Introduction to Physical Oceanography
Homework 7 - Solutions
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1. Short review on coordinate systems: The unit vectors in Cartesian coordinates are: X and ¥,
while the unit vectors in polar coordinates are: 7 and 6. Some definitions:

x= rcos(0); r=
_ . ) _ ~1
y= rsin(0); 6= tan ()y_c)
and
F o= cos(0)%+sin(0)y = Rkt
X2 +y2
0 = —sin(0)t+cos(0)y= )
x2 _|_y2
where I used the identities
cos [tan_1 X)] -
X /x2 _|_y2

o 2)

The curl or Vx in 3D is given by

Xy z
- Jd d 0
u vow
ow dv ow du ov  du
VXiu=%=——=—|—V|=——= 2| =——=— 1
! x(ay 32) y(ax 32)+Z(3x ay) W
(a) Solid body rotation: u, = 0, ug = @r
Ui = u/7+ ueé
_ o/ Y
VX2 +y?
= O(—yi+xp)
such that the velocity components in the x— and y—directions are given by u = —@y

and v = o respectively. Figure la shows the velocity vector as function of (x,y) for

this example.

The vorticity is given by V x i/ such that

J J (—(Dy)) =20%

(o) — Jy

2)

The vorticity has only a vertical component and is equal to twice the angular velocity,
similar to the results obtained in class using cylindrical coordinates.
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(b) Irrotational vortex
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Figure 1: Velocity vectors in the x — y plane using quiver for (a) solid body rotation and (b) irrota-
tional vortex.

(b) Irrotational vortex: u, =0, ug = A/2nr

i = urf’—l—ueé
B A —yX+xy
27t\/x2 —|—y2 \/x2 +y2

_ A (it
o2n \ X242

Figure 1b shows the velocity vector as function of (x,y). The vorticity is

L A0 X 0 y B
vt (i) 5 (7)) |- <3>

The vorticity is equal to zero. By definition, the vorticity is a measure of the rotation
of the flow, in this case the vorticity is zero therefore the name irrotational.
(c) Exponential velocity: u, =0, ug = ae”"/"
Ui = u+ ueé
S e — VX XY
L eV A
/X2 +y?
aye—\/xz—i-yz/ro R axe— VX0 R
/x2 + y2 /x2 + y2

The vorticity is then

o o faxeVERIR\ 9 [ aye VRN
- JoTv X2 +yze—\/m/r02
Figure 2 shows the velocity field in the x —y plane and contours of vorticity. As ex-

pected from our solutions, the velocity and vorticity are infinite at the origin and decay
away from it. The rotation is counterclockwise and therefore the vorticity is positive.
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Figure 2: Velocity vectors in the x — y plane using quiver and contours of the vorticity field.
2. Wind stress and Sverdrup relation: Assume that the wind stress is given by
S T
= (1¥,10)) = (1 cos[5(40—0)],0) 4)

where Tg = 0.7dyn/cm? = 0.07N /m? and 20N < 6 < 60N.

(a) The wind stress as function of latitude is shown in Fig. 3.
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Figure 3: Wind stress as function of latitude.

(b) North-South velocity in the interior from the Sverdrup relation: the Sverdrup relation
is a balance between the north-south advection of planetary vorticity and the Ekman
pumping at the base of the Ekman layer. This balance is valid in the ocean interior and
away from the western boundaries. The Sverdrup relation is given by

1 .
y=——V xgvind (5)
P poH



(©)

(d)

The wind stress is a function of 0, using the fact that we have approximatively

1
1°lat = — (2nR) =~ 111
lat 360(n) km

we can convert all the angles to meters such that the domain defined by 20N < 0 < 60N
is equivalent to 222 - 10*m < y < 666 - 10*m, such that

7= (t® ) = _ T (444.10*—y).0 6
t= (x,20)) = (rgcos 3 s ).0) ©)
The curl of the wind stress is given by
0 T
Vxt = ——( T (444.10% )
X T 3 Tocos[222'104( y)]
Tom . T 4
= - 444 10" —
22210325 104 2
It is easy now to write an expression for the north-south velocity such that
ToTC . L 4
=— 444 10" — 7
BpoH (22210722 107 ) M

Note: another way to do this will be to use the chain rule such that

ot ot 00

dy 90 ay
919 . W
= = s1n[2—0(40 —0)]
where 8 =360-y/(2nR) = d8/dy = 180/(nR) such that
B Ot . . T
v=— pOHBRSln[2_0(4O —0)] (8)

Obviously you get the exact same answer.
Volume transport:

Msverdrup = HAxv
ToT in] T
= — sin
BpoH (222-10%) " "222-10*
Figure 4 shows the velocity and the Sverdrup transport as function of latitude. We see
that the velocity and the transport are antisymmetric about 40°/N, where the curl of the

wind stress vanishes.

(444 -10* —y)]

In the Sverdrup interior, the velocity and therefore the transport are proportional to the
curl of the wind stress. Between 20°N and 40°N, the curl of the wind stress is clockwise
and add negative vorticity to the ocean between those latitudes, the flow will therefore
moves to the south. The velocity and transport are negative between the latitudes 20°N
and 40°N consistent with the southward velocity in the subtropical gyre. The values
for the maximum velocity in the interior are roughly 0.4cm/s and the transport close
to 30.Sv consistent with observations. Between 40°N and 60°N, the curl of the wind
stress is counterclockwise and therefore add positive vorticity to the ocean between
those latitudes and the flow is northward. This picture is consistent with the existence
of the subpolar gyre in the Atlantic and the Pacific oceans.
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Figure 4: Velocity in c¢m/s and volume transport in Sv in the interior as function of latitude using
B =2Qcos(40°N) /R~ 1.76- 10" (m-s)~!, po = 1026kg/m>, 19 = 0.07N /m?, H = 1000m, W =
5000km and R = 6371km.



