = Nzs . Here we see an example where the local torques and
forces are symmetric.

(b) Mechanical equilibrium

In the absence of any frictional interactions with the con“ning cylinder the external
force must be along the normal so thatK = Škn (k > 0). For a very long cylinder,
we may safely neglect any variations along the axial directione3, so that ∂(·)/∂z = 0
in (2.9). Then, we need to consider just the projection of the equations of force and
torque equilibrium on a plane perpendicular to the cylinder axis:•

∂sF + K = 0,

∂sM + t × F = 0.

}
(3.4)

Here the local force resultant at a cross-section isF = Nsst + Qsn and the torque
resultant is M = mssn× t = Bκe3. The equations (3.4) then correspond to those for
the equilibrium of elastic rods and their analysis is now classical (Landau & Lifshitz
1997).

• The other components of the forces and couples can be determined by using the remaining equations,
but they will be sensitive to the forces and couples applied at the lateral ends of the cylinder.
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(c) Global force balance

Writing out the equilibrium equations (3.4) in component form yields the relations

∂sNss + κQs = 0 , (3.5)

∂sQs Š κNss = k(s), (3.6)

B �κ = Qs. (3.7)

The “rst two correspond to force balance in the tangential and normal directions,
while the last equation is a consequence of torque equilibrium. By using the relation
(3.7) in (3.5) we can integrate it once so that Nss + Bκ2/2 = ŠBa2, where a2 is a
constant of integration. Substituting the result in equation (3.6) yields

B[κ̈ + ( a2 + 1
2κ2)κ] = k(s), (3.8)

which, together with appropriate boundary conditions, describes the equilibrium
shape of theElastica of Euler. For the con“ned cylindrical sheet shown in “gure 3,
the radius of curvature is constant and equal to the radius of the external cylinder
κ = 1/b in the region where the sheet is in contact with the rigid cylinder. Therefore,
it follows from (3.8) that k = kc = const . in this region. Furthermore, in the contact
region �κ = 0 so that (3.7) implies Qs = 0 and (3.6) implies Nss = Šbkc, i.e. the sheet
is under purely normal compression due to con“nement.

To characterize the free region, we de“nes = 0 as the generator at the centre of
the fold. Solving (3.8) with k(s) = 0 by looking for an even function of the arc length
s yields

κ = κ1 cn((a2 + 1
2κ2

1)1/ 2s | m), (3.9)

where κ1 is the curvature at s = 0 and m = κ2
1/(4a2 + 2κ2

1) is the modulus of the
cnoidal Jacobi elliptic function, cn(· | ·).

To determine the forces along the contact line, we consider the conditions imposed
by global force balance. The total force on the right half of the cylinder is given by

Wright =
∫ �R

sc

ds(Škcn), (3.10)

where sc is the arc length at the contact line measured from the intersection of
the sheet with the axis of symmetry. Sinceφ = θ the polar angle and �θ = 1/b for
sc < s < π, we get

Wright = Šbkc((1 + cos θc)e1 + sin θce2), (3.11)

where θc = θ(sc). Similarly the force applied on the left half of the cylinder can be
readily obtained as

Wleft = Šbkc(Š(1 + cos θc)e1 + sin θce2).

We see that there is an unbalanced external force of magnitudeŠbkc sinθc on each
half that acts along the plane of symmetry. To satisfy force equilibrium, localized
forces must be applied at the contact lines to balance the force from the rest of sheet,
i.e. we must have ∫ s+

c

s−
c

ds e2 · Kl Š bkc sinθc = 0 , (3.12)
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where s±
c = sc ± η, η � 0, and Kl is the localized contribution to the body force

in the neighbourhood of the contact point. Letting Kl = Šχδ(s Š sc)n, we get
χ = bkc tan θc. The total body force K is the sum of the uniform normal pressure
over the contact zone and the localized force along the contact line i.e.

K = Škc(1 + b tan θcδ(|s| Š sc))n, |s| � sc. (3.13)

Here the form of K is dictated by symmetry. The localized external forces produce
a discontinuity in the internal shear forces in the sheet at the contact line. We can
see this by integrating the “rst equation in (3.4) in the neighbourhood of the contact
line, so that

F+ Š F− +
∫ s+

c

s−
c

dsK = 0 , (3.14)

where F± = F (sc ± η). Using the expression forK from (3.13) in (3.14), we “nd
that the force in the free region is F = Š(bkc/ cosθc)e1. Therefore, for the entire
sheet we may write

F =

⎧⎨
⎩

Šbkct if |s| > sc,

Š
bkc

cosθc
e1 if |s| < sc.

(d) Small-de”ection analysis

We now turn to the determination of the unknown parameters kc, sc and θc which
determine the contact forces and the location of the free boundaries. The excess
length of the sheet relatessc and θc via the equation

sc Š bθc = π(R Š b) = πbε2. (3.15)

The continuity of φ and the curvature �φ across the contact line which follow by
integrating the equation of equilibrium (3.8) yield φ(sc) = θc and �φ(sc) = 1 /b, i.e.∫ sc

0
ds κ = θc, (3.16)

κ(sc) =
1
b
. (3.17)

The condition that the sheet, and therefore the curve which is its projection onto
a plane perpendicular to its axis, is closed requires that the total projection of the
curve along thee1 is zero. Because �v1 = cosφ, we can write this condition as∫ �R

0
ds cosφ = 0 . (3.18)

Finally, evaluating (3.8) away from the point s = sc yields an expression for the
dimensionless con“ning force:

(ba)2 + 1
2 =

b3kc

B
. (3.19)

Before solving the system (3.8), (3.15)…(3.19) for the geometry of the puckered
cylinder, we provide a scaling analysis of this system whenε � 1, θc � 1. Then the
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Figure 4. Geometry of the fold. The inextensibility constraint yields√
ξ2 + ( bθc)2 − bθc ∼ πbε2 for the excess of length.
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vertical displacement of the fold ξ (see “gure 4) and the excess lengthsc given by
(3.15) are then related by the geometrical equation

sc Š bθc �
√

ξ2 + ( bθc)2 Š bθc

�
ξ2

bθc
. (3.20)

Comparing (3.15) with (3.20), we “nd that ξ2/bθc � bε2. Furthermore, since the
curvature of the fold in the vicinity of the contact point κ � ξ/(bθc)2 must be the
curvature of the con“ning cylinder, we have ξ/(bθc)2 � 1/b. From these two relations
we “nd scaling laws for the displacementξ � bε4/ 3, the contact angle θc � ε2/ 3 and
the arc length of the fold sc � bθc � bε2/ 3.

To estimate the internal forces, we consider moments about the positions = 0.
The internal moment M � B/b must be balanced by the torque due to the reaction
forces at the contact point M � bkcξ. Therefore, the dimensionless compressive force
due to the con“ning cylinder scales as

b3kc

B
�

b

ξ
� ε−4/ 3. (3.21)

We see that asε � 0, the required compressive stress to stabilize the fold diverges.
This divergence is cut-o� when the size of the fold becomes comparable to the thick-
ness of the sheet, as our simple one-dimensional theory accounting for bending alone
is not valid in this limit.
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(e) Large-de”ection analysis

To corroborate our scaling analyses and extend our results to the case when the
packing parameterε is not small, we solve the system (3.8), (3.15)…(3.19) numerically.
In “gure 5 we show the dependence ofθc and b3kc/B on ε and see that our scaling
estimates from the previous section are valid whenε � 1. However, asε becomes
larger, we see that the dimensionless forceb3kc/B decreases and eventually vanishes
when ε � 0.48. Thus the sheet needs adhesive forces to guarantee equilibrium when
ε � 0.48 and suggests that the system with a single symmetric fold is unstable when
ε � 0.48. The mechanism of the instability becomes obvious when we notice that
θc = π/2 for ε � 0.48, i.e. it is impossible to balance forces in thee2-direction by
using only localized external forces along the lines of contact. Thus, we expect to
see the development of possibly asymmetric folds to stabilize the system beyond this
point, a subject worthy of study but one that we shall not pursue here.

4. The puckered cone

The three-dimensional analogue of packing a planar curve into a circle (or equiva-
lently of packing a cylindrically deformed sheet into a slightly smaller cylinder as
treated in the previous section) is the packing of a sheet into a sphere. However, the
latter problem is far more di�cult than one might “rst imagine owing to the strong
constraints imposed by geometry and the contact conditions. Here we will consider
the somewhat simpler situation of packing a sheet into an open cylindrical frame
which can be achieved via a conically deformed shape much like a co�ee “lter paper
as depicted in “gure 6a, a geometry “rst studied nearly a century ago by Mallock
(1908), who pointed out the importance of inextensible conical deformations. More
recently (Cerda & Mahadevan 1998; Cerdaet al. 1999) we showed that this geome-
try is amenable to analysis and experiment. Here, we revisit this problem and show
that it is possible to reduce the fully nonlinear problem to quadratures allowing us
to examine the solutions in some detail.

(a) Geometry

When a circular sheet of paper of radiusRp is pushed into a cylindrical frame
of radius R by applying a centred transverse force directed along the axis of the
cylinder, as shown in “gure 6a, it responds by buckling out of the plane to form a
non-axisymmetric conical surface that is only in partial contact with the frame. The
e�ectiveness of packing is controlled by the axial distanced through which the tip
is pushed into the frame, and de“nes a dimensionless packing parameterε = d/R.
Geometrically, the surface may be described by a family of generators originating
at the centre of the sheet, with the angleβ between a generator and the vectore3
characterizing the normal to the plane of the supporting frame. When

cot βc = ε (4.1)

the generators are in contact with the frame and the shape of the sheet is a cone
of opening angleβc.• Of course, this conical shape only describes part of the sheet,

• In the following all the variables evaluated along the contact region will carry the subscript ‘c’.
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Figure 6. Schematic of a puckered cone. (a) An axial force at the centre of the plate makes it
buckle into a conical shape with one fold. The normal forces K act along the line of contact
between the cone and the cylindrical frame. (b) The angles θ and β with respect to an Eulerian
frame and the moving orthonormal trihedron {t, u, n} characterize the surface.

since all the generators cannot satisfy (4.1) without violating the inextensibility
condition. The non-axisymmetric conical shape shown in “gure 6a is therefore a
natural outcome of respecting the constraint of inextensibility almost everywhere,
except in the vicinity of the tip. In addition to forming a simple system in which to
study the packing problem of a sheet, this example thus a�ords the simplest example
of stress, strain and energy localization occurring in the vicinity of a point, namely
the centre of the sheet.

The most general description of a conical shape is given by the parametrization

r(s, r) = ru(s), (4.2)

wherer is the distance from the origin located at the tip, u(s) is a unit vector, and s
is the arc length of the curve (see “gure 6b) measured from the position of maximum
elevation of the fold. The motion of u(s) describes a curveC in space. Since the total
length of this curve surrounding the tip is invariant under inextensible deformations,
a circular curve with initial length 2 π (at an initial radius r = 1) will not change its
length. Therefore, the surface de“ned by the locus of the straight lineru(s) will be
a developable surface. The metric tensor associated with this class of deformations
has componentsgss = r2, gsr = 0 and grr = 1 and remains constant. To describe the
surface, we use a moving orthonormal trihedron (equivalent to therepère mobile of
Cartan)

t1 = t, t2 = u, n = t × u. (4.3)

Here t is the tangent vector to the curve C, and t and n are in a plane perpendicular
to u. To parametrize the vectorst, u, n while emphasizing the correspondence with
the packing problem treated in §3, we use the vectorse� and n� = u × e� , which
span the plane containingt and n, as shown in “gure 6, with φ(s) being the angle
betweent and e� . Then

t = cosφe� + sin φn� ,

n = sin φe� Š cosφn� .

}
(4.4)
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In terms of spherical coordinates we may writeu as

u(s) = sin β cosθe1 + sin β sinθe2 + cosβe3

= sin βe� + cosβe3, (4.5)

where e� = cos θe1 + sin θe2 is the radius vector in the horizontal plane containing
the cylindrical frame and β = β(s) and θ = θ(s). Di�erentiating (4.5) yields

∂su = t = cosβ �βe� + sin β �θe� Š �β sinβe3 (4.6)

in terms of the trihedron { e� , e� , e3} . Comparing the result with the “rst of relations
(4.4) yields the relations

�θ =
cosφ
sinβ

, (4.7)

�β = Š sinφ. (4.8)

There remains the issue of describing the deformation itself in terms of the curvature
of the surface. The only non-zero element of the curvature tensor for the deformation
is bss = Šrn · ∂st; the other componentsbsr = brr = 0. Thus, the normal curvature
of the surface is

bss

gss
= Šn ·

∂st

r
=

κ

r
,

whereκ is de“ned as the curvature of the surface at unit distance from the tip. Using
(4.4), (4.7) and (4.8), we obtain the following equation for the angleφ:

�φ = κ Š cot β cosφ. (4.9)

The kinematic relations (4.7)…(4.9) are equivalent to the Frenet formulae for the
geometrical description of curves (Kreyszig 1991; Struik 1988). Indeed, transposing
the fundamental theorem of planar curves to our case, we assert that, onceκ(s) is
known, the conical shape is completely determined by (4.7)…(4.9) up to rigid-body
motions.

(b) Mechanical equilibrium

Specializing the equations of equilibrium (2.9) for the conical geometry described
in the previous section, we “nd that

∂sFs + ∂r (rFr ) + rK = 0, (4.10)

∂sMs + ∂r (rMr ) + r(t × Fs + u × Fr ) = 0. (4.11)

These equations are closed once the constitutive relations for the torques given by
(2.11) are known. HereMs = Bκn × t/r and Mr = Bσκn × u/r.

To make further progress, we resolve the forces and torques along the orthonormal
trihedron { t,u,n} . Using the relations ∂st = Šκn Š u, ∂su = t and ∂sn = κt, we
write the force balance equation (4.10) in component form as

∂sNss + κQs = 0 ,

∂r (rNrr ) Š Nss = 0 ,

∂sQs + ∂r (rQr ) Š κNss Š rk(s, r) = 0 .

⎫⎪⎬
⎪⎭ (4.12)
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Here we have assumed that the external forceK = Škn with k > 0, denoting the
reaction from the cylindrical frame, i.e. we ignore any frictional interactions with
the frame. Similarly, the equation for the balance of torques (4.11) can be written in
component form as

Qs = B
�κ
r2 ,

Qr = ŠB
κ

r2 .

⎫⎪⎬
⎪⎭ (4.13)

We observe that equations (4.12) and (4.13) are the natural generalizations of (3.5)…
(3.7) to the case of conical deformations. Substituting the expressions for the shear
forcesQs, Qr from (4.13) into the “rst two equations in (4.12) and integrating, we
get

Nss = ŠB

(
κ2

2r2 + ψ′(r)
)

, (4.14)

Nrr = B

(
κ2

2r2 Š
ψ(r) + ϕ(s)

r

)
, (4.15)

where ψ′ = d ψ/dr and ψ(r) and ϕ(s) are two as yet unknown functions. A similar
elimination of Qr , Qs and Nss in the third equation of (4.12) yields

B[κ̈ + (1 + r2ψ′(r) + 1
2κ2)κ] = r3k(s, r) (4.16)

for the curvature κ(s). The deformed surface is perfectly conical over the region of
contact, where κ = const . In the region where the surface is free,k = 0 so that
(4.16) has a solution only when 1 +r2ψ′(r) = a2 = const ., and the equation for the
curvature κ(s) is then

κ̈ + ( a2 + 1
2κ2)κ = 0 . (4.17)

We note that equation (4.16) is completely analogous to (3.8) for the con“ned cylin-
der considered in§3, but here it describes the inextensible conical deformations of
an elastic sheet. Furthermore (4.17) is exactly the equation for the classical planar
Elastica. The nature of the mathematical analogy that relates conical and cylindri-
cal deformations of thin elastic sheets suggests the following conjecture in higher
dimensions: while the kinematic constraints that describe inextensible surfaces will
necessarily vary according to the dimension of the manifold and its embedding, the
hypersurface which generates isometric embeddings and minimizes the squared cur-
vature always satis“es theElastica equation (4.17).

(c) Global force and torque balance

For the case of conical deformations, sinceψ′(r) = Š(1 Š a2)/r2, we have ψ =
Š(a2 Š 1)/r.• Substituting into (4.14), (4.15), we can deduce the in-plane stresses

Nss = Š
B

2r2 (κ2 + 2( a2 Š 1)), (4.18)

Nrr =
B

2r2 (κ2 + 2( a2 Š 1))
(

1 Š
r

Rp

)
. (4.19)

• The constant of integration can be absorbed in the definition of the function ϕ(s).
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Here ϕ(s) is determined by the boundary condition that the radial stresses vanish
at the boundary of the sheet, i.e.Nrr (r = Rp) = 0. As we will show later ( §4g (i))
a2 Š 1 > 0 for the case of moderate de”ections so that the sheet is under compression
in the azimuthal direction and under tension in the radial direction, i.e. Nss < 0,
Nrr > 0.

(d) Forces in the contact region

Although the solution to (4.17) yields the complete geometry of developable conical
surfaces, the surfaces are not uniquely determined unless a self-equilibrated system of
forces compatible with (4.16) is prescribed. Along the region of the surface in contact
with the cylindrical frame, the externally applied normal force k(s, r) = kc(r) must
be independent of the arc length because of translational symmetry along the line
r = const . However, this result is inconsistent with global torque balance. The torque
due to the contact forces on the right side• with respect to the tip of the cone is
given by

Tright =
∫

right
dA ru × K = Š

∫ �

sc

ds t

∫ Rp

0
dr r2kc(r). (4.20)

In the region where the surface is in contact with the cylindrical frame, φ = 0, so
that t = e� and n = n� . A change of variable from the arc lengths to the angle θ
allows us to rewrite the previous relation as

Tright = sin βc(sin θce2 + (1 Š cosθc)e1)
∫ Rp

0
dr r2kc(r). (4.21)

A similar calculation for the contact forces on the left side gives

Tleft = sin βc(sin θce2 Š (1 Š cosθc)e1)
∫ Rp

0
dr r2kc(r). (4.22)

Adding both contributions, we see that the sum does not vanish unless an additional
component in the e2-direction is accounted for. Thus a localized external force is
needed at the pointss = ± sc, where the sheet just contacts the frame. Its magnitude
may be determined by requiring the balance of torques, i.e.∫ s+

c

s−
c

ds

∫ Rp

0
dr re2 · (ru × K) + sin βc sinθc

∫ Rp

0
dr r2kc(r) = 0 , (4.23)

where s±
c = sc ± η, η � 0. Writing the localized force at the contact points

K = Šχδ(s Š sc)n, where δ(s) is the usual Dirac delta function, we “nd that
χ = kc sinβc tan θc and “nally

K = Škc(r)(1 + sin βc tan θcδ(|s| Š sc))n, |s| � sc. (4.24)

We observe that the contact force on the cone (4.24) is completely analogous to the
formula for the contact forces on the puckered cylinder (3.13). Heres is the scaled
length and is thus dimensionless.

• The right side is defined as the region of points with positive coordinate along the e2-direction.
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(e) Force at the tip

The determination of the function kc(r) and hence the value of the total force
applied at the tip can be carried out easily for the case of a conical sheet in contact
with a conical frame with a constant opening angleβc, since in this case the externally
applied force is discontinuous along two radial liness = ± sc, but not elsewhere.
Evaluating (4.16) for this case gives

kc(r) = B

(
a2 +

κ2
c

2

)
κc

r3 , (4.25)

where κc is the curvature along the contact region. Then the total external force
is given by integrating (4.24) over the contact region. In the experiments to be
discussed later, a ”at sheet is pushed into a cylindrical frame (Cerdaet al. 1999;
Cerda & Mahadevan 1998; Chaieb & Melo 1998), leading to a localized distribution
of externally applied forces along the line of contact, rather than along an area of
contact. To circumvent dealing with the resulting singular distribution of external
forces, we use a simpler de“nition for the averaged force

F =
∂ �U
∂d

=
1
R

∂ �U
∂ε

, (4.26)

where �U is the total elastic energy of the puckered sheet in contact with the cylindrical
frame. Assuming that the energy of a sheet in contact with a cylindrical frame is
approximately equal to the energy U of a sheet in contact with a conical frame
(equivalent to an averaging procedure in the radial direction) �U � U .

To determine the relation between the contact forces and the variation of the
elastic energy, we use the principle of virtual work which states that

δU =
∫

A
r dr dsK · δr, (4.27)

where the domain of integration is the entire surface,A, of the cone. BecauseK =
Škn and is di�erent from zero only in the contact region, the contribution to the
integral arises from terms of the formn · δr = rδβc. Substituting for K from (4.24)
into (4.27) leads to

∂U

∂ε
= 2 sin2 βc(π Š sc + sin βc tan θc)

∫ Rp

0
dr r2kc(r). (4.28)

Here, the independent variableδβc has been replaced byδε in light of (4.1), and kc
is given by equation (4.25). Finally, in light of the geometrical identities

κc = ε, sinβc(π Š θc) = ( π Š sc), sinβc =
1

(1 + ε2)1/ 2
,

we may write

F =
1
R

∂ �U
∂ε

=
B

R
ln

Rp

R∗

2ε(a2 + 1
2ε2)

(1 + ε2)3/ 2
(π Š θc + tan θc). (4.29)

The parameter R∗ denotes the size of the core region near the tipr = 0, where
the inextensible approximation is invalid owing to the e�ects of double curvature
which induces stretching deformations. A detailed analysis of this region is beyond
the scope of this paper; later on, we shall present a simple scaling argument for its
size, consistent with earlier experiments.
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(f ) Small-de”ection analysis

(i) The de”ection of the fold

When ε � 1, the angle α = 1
2π Š β � O(ε), and the sheet de”ection is small.

Furthermore, the angle of rotation φ � 1 and (4.8) and (4.9) show that �α � φ, so
that the curvature κ yields the following di�erential equation for the de”ection α:

κ = α̈ + α. (4.30)

In this limit, (4.17) for the Elastica reduces to

κ̈ + a2κ = 0 . (4.31)

To account for the possibility that the conical solution has several folds in di�erent
positions, we “rst solve (4.31) without choosing a speci“c origin for the arc-length
coordinate s. If there is no contact between the angless1 < s < s2, the general
solution to (4.31) is κ = A cosa(s Š s0) + B sina(s Š s0) where s0, the fold location
is de“ned ass0 = ( s2 + s1)/2. The distance from s0 to the contact point s2 is then
sc = s2 Š s0, so that s2 = s0 + sc and s1 = s0 Š sc. Because the sheet cannot
sustain localized (point) torques in the absence of adhesive forces with the frame,
the curvature is continuous at the contact points, and κ(s1) = κ(s2) = κc. Matching
the solution of the free region with the perfectly conical region we “nd that

κ = ε
cosa(s Š s0)

cosasc
. (4.32)

The above equation de“nes a two-parameter family of solutions characterized by
the number of folds and their amplitude, once the total de”ection angle ε is given.
To determine the shape of the sheet, we solve the approximate equation (4.30) and
enforce continuity of the function α and its “rst and second derivatives at the contact
points. Using α(s1) = α(s2) = ε and �α(s1) = �α(s2) = 0 yields the solution

α = ε

(
sinsc cosa(s Š s0) Š a sinasc cos(s Š s0)

sinsc cosasc Š a sinasc cossc

)
(4.33)

subject to the constraint of continuity of the azimuthal curvature, i.e. the second
derivative, at the contact point given by

a tan sc = tan asc. (4.34)

The condition (4.34) can be rewritten, by using the variable x = asc, as

tan sc

sc
=

tan x

x
. (4.35)

This relation de“nes a single-valued functionsc(x) for 0 < sc < π (see the appendix),
and de“nes the “rst condition that determines the shape of the sheet.

A second condition is given by the requirement that the surface is continuous when
the arc length s varies from 0 to 2π. At the lowest order (4.7) gives

�θ �
1 Š 1

2φ2

1 Š 1
2α2

� 1 Š 1
2 (α2 Š �α2),
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so that this requirement may be written as
∫ �

−� ds �θ = 2π or∫ �

−�
ds (α2 Š �α2) = 0 . (4.36)

The evaluation of this integral requires knowledge of the number of folds,N , in the
surface; each fold contributes∫ s2

s1

ds (α2 Š �α2) = ε2 s3
c sec2 x Š tan sc(2x2 Š s2

c)
s2

c Š x2

= ε2I(x), (4.37)

where we have used relation (4.35) to simplify the integral, and the last relation
de“nes the function I(x). Although the angular size of the free regions2 Š s1 = 2sc
can be di�erent for each fold, here we will not consider this case, and we will assume
that all folds are identical. Since the contribution from the contact regions to the
integral (4.36) is ε2(2π Š N × 2sc(x)), so that the inextensibility constraint (4.36)
reads

g(x) � 2π + N (I(x) Š 2sc(x)) = 0 . (4.38)

Solving this last equation yields x and thence sc via (4.34). We observe that since
the inextensibility constraint is not sensitive to the position of each fold, the actual
phase of the folds,s0, remains undetermined. In§4f (iv) we will see that this phase
is determined by a symmetry-breaking instability in the system.

Since it is possible to “nd solutions of (4.38) which have multiple folds, we must
compute the energy of each solution to determine its relative stability. The bending
energy stored in the deformed sheet is given by

Ub = 1
2B ln

Rp

R∗

∫ �

−�
ds κ2. (4.39)

In light of (4.30), (4.33)…(4.35) the contribution to the energy of each fold is

Ub = 1
2B ln

Rp

R∗

∫ s2

s1

(α̈ + α)2 = 1
2B ln

Rp

R∗
ε2(tan sc + sc sec2 x)

� 1
2B ln

Rp

R∗
ε2e(x), (4.40)

and the total bending energy of the structure with N folds is

Ub = 1
2B ln

Rp

R∗
ε2(2π + N (e(x) Š 2sc(x))) . (4.41)

(ii) A fold with sub-folds

For the case of a single fold, substitutingN = 1 in equation (4.38) leads to g(x) =
2(π Š sc(x)) + I(x) = 0 with a graphical solution depicted in “gure 7. There is a one
parameter set of solutions for this case and each corresponds to just one main fold
but with a di�erent number of sub-folds. The “rst root of g(x) = 0 is x1 = 4 .61 and
has the pro“le α1 in “gure 8. For this case, the azimuthal size of the free region is
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Figure 7. Graphical solution of the equation g(x) = 2( π − sc(x)) + I(x) = 0,
which de“nes the azimuthal size of a single fold following (4.35), (4.38).
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Figure 8. Angular pro“le αi(s) corresponding to the di�erent solutions given in table 1.

Table 1. Energies for different configurations of one main fold

(The solution with one sub-fold ( i = 2) has three times more energy than the solution for no
sub-fold (i = 1) (see “gure 8).)

i xi 2sc 2Ub/B ln(R/R∗)

1 4.61 2.43 133
2 7.80 2.44 380
3 11.0 2.44 751

2sc = 2 .43 � 139◦, consistent with experiment (this is the solution reported in Cerda
& Mahadevan (1998)).

Continuing with this analysis, we “nd that the ith root of g(x) = 0, xi has i sub-
folds; a good approximation to its value isxi � (2i + 1) π/2. However, the azimuthal
extent of the free region does not change much and has an accumulation point close
to 2sc � 2.44 (see table 1). To estimate the energy of these di�erent solutions, and
thence their stability, we use the expression (4.41) for the bending energy, simpli“ed
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(a) (b)

Figure 9. The conical elastica with ( a) one fold and (b) two folds (see table 2).

Table 2. Total energy of the folds given in figure 9

N x 2sc 2Ub/B ln(R/R∗)

1 4.61 2.43 133
2 4.60 2.24 169

(a) (b)

Figure 10. Photographs of a conical shape with (a) one fold and (b) two folds. The observations
are consistent with our calculations, which show that the two solutions are energetically similar.

by using the inextensibility constraint so that

Ub = B ln
Rp

R∗

[
ε2

(
x

sc

)2

(π + tan sc Š sc)
]
. (4.42)

In table 1, we show the values of the bending energy for con“gurations with zero
(i = 1), one (i = 2) and two ( i = 3) sub-folds. We see that the energy for the
con“guration with a single sub-fold, depicted by α2 in “gure 8 is approximately
three times the bending energy of the basic fold depicted byα1, explaining why
main folds with sub-folds are not observed. Because a main fold decorated with sub-
folds is always energetically less favourable than one without any, from now on we
will limit ourselves only to simple folds.

(iii) Two or more folds

We now consider the case with two or more folds. When the number of folds
N = 2 the solution to the relation (4.38) yields x = 4 .60, corresponding to two
simple folds with an azimuthal width 2sc = 2 .24 for each fold and is depicted in
“gure 9b, adjacent to the shape with one fold. The corresponding bending energy
calculated using equation (4.41) is shown in table 2. Although the solution with
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Figure 11. Schematic of set-up and geometry when the packing force is applied
at a distance b from the centre of the frame.

one fold is energetically preferred, the relative energy di�erence (Ub [two folds] Š
Ub [one fold])/Ub [one fold] � 0.3 is not so big. Indeed, it is possible to observe the
solution with two folds (see “gure 10) when some care is taken.

For the caseN = 3 the relation (4.38) yields x = 4 .58 but this solution is inad-
missible because the total angular sector over which the sheet is in contact with the
cylinder is (2π Š 3 × 2sc) < 0. This conclusion is also qualitatively consistent with
our observations.

(iv) Determination of the phase and position of a fold

We now consider the azimuthal location of the fold. If the sheet is pushed axisym-
metrically at the centre of the frame, the position of the fold is undetermined and
s0 is unknown. This symmetry is broken if the force is applied at a distanceb from
the centre, as shown in “gure 11. Then the angleα that the generators make with
the horizontal plane must satisfy the inequality

α � ε(θ), (4.43)

where ε(θ) = d/�(θ), with �(θ) = Šb cosθ + ( R2 Š b2 sin2 θ)1/ 2 being the distance
from the point of application of the force to the cylindrical frame and the angle θ as
measured in “gure 11. In terms of the two dimensionless parameters,ε = d/R and
δ = b/R, we can write

ε(θ) =
ε

Šδ cosθ + (1 Š δ2 sin2 θ)1/ 2
. (4.44)

Since the relations (4.30), (4.31) remain valid in this regime, the shape of the sheet
in the free region can be written as

α = A cosa(s Š s0) + B cos(s Š s0) + C sina(s Š s0) + D sin(s Š s0). (4.45)

However, the continuity conditions at the point of contact with the frame are
now di�erent from the earlier case where the sheet is pushed symmetrically. To
leading order, s � θ, so that continuity of the de”ection α(s) and its derivative
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(a) (b) (c)

Figure 12. The photographs show a fold at (a) π, (b) π/2 (−π/2 corresponds to a re”ection
about an axis connecting the centre of the circle to the point of forcing) and ( c) 0.

yields α(s1) = ε(s1) and �α(s1) = �ε(s1), etc. Therefore,

α =
1

2W1
[((ε2 + ε1) sin sc + ( �ε2 Š �ε1) cossc) cosa(s Š s0)

Š (( �ε2 Š �ε1) cosasc + ( ε2 + ε1)a sinasc) cos(s Š s0)]

+
1

2W2
[((ε2 Š ε1) cossc Š ( �ε2 + �ε1) sin sc) sin a(s Š s0)

+ (( �ε2 + �ε1) sin asc Š (ε2 Š ε1)a cosasc) sin(s Š s0)],
(4.46)

where ε1 = ε(s1) and �ε1 = �ε(s1), etc., and

W1 = (sin sc cosasc Š a sinasc cossc), W2 = (sin asc cossc Š a sinsc cosasc).

The continuity of the second derivative (azimuthal curvature)

α̈(s1) = ε̈(s1), α̈(s2) = ε̈(s2) (4.47)

gives
α̈(s2) + α̈(s1) = ε̈(s2) + ε̈(s1),

α̈(s2) Š α̈(s1) = ε̈(s2) Š ε̈(s1).

}
(4.48)

These two conditions together with the inextensibility constraint (4.36) are su�cient
to determine the contact parametersa, sc and s0.

We are now ready to consider the limit δ � 1 and determine the phase of the
fold. In this limit the conditions (4.47) yield ¨ε(s) � 0 and α̈(s2) � α̈(s1) � 0, so that
(4.47) is equivalent to (4.35) studied for the axisymmetric case in§4f (i). However,
the second condition in (4.48) does not have a corresponding limit and an expansion
of this equation to second order gives

(2 sinsc sins0)εδ +
(

(a2 Š 1) sin2 sc sinasc

W2
+ cos sc

)
sinsc sin 2s0εδ

2 + O(δ3)

= (2 sin sc sins0)εδ + 4 sin sc cossc sin 2s0εδ
2 + O(δ3).

As δ � 0, the above equation has the approximate solution sin 2s0 = 0, so that the
phase of the folds0 = 0 , ± π/2, π, and can be veri“ed for arbitrary δ using a more
sophisticated calculation. By pushing a sheet of acetate into a cylinder with small
variations in the centre of force, it is easy to observe that the fold will be in one of
these positions, as shown in “gure 12.
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(g) Large-de”ection analysis

To understand the onset of nonlinear behaviour, we consider the force…displace-
ment response of the system. We start with (4.29), which yieldsF � ε when ε � 1,
i.e. the system behaves like a linear spring for small deformations. Using the linear
solution obtained in (4.32), we “nd that the curvature amplitude is ε/ cosasc with
cosasc = cosx � Š 0.1 for the solution with one fold (x � 4.61 � 3π/2 in table 2).
Therefore, we expect nonlinear behaviour when the maximum curvature is no longer
small, i.e. whenε � 0.1.

(i) Determination of the displacement

The set of angles{ θ, β, φ} that determine the shape of the developable cone corre-
sponds to the classical Euler angles for the kinematics of rigid-body motion. While
this allows us to study the large deformation behaviour of sheets, this representa-
tion breaks down at the polar singularities β = 0 , π. To describe arbitrary rotations,
we resort to the use of a singularity-free parametrization of rotations in terms of
the Euler parameters q0, q1, q2, q3 (which are the components of the quaternions of
Hamilton) recalling that the Euler angles are related to the Euler parameters via the
relations (Goldstein 1980)

q0 = cos 1
2β cos1

2 (θ + φ), q2 = sin 1
2β sin 1

2 (θ Š φ),

q1 = sin 1
2β cos1

2 (θ Š φ), q3 = cos 1
2β sin 1

2 (θ + φ).

}
(4.49)

Once the curvature of the conical surface is determined by solving (4.16), the shape
of the surface is reduced to the integration of the kinematic relations (4.7)…(4.9).
In terms of the Euler parameters, these nonlinear equations acquire extraordinary
simplicity and yield the linear system

�q0 = Š 1
2 (κq3 + q2), �q2 = Š 1

2 (κq1 Š q0),

�q1 = 1
2 (κq2 Š q3), �q3 = 1

2 (κq0 + q1).

}
(4.50)

In the contact region the integration is accomplished trivially since the curvature
is constant. Then θ = π Š (π Š s)/ sinβc, β = βc and φ = 0 with βc(ε) given by
relation (4.1), and immediately yields the values of the quaternions in terms of (4.49)
there. In the free region, equations (4.17) and (4.50) for the freeElastica are coupled
and must be integrated simultaneously for 0< s < sc with the boundary conditions
β(sc) = βc, θ(sc) = θc, φ(sc) = 0 and κ(sc) = ε, θ(0) = 0, φ(0) = 0 and �κ(0) = 0 (the
symmetry of the solution ensures that the curvature is an even function of the arc
length, so that its derivative is zero in the plane of symmetry). The “ve unknowns:
β, θ, φ, κ and �κ, and the unknown parameterssc and a2 can then be found using a
shooting method to solve (4.50) in light of the seven boundary conditions.

Figure 13a shows the arc lengthsc and the angle of contact θc as a function of
the parameter ε. We observe that sc and θc are similar when ε � 0.1 as expected,
but diverge for larger values of ε. Our analysis of the forces in§4d showed that
the contact angleθc < π/2 in the absence of any adhesive contact forces. This limits
the validity of our analysis to situations where ε � 0.97 or βc � 46◦. Beyond this
the conical structure is unstable, and in a displacement-controlled experiment the
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Figure 13. (a) Numerical values of the contact arc length sc and its projection θc as a function
of the vertical displacement ε. (b) The dimensionless force F0 and the Lagrange parameter a2

as a function of ε. These solutions were obtained by solving (4.17), (4.50).

Figure 14. Geometry of the conical solution for the value ε ≈ 0.97.
The structure collapses when ε > 0.97 in a displacement-controlled experiment.

conical shape will collapse on itself with new regions of contact to balance torques
globally. Figure 14 shows the shape of the surface for this limiting value ofε.

To understand the response of the sheet to a force, in “gure 13b we plot the
dimensionless axial forceF0 = RF/B ln(Rp/R∗) and the Lagrange multiplier a2(ε),
which is a measure of the azimuthal force as a function of the packing parameter
ε. We observe the expected linear relationF0 � ε and a2 � const. for ε � 1. Since
a2 � const. the azimuthal force Nss = ŠB(a2 Š 1)/r2 < 0 (see equation (4.18)), as
expected. Asε is increased,a2 and thenceNss decrease monotonically, and can switch
sign, eventually becoming tensile forε � 0.97. A second consequence is that the total
forceF0, which depends ona2, as seen in (4.29), is a non-monotonic function ofε and
has a maximum whenε � 0.32; hence the structure will collapse in a force-controlled
experiment when F � F0(ε � 0.32) � 24.65. The physical mechanism driving this
instability can be seen most easily by considering its two-dimensional analogue, which
arises when a thin plate is pushed in between two supports by a force that acts normal
to the line joining the supports. In the absence of friction, the reactions from the
supports gradually rotate towards each other until they can no longer balance the
applied force, leading to a collapse of the structure.
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Figure 15. Experiments for two sheets of di�erent materials. We plot the dimensionless force
F0 = RF/B ln(R/R∗) after “tting the linear part by using the parameter R∗. For acetate
B = 5 .1 × 10−4 N m, R = 1 .0 × 10−2 m and Rp = 1 .5 × 10−2 m, so that the size of the core is
found as R∗ = 3 .4 mm. For steel, B = 7 .8×10−3 N m, R = 3 .8×10−2 m and Rp = 4 .3×10−2 m
and then the size of the core isR∗ = 3 .6 mm.

(ii) Comparison with experiment

We now turn to a comparison of our results with experiments on the response of
a conically deformed sheet (Chaieb & Melo 1998; Cerdaet al. 1999) that is packed
into a cylindrical frame. In “gure 15 the response curve showing the forceF versus
the displacementε � (0, 0.2) is given for sheets of acetate and steel.

Since the axial force given by equation (4.29) is a universal function of the de”ec-
tion ε except for a factor

B

R
ln

(
Rp

R∗

)

(see equation 4.29), we expect all the experimental data to collapse onto this curve.
In “gure 15 we show that this is indeed true. We note that the data collapse requires
“tting the linear regime to determine the size of the core R∗, which we verify to
be consistent with the experimentally measured values; the bending sti�nessB, the
diameter of the cylinder R and the plate radius Rp are all independently measured.
Furthermore, the curves show that the linear relation between force and deforma-
tion persists for ε � 0.1, beyond which the sheet responds by softening nonlinearly,
consistent with our theoretical estimates.

This softening behaviour has a simple geometric origin. In the absence of fric-
tion, the contact forces from the con“ning container are always normal to the sheet.
Thus as the deformation increases, these forces rotate and eventually cannot sustain
the sheet in equilibrium. This leads to a geometric instability in a force-controlled
experiment„one that saturates when di�erent parts of the sheet come into contact.

(iii) The size of the core

We now estimate the core size characterized by the radiusR∗, which results from
a balance between the bending and stretching energy. In the core of area �S, the
stretching energy is Us � Esγ

2� S, where γ is the in-plane strain and Es is the
stretching sti�ness. The bending energy in the core isUb � Ebκ2� S, where κ is
the mean curvature in the core and characterizes the bending strain andEb is the
bending sti�ness of the sheet (=B for the case of an isotropic sheet). Whenα, α′ � 1,
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Ub � κ2 � α2 � ε2. Therefore, for small deformations, κ � ε/R∗. The stretching
strain can be estimated from the change in length of a typical generator of lengthR
(corresponding to the size of the cylinder), the scale over which forces and torques
are exerted. Due to the stretching induced by bending in the core region the length
of the generator becomes

√
R2 + ε2R2

∗; this leads to a stretching strain of order

γ �
(√

R2 + ε2R2
∗ Š R

R

)
�

(
εR∗
R

)2

.

Substituting these strains into the expression for the total energy leads to

U � Ub + Us �
(

Eb
ε2

R2
∗

+ Es
ε4R4

∗
R2

)
� S. (4.51)

We note that this energy increases whenR∗ is too big or too small, so that there is a
natural optimum size of the core for a given displacementε. Minimizing U in (4.51)
with respect to R∗ yields the scaling law

R∗ �
(

Eb

Es

)1/ 6

ε−1/ 3R2/ 3, ε � 1, (4.52)

consistent with our prior experimental results (Cerda et al. 1999). The “rst factor
in the scaling law is associated with material properties; for an isotropic material,

Eb

Es
�

h2

1 Š ν2 ,

where h is the sheet thickness andν is Poisson•s ratio. The second arises from the
geometry of deformation sinceε characterizes the cone angle. This factor also hides
a subtle dependence on the force

F =
1
R

∂Ub

∂ε

since the force…de”ection relation, discussed earlier, is of the form

ε = v

(
FR

Eb

)
,

where v(s) is a dimensionless function. There is also a logarithmic dependence on
the sheet radiusRp . The third factor characterizes the length R associated with the
moment arm of the reaction force along the hoop. We note that this scaling law is
valid for contact with a cylindrical edge where the forces and torques are applied
over a length R much larger than the core sizeR∗ � R so that the sheet responds
to stretching only very gently in response to the constraint of packing. If, on the
other hand, the sheet is packed into a perfect cone, it will come into contact with
this enveloping cone everywhere except in the core region. ThenR � R∗, so that the
scaling law (4.52) is modi“ed to

R∗ �
(

Eb

Es

)1/ 2

ε−1

(Ben Amar & Pomeau 1997; Cerda & Mahadevan 1998).
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In Cerda et al. (1999), whenε � 0.1, we reported a second scaling law. However,
this claim is not borne out under further scrutiny, and evidence for this comes from
the fact that the force…displacement curve does not show any scaling behaviour for
moderate/large ε.

5. Discussion

The packing of continua generally involves a number of features:

(i) a reduction in the available area or volume that is main cause of packing;

(ii) the presence of regions of contact of the sheet, either with itself or with the
con“ning boundary;

(iii) a small number of constituent •elements• that interact with each other to pro-
duce a structure with a distribution of length-scales;

(iv) the presence of nearly singular structures such as contact lines and peaks;

(v) disorder in the distribution of the inhomogeneities and structures.

In both problems studied we used a combination of exact solutions and dimensional
reasoning to analyse some of these features; the strong geometrical similarity between
the two problems allowed us to treat them in a uni“ed way. Our treatment has,
however, been limited to answering only the simplest of questions associated with
the shape, response and stability of the •elementary excitations• in these packing
problems in the limit of weak to moderate con“nement. As the con“nement becomes
strong, the number of these •excitations• increases and they interact with each other
to form higher-order structures on a range of length-scales. The di�cult question
of how the topological constraint of impenetrability is manifested in the physical
realization of crumpling is one which we have not addressed here. However, this is
clearly one of the de“ning characteristics of strongly crumpled sheets, and has, to
the authors• knowledge, never been treated in a systematic way.

We conclude with a discussion of how our results might shed light on the ques-
tion of crumpling and packing of continua. It might be easier to treat the case of
cylindrical packing, since we know that the shape of the cross-section of the multi-
lobed cylindrical sheet must be made up of circular arcs (where it is in contact with
the con“ning cylinder), elliptic functions (solutions to the Elastica equation) and
”at regions (where di�erent parts of the sheet are in contact with each other in the
interior of the cylinder). In the packed sheet, these elementary •excitations• must
be glued together along contact lines where the curvature of the sheet is continuous
but its tangential derivative su�ers a jump proportional to the normal force between
the sheet and itself and/or the con“ning boundary, as we have already seen in the
analysis of a single •bump• in the puckered cylinder.

In the case of true three-dimensional packing and crumpling, our study has uncov-
ered the role of geometric instabilities that lead to the generation of smaller and
smaller length-scales. A series of such events, i.e. geometric softening, dynamic snap-
through, local topological sti�ening, provides us with a microscopic mechanism for
the crumpling of a large thin elastic sheet. As the sheet is deformed by a force, it
forms a developable cone that deforms, softens and eventually becomes dynamically
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Figure 16. A plot of the function sc(x).

unstable, and an acoustic pulse is emitted when the sheet pops into a folded con“gu-
ration. This sti�ens the sheet locally, but soon new developable cones and stretched
ridges which connect them begin to form. Ridges may buckle in the plane of the
ridge by forming a developable cone about which the ridge pivots and folds, locally
leading to roughly the same scenario as that for a single conical dislocation, or they
may buckle in a direction perpendicular to the ridge by forming two dislocations
that move apart along a new ridge about which the original ridge folds, leading to a
scenario like that seen during the bending of a drinking straw. This second scenario
sti�ens the sheet enormously by forming a convex cylindrical structure. A cascade
of these instabilities on ever decreasing length-scales leads to the formation of new
conical dislocations as the sheet crumples, and the energy of deformation is pumped
down to smaller and smaller scales. As the size of these folds becomes smaller, the
incremental deformation is concomitantly less, and a cross-over to the regime where
stretching and bending deformations are of the same order is likely. However, any
analysis of this stage in crumpling must also account for inelastic deformations. On
length-scales much larger than the thickness but much smaller than the length or
breadth of the sheet, these dynamical snap-throughs could constitute a self-similar
cascade. This is an area that could quite clearly bene“t from further computational,
theoretical and experimental work.
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Appendix A. De“nition of the function sc(x)

Relation (4.35) can be written as

sc(x) = y

(
tan x

x

)
(A 1)
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and de“nes sc(x). For the function u(y) = tan y/y in the interval 0 < y < π, we “nd
that tan y/y > 1 or tan y/y < 0 so that the inverse function y(u) is unde“ned in
0 < u < 1 (see inset in “gure 16).

The non-existence of the function y(u) for a range of values ofu implies that
sc(x) does not exist for a range ofx determined by 0 < tan x/x < 1, i.e. when
x � [nπ, rn ], n = 1 , 2 . . . , where rn is the positive root of the equation tanx = x
when nπ < x < (1 + n)π. For instance, r1 = 4 .49, r2 = 7 .72, etc. In “gure 16 we
show the particular form of sc(x) which determines the shape of the sheet with one
or two folds.
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