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Problem Set 2 Solutions

1. The map will be contracting for { J [< 1. | J |=| Q"f;ﬁ‘ =] r(1—2x,)| =| r || (1 —2x,)|. We'd
like the map to be contracting for allx € [0,1], so we need | r |[< 1 for | J |< 1 at x=0 or 1. Negative
r makes no sense physically, so the map is dissipative for 0 <r < 1.
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4. Substituting our ansatz into the discretized equation we get:
(B(n+1)At)eiwnAx _ B(n—-l)m)ei,umAx)/At — _i (BnAt)ei,u(m+l)Ax _ Bnm)eip(m—l)Ax) '6))
Which can be simplified to:
| BY —B~% = 2ic )
With 6 = % sin(uAx). This has the solution:

BY = —ic++/1-02 3)

Since F o< (B¥)", the scheme will be unstable if | BY |> 1 for one of the two roots. We have two
cases to consider.
First, | 6 |> 1, so BY is pure imaginary. In this case:

| B¥ |=| ~c+ Vo2 ~1| (4)

Clearly we will have one unstable root and the scheme will be unstable.
Second, consider | 6 |< 1, so B is complex. In this case:

|B¥ |=0*+1-0¢* =1 (5)

And both roots are stable. _

We find that if we wish to use the leapfrog scheme without a Robert filter we must choose Ax
and Az carefully so that | ¢ |< 1 to avoid exponential divergence of the numerical solution. This
behavior has nothing to do with the original equation (anything involving Ax and Az cannot).



