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Notch Ductile-to-Brittle Transition
Due to Localized Inelastic Band

Holes are often drilled in a panel for cooling or fastening. For a panel made of a
monolithic ceramic, such a hole concentrates stress, reducing load-carrying capacity
of the panel by a factor of 3. By contrast, for a ductile alloy panel, plastic flow
relieves stress concentration so that the small hole does not reduce load-carrying
capacity. A panel made of ceramic-matrix composite behaves in the middle: matrix
cracks permit unbroken fibers to slide against friction, leading to inelastic defor-
mation which partially relieves stress concentration. Load-carrying capacity is studied
in this paper as an outcome of the competition between stress concentration due to
the notch, and stress relaxation due to inelastic deformation. The inelastic defor-
mation is assumed to be localized as a planar band normal to the applied load,
extending like a bridged crack. The basic model is large-scale bridging. A material
length, 8oE/ 0y, scales the size of the inelastic band, where g is the unnotched strength,
8o the inelastic stretch at the onset of rupture, and E Young’s modulus. Load-
carrying capacity is shown to depend on notch size a, measured in units of 6oE/0y.
Calculations presented here define the regime of notch ductile-to-brittle transition,
where ceramic-matrix composites with typical notch sizes would lie. Both sharp
notches and circular holes are considered. The shape of the bridging law, as well

as matrix toughness, is shown to be unimportant to load-carrying capacity.

1 Introduction

Cottrell (1963) was among the first to recognize the full
capacity of the work of Dugdale (1960), Barenblatt (1962),
and Bilby et al. (1963), and put forth crack-bridging as a
unifying process at all scales—from atomic debond to metal
voiding. Instead of being viewed as a singularity, fracture, or
any localized damage band, is now a gradual stretching of
nonlinear springs. He also drew the analogy with the Peierls
model, where a crystalline dislocation is a nonsingular, solitary
solution of a spring-substrate system.

The crack-bridging concept integrates physical mechanisms
of damage and macroscopic performance of materials in two
steps. First, a sufficiently localized damage process is repre-
sented by nonlinear springs—be it electron cloud or metal
ligament—with essential physical variables retained. Second,
at a coarse scale, the interaction between the springs and the
undamaged elastic substrate is viewed as a continuum problem.
A common thread is that the spring law introduces a reference
stress oy and a reference length &, and that together with
Young’s modulus E of the substrate, they form a material
length, 8,E/gg, varying from a few nanometers for atomic
decohesion, to a few centimeters for metal voiding. This ma-
terial length determines the size of the inelastic deformation
region. Cottrell was able to correlate notch-brittleness by the
ratio of this material length to notch size.
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Much has since been developed in vastly different contexts.
A few recent examples are cited here. Metal-ceramic debonding
is studied by Needleman (1990) on a basis of phenomenological
spring laws mimicking atomic decohesion, and inelastic sub-
strates representing background dislocation motion. Using
springs with atomic periodicity, Rice (1992) reconsidered dis-
location emission from a crack tip; instead of a full dislocation
and a sharp crack (two singularities!), a dislocation now emerges
incrementally from a crack tip, in a way analogous to Bar-
enblatt’s cleavage process. On a coarser scale, Huang and
Hutchinson (1989) modeled shear localization by using springs
representing void interaction. Suo (1991) examined domain
band propagation in ferroelectric crystals under combined elec-
tric field and stress. Compressive kink band emanating from
a hole is studied by Soutis et al. (1991) with springs representing
fiber buckling. Using an earlier model of Aveston et al. (1971),
Marshall et al. (1985) derived a bridging law representing fric-
tional sliding, which set the basis for much of the subsequent
work on composites.

Rice (1976) suggested two approaches to localization. In one
approach, localization is due to loss of uniqueness, the entire
band setting in simultaneously from a homogeneous fieid. In
the second approach, a localization band nucleates at a material
defect or a stress concentrator, spreading like a bridged crack.
They are not equivalent, physically or mathematically. The
second approach has the advantage that a physical length scale
is introduced through bridging law, which links material per-
formance with processing variables, such as fiber strength and
fiber/matrix interface friction. The first approach seems to be
irrelevant to ceramic-matrix composites, where the band con-
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Fig. 1 Aninelastic band is viewed as either a bridged crack or an array
of continuously distributed dislocations

sisting of the matrix crack and sliding fibers nucleates from a
processing flaw.

This paper is out of a more practical concern. We have been
trying to reconcile design practices for ductile alloys and mon-
olithic ceramics, and thereby provide a theoretical link between
design with and design of ceramic-matrix composites. A rep-
resentative design problem, notch sensitivity, is as follows.
Holes are often drilled in a panel for fastening or cooling. In
determining maximum load, a designer knows to ignore a small
hole in a ductile metal panel, but not in a monolithic ceramic.
What about a fiber-reinforced ceramic?

To focus the idea, Fig. 1 illustrates a panel with a hole, and
the question is how much load the panel can carry. For a
monolithic ceramic panel, the load should be such that the
stress near the hole is below the strength of the ceramic. The
latter is the Griffith stress associated with a cracklike flaw in
the vicinity of the hole surface, of size close to grain diameter.
Because of stress concentration, even a tiny hole reduces the
load-carrying capacity by a factor of 3: ceramics are notch-
sensitive. By contrast, a ductile alloy panel is designed with
much tolerance. Plasticity relieves stress concentration, so that
the maximum load should be such that the net-section fully
yields. A small hole does not reduce the load-carrying capacity
much: ductile alloys are notch-insensitive.

What about a fiber-reinforced ceramic? Without a hole, a
composite sustains stress up to the fiber strength times the fiber
volume fraction. The presence of a hole knocks down load-
carrying capacity, but not necessarily by a factor of 3. Matrix
cracks, allowing unbroken fibers to slide, partially relieve stress
concentration. Elastic stress concentrates over a region that
scales with the hole radius, a. On the other hand, sliding fibers
provide extra deformation to redistribute stress over a region
that scales with 6,E/ao. Here & is the extra displacement due
to frictional sliding at the onset of fiber breaking, o, the fiber
strength times the fiber volume fraction, and E Young’s mod-
ulus of the composite. Consequently, the ultimate load, Omax,
is determined by the competition between elastic concentration
and inelastic relaxation:

a {0, notch—ductile, Tma/00=1

= 1
60E/0() ( )

Both material and notch size are important: for a given com-
posite, a large hole reduces load-carrying capacity by a factor

o0, notch—brittle, Tma/ 00 = 1/3.
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close to 3, but a small hole does not reduce it as much. Large
or small, hole radius @ is measured in units of material length
50E/UQ.

This concept places design practices into perspective. Take
a = 1 ~ 10 mm in usual engineering practice and take, for
ceramic-matrix composites, §E/a9 = 0.1 ~ 10 mm. As our
calculation will show, these put a notched composite into the
ductile-to-brittle transition regime. Criterion (1) also prompts
the notion of designing materials for a given application. For
ceramic-matrix composites, the limiting-separation 8, can be
varied, by orders of magnitude, by varying fiber radius, fiber
strength and fiber-matrix interface friction. Thus, a composite
may be engineered to make a hole ductile for a required hole
size.

In a broader context, 80E/agp serves as a figure of merit of
ductility. The ultimate strain of an unnotched bar in tension
is not a good measure of ductility; it depends on gauge length
and the number of deformation bands. Cross-section reduction
is a valid measure of ductility for metals, but is not transferable
to a notched component, nor does it have any counterpart in
composites.

The basic ideas outlined above and a few preliminary results
have been discussed in a review article by Bao and Suo (1992).
The present paper is to supply mechanics calculations that
define the ductile-to-brittle transition regime, where ceramic-
matrix composites—with holes of useful sizes—would lie. A
more general theme pursued here, as well as in the previous
article, is to search for commonality in large-scale bridging
models, where Irwin’s linear fracture mechanics breaks down.
A dilemma which has become evident over the last few years
is this. While crack-bridging concepts are versatile to explain
many phenomena, the mechanics analyses—and interpreta-
tions—are complicated enough to be author-dependent, par-
ticularly in the large-scale bridging regime. At this stage, any
simplification or integration would help.

2  The Model

2.1 Dimensionless Groups. Figure 1 defines the general
mechanics problem: a band of inelastic deformation emanates
from a notch in a component monotonically loaded by @. The
band is localized in that its thickness is much smaller than any
other lengths characterizing the component. The load G can
be regarded as a function of the stretch at the band-tail, .5
the band length L is an internal variable to be determined by
the model. The mode! will predict the ultimate stress, or load-
carrying capacity, Gmax, of the notched component. The answer
takes the functional form

Emax/ao = ﬂ:(a» 7) (2)

Also entering the right-hand side are the bridging law shape,
and the ratios of « to other lengths of geometry, such as notch
root radius and panel width. The rest of this subsection explains
these dimensionless groups.

The inelasticity may be divided into that localized in the
band, and that further localized at the band tip. The inelasticity
in the band is modeled as an array of springs with a nonlinear
stress-stretch relation:

O'/Uo = x(é/&o) (3)

The dimensionless function x describes the shape of the re-
lation; the scale is set by a reference stress, do, and a reference
stretch, §y. Figure 2 shows several bridging laws to be used in
numerical calculations. The second mechanism is represented
by a critical energy release rate at the tip, T'y. For a ceramic-
matrix composite with debonded fibers, the inelastic stretch is
due to sliding between fibers and matrix, and Ty = (1=-NTm,s
where fis fiber volume fraction and T',, matrix fracture energy.
For a void band in a ductile alloy, the band stretches at the
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Fig. 2 Idealized bridging laws
expense of enlarging voids, and T dissipates in creating new
voids by inclusion/matrix debonding.

The relative magnitude of the two inelastic mechanisms is

described by the dimensionless number

v = To/00bo. 4)

It enters (2) to determine load-carrying capacity. Two limiting
cases are of particular significance. When y— oo, the energy
dissipation in the band is insignificant compared to that at the
tip, so that Linear Fracture Mechanics applies. However, for
composites and ductile alloys, inelastic dissipation of the band
dominates, say v <0.1. This paper focuses on the latter case.

Outside the band, the material is taken to be isotropic and
linearly elastic, E being Young’s modutus, » Poisson’s ratio,
and E’ =E for plane stressand E' =E/(1 - »?) for plane strain.
The coupled substrate-spring defines a material length

5E " /. (&)

This length serves as a figure of merit for the ductility of a
bridging mechanism. The dimensionless group

__a
" (60E"/0g)

measures the size of the notch, @, in units of the material length.
Observe that « enters (2) as a size effect.

[0

(6

2.2 Mathematic Description. The basic model is large-
scale bridging; see Bao and Suo (1992) for references. An
inelastic band can be viewed as either a bridged crack, or an
array of continuously distributed dislocations. An inelastic
band and a traction-free crack behave the same at their tips.
The stress a short distance r ahead of the band-tip is square
root singular:

a,=Kgp(2mr) ™%, r/L—0. (N

Here K;, is Irwin’s stress intensity factor. The stretch a short
distance 7 behind the band-tip is parabolic:

8=8(K,p/E'Nr/2m)""?, r/L—0. ®

This may be verified by superimposing the result for a pair of
concentrated force, on crack faces that are otherwise free of
traction. Irwin’s relation connects the stress intensity factor
and the energy release rate at the band-tip:

Gup=Kip/E". ©
We will use Gy, and Kj;, interchangeably.
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An inelastic band is also equivalent to an array of contin-
uously distributed dislocations (e.g., Cottrell, 1963). The stress
in the spring, at position x, is due both to the applied stress
o, and to the dislocation array:

’ a+L
oox(6/60)=EF(x/a)+-Ea— S H(x/a,t/a) g—: dt.  (10)

Here F and H are known functions; this integral equation
governs the stretch 5(x), which can be solved numerically (Gu
et al., 1992).

Of direct bearing on load-carrying capacity are the tail-
stretch 8., and the band-tip energy release rate Gy, (Fig. 1).
Normalizing (10) by

/0y, 8/8g, x/a, £/a, L/a, (11)
one finds that the answers take the forms
6/00=f(5ta“/50, o, L/a), (12)

and

Gip/ 0080 = (0cait/ 8o, ¢, L/a). (13)

The functions f and g will also depend on the bridging law
shape x and the ratios of a to other lengths of geometry, but
nothing else. Note that G, may be obtained from §(x) ac-
cording to (8) and (9).

For hardening bridging, at fixed « and L/a, ¢ monotonically
increases with 8, so that either one can be prescribed in
solving (10). This is not so for softening bridging; o may first
increase with &, reaching a peak, and then drop. Thus, in
general, 8.; should be prescribed in a calculation. Given a
notched component, o and v are fixed; upon loading, the
applied stress g is a function of tail-stretch §,,;. The band length
L, being regarded as an internal variable, is to be determined
from (13) by maintaining G, = To. Load-carrying capacity
Tmax/ 0o 1S the maximum as 8., varies within the range allowed
by the bridging law. We therefore confirm (2).

2.3 A Simplification. For well-toughened materials,
band-tip dissipation is negligible, v = T'o/0o8p << 1. A drastic
simplification is suggested by steady-state banding. When the
band is long compared to the notch size, Gy, becomes inde-
pendent of L/a and notch shape, being equal to the comple-
mentary energy of the spring law (Budiansky et al., 1986; Rose,
1987). For example,

Glho=3 a0l (14)
for the square-root law x(e) =\/E. Consequently, if y =
T'o/ 0080 is small, the band runs across the entire component at
a low load G/ay, leaving springs intact.

The cross-component band is nonuniformly stretched,
8.1 > 0, where § is related to o by the spring law. The dimen-
sional argument similar to that leading to (12) now gives

/09 = 8(81ait/ 60,0)- (15)
Obviously, no equation analogous to (13) exists in this case.
The maximum G can thus be determined as 8.,y varies within
the range allowed by the bridging law. The rest of the article
will focus on presenting results for the special case y = 0, with
occasional excursion to the case of small vy, only to show the
insignificance of the latter as far as load-carrying capacity is
concerned.

Figure 2 shows bridging laws representative of a wide range
of behaviors; their solutions are summarized in the Appendix.
A few simple observations are made here. Rectilinear and
linear-softening laws cause a peculiarity; they have no com-
plementary energy, Gif, = 0. Thus, the band length L is finite
even if y = 0, and should be determined from (13).

The exponential law
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