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A thin-walled tube, e.g., a drinking straw, manifests an instability when bent by localizing the
curvature change in a small region. This instability has been extensively studied since the seminal
work of Brazier nearly a century ago. However, the scenario of pressurized tubes has received much
less attention. Motivated by rod-shaped bacteria such as E. coli, whose cell walls are much thinner
than their radius and are subject to a substantial internal pressure, we study, theoretically, how this
instability is affected by this internal pressure. In the parameter range relevant to the bacteria, we
find that the internal pressure significantly postpones the onset of the instability, while the bending
stiffness of the cell wall has almost no influence. This study suggests a new method to infer turgor
pressure in rod-shaped bacteria from bending experiments.

Introduction.—As can be intuited from everyday expe-
rience, a thin-walled cylindrical tube such as a drinking
straw subject to bending reaches a critical curvature at
which instability occurs, localizing most of the curvature
change into a narrow region (Figure 1 (A) and (B)). This
instability has been extensively studied since the sem-
inal work of Brazier nearly a century ago [1]. Brazier
calculated, approximately, the external torque needed
to bend the tube to a given curvature of its long axis,
and found that the dependence is non-monotonic with
a maximum value. Localization of the curvature change
is expected at the curvature where the torque reaches a
maximum. This instability is characterized by its depen-
dence on the geometry rather than material nonlinearity.
Another candidate for instability of a thin-walled tube
is the wrinkling effect. As identified independently by
Timoshenko [2], Lorenz [3] and Southwell [4], when the
lateral compressive stress reaches a critical value the sys-
tem will develop periodic structures on the surface to
minimize elastic energy. Under increasing overall curva-
ture, the wrinkles grow and trigger localization of the
overall curvature. An extensive study of the competition
between wrinkling and the Brazier instability for thicker
metal shells which undergo plastic deformation prior to
experiencing bending instability has been given by Kyri-
akides and Corona in their book on buckling of undersea
pipelines [5].
As the tube is bent, whenever the Brazier or the wrin-

kling instability is reached, the stress localizes, resulting
in the characteristic kinks shown in Figure 1 (A) and (B).
It is not apparent a priori which of the two instabilities
will occur first and this will be addressed. Further, we
shall show that the structural instability can be used to
infer the mechanical properties of the system, e.g. turgor
pressure, for rod-shaped bacteria.
Model.— Here we consider a pressurized capped cylin-

drical tube of radius R, thickness t and length L ≫ R
with inner pressure larger than the external pressure by p.
We bend the pressurized shell to a longitudinal curvature
κ with no axial constraint. Away from the capped ends,
each cross-section behaves identically, and we take one
cross-section in the (x, y) plane as representative in Fig-

FIG. 1. Buckling of (A) a straw, (B) a birthday bal-
loon and (C) an E. coli cell in a mother machine.
(D) Geometry notation. A deformed cross-section is
shown here. The points on the curve can be described by
r(s) = x(s)i+ y(s)j as a vector pointing from the coordinate
origin to it. s is the distance measured along the curve. µ
is corresponding dimensionless parameter µ = s/R. β is the
angle between the x-axis and the vector tangent to the curve
in the deformed configuration. φ(µ) is the rotation angle, i.e.,
φ(µ) = β − µ.

ure 1 (D). The incremental material response measured
from the cylindrical pressurized state is taken to be lin-
ear though the cylindrical swelling due to p may involve
nonlinear elastic deformation, depending on the consti-
tutive model. For rod-shaped bacteria such as E. coli,
elasticity of the cell wall is believed to be non-isotropic,
presumably due to the preferential organization of the
stiffer glycan strands in the circumferential direction and
softer peptides along the longitudinal direction. Note
also that the stresses on a pressurized cylinder are such
that the circumferential stress is twice as large as the
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axial one, which for finite strains will also lead to non-
isotropy. Therefore, we use the general orthotropic re-
lation for stress and strain increments in the axial and
circumferential directions (SM I). For mathematical con-
venience and clarity, the deformation occurring during
bending after p has been applied is assumed to be inex-
tensional in the circumferential direction. This is similar
to the hypothesis used by Euler in his Elastica frame-
work. The deformation occurring during bending is then
fully characterized by the rotation function φ(µ) defined
in Figure 1 (D), the imposed curvature κ of the axial line
element lying along y = 0 and the axial strain change
∆ε0 of that line element.

Prior to bending, the resultant membrane stresses are
N0

θ = pR and N0
z = pR/2 , and the bending moments

in the tube wall are negligible. The change in the energy
due to bending of the system under fixed p includes the
sum of the changes in bending energy, stretching energy
and potential energy of pressure [6]. Under the circum-
ferential inextensibility assumption, the circumferential
membrane strain remains unchanged upon bending. The
contribution to the bending energy in the wall of the tube
associated with axial curvature, ∆Kz ≈ −κ, is negligible
compared to the axial stretching energy and is ignored.
With ∆Φ as the change in energy per unit length from
the straight pressurized state, we have (SM I):

∆Φ =

∫ 2πR

0

(

N0
z∆εz +

1

2
∆Nz∆εz +

1

2
∆Mθ∆Kθ

)

ds

− p∆V .
(1)

Here ∆εz = ∆ε0 + κy is the change of axial strain,
∆Kθ = dφ/ds is the circumferential curvature change,
∆V is volume change per unit length, ∆Nz = Sz∆εz
is the increment of resultant membrane stresses and
∆Mθ = Dθ∆Kθ is the increment of shell wall bending
moments. Sα = Eαt/(1 − νθzνzθ) and Dα = Sαt

2/12 (α
can be z or θ) are determined by material elastic prop-
erties. For imposed κ, ∆Φ can be expressed in terms of
∆ε0 and φ(µ) (SM I):

∆Φ =
1

2

∫ 2π

0

[

Dθ

R2

(

dφ

dµ

)2

+ Sz(∆ε0 + κy)2

]

Rdµ

+ pπR2

[

1 + ∆ε0 +
κ

2π

∫ 2π

0

ydµ

]

− pR2

∫ 2π

0

x

R
(1 + ∆ε0 + κy) sin(µ+ φ)dµ .

(2)

For the convenience of calculation and presentation, it
is useful to define and use non-dimensional parameters.
The equations can be rendered dimensionless in multiple
ways. We can define a dimensionless geometry/material

parameter in this system: α =
√

Dθ

SzR2 =
√

Eθ

12Ez

t
R . Note

that for thin tubes, α ≪ 1. For E. coli cells, 0.001 <
α < 0.01 (SM II). For thin shells, it is common to use

the following dimensionless variables:

Φ̄ =
R

Dθ
∆Φ , p̄ =

pR3

Dθ
, κ̄ =

κR

α
, M̄ =

M

αSzR2
, (3)

in which M is the external torque needed to bend the
tube. The “shell” normalization is employed under the
tacit assumption that p̄ is of order unity [7]. However,
for E. coli, p̄ = O(104) (SM II). Consequently, in this
pressure range it is more natural to use the following
“balloon” normalization favoring the stretching stiffness:

Φ̂ =
∆Φ

SzR
, p̂ =

pR

Sz
, κ̂ = κR , M̂ =

M

SzR2
. (4)

Note that p̄ = α2p̂ such that for the E. coli cells p̂ is
of order unity (SM II). In the results to follow we will
illustrate both the “shell” and “balloon” normalizations.
While the dimensionless quantities are different from one
another, the form of the underlying governing equations
is the same.
The state of the system for any imposed κ can be de-
termined by minimizing ∆Φ with respect to the rota-
tion function φ(µ) and ∆ε0. ∆ε0 can also be determined
by a force-balance equation (SM III). To further pro-
ceed, φ(µ) is discretized using a Fourier series represen-
tation. Symmetry of the system about the y-axis re-
quires φ(µ) = −φ(2π − µ), and the boundary condition:
x(2π) = x(0) = 0 must be enforced. These lead to:

φ(µ) =

N
∑

n=1

an sin(nµ) ,

0 =

∫ 2π

0

cos(µ+ φ(µ))dµ .

(5)

For the special case of zero pressure, one can develop
an approximate analytical solution for an by expanding
the integrands of x(µ) = R

∫ µ

0 cos(µ′ + φ)dµ′ and y(µ) =

R
∫ µ

0
sin(µ′+φ)dµ′ using Taylor expansions of φ (SM IV).

In the shell non-dimensionalization,

an = −
κ̄2

4(n− 1)2n2
an−2 , a1 = 0 , a2 = −

κ̄2

8
. (6)

The dominant coefficient a2 is much larger than all the
others. This agrees with Brazier’s result for zero pressure.
For non-zero positive pressure, we use the ansatz φ(µ) =
a2 sin(2µ) as an approximation whose accuracy will be
verified by numerical solutions shown later. Following the
same Taylor expansion approximation, we obtain (SM
IV):

a2 = −
κ̄2

8(1 + p̄/3)
= −

κ̂2

8(α2 + p̂/3)
, (7)

∆ε0 = −κ̂

(

1 +
2

3
a2

)

−
1

3

(

p̂−
4

5
κ̂

)

a22 +O(a32) . (8)
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This allows us to compute the overall torque-curvature
relation and the dependence of the maximum torque on
the pressure. To compute the torque-curvature relation
we use M = ∂∆Φ

∂κ which gives for the two normalizations
(SM V):

M̄ = π

[

κ̄−
κ̄3

8(1 + p̄/3)

]

or M̂ = π

[

κ̂−
κ̂3

8(α2 + p̂/3)

]

.

(9)
The critical curvature κB for the Brazier instability oc-
curs at the maximum of external torque M :

κ̄B =

√

8

3
+

8

9
p̄ or κ̂B =

√

8

3
α2 +

8

9
p̂ . (10)

Equation 10 reveals that the pressure can greatly post-
pone the onset of the Brazier instability. Interestingly,
a2 at the maximum torque is a constant −1/3 indepen-
dent of material properties and the inner pressure. In
other words, the shape of the cross-section at the critical
state is always the same for the Brazier instability. At
the maximum torque, the tube cross-section is squeezed
in the y-direction by about 22% and its second moment
is reduced by about 40%.
An accurate estimate of the onset of the wrinkling in-

stability is obtained by making use of the formula for the
axisymmetric buckling of a pressurized circular cylindri-
cal shell of radius ρ and thickness t subject to a compres-
sive axial stress σ. For a shell with the present incremen-
tal orthotropic properties, the critical compressive stress
σc and the associated axial wavelength l of the sinusoidal
wrinkling mode are

σct =
2

ρ

√

DzSθ , l = 2π

(

Dz

Sθ
ρ2
)1/4

. (11)

These formulas apply approximately to the wrinkling in-
stability of the tube under bending if one identifies the
critical stress with the maximum compressive stress in
the ovalized tube, and ρ is the circumferential radius of
curvature at the position of maximum compression. The
validity of the approximation is because the wrinkling
mode has a wavelength proportional to

√
ρt which is short

compared to the radius of the tube. Detailed calculations
in the shell buckling literature [8] have shown that the
critical stress given by Equation 11 underestimates the
local compressive stress at the onset of wrinkling in a
thin elastic shell under bending by only a few percent.
The thinner the shell, the more accurate the approxima-
tion. In summary, the onset of the wrinkling instability
is attained when the curvature κ is sufficiently large so
that N0

z + ∆Nz = −σct according to the critical stress
in Equation 11. Employing the balloon normalization
(Equation 4) with the expressions for a2 (Equation 7)
and ∆ε0 (Equation 8), one can obtain the following di-
mensionless equation for the overall curvature κ̂w at the
onset of wrinkling (SM VI):

8

(

α2 +
p̂

3

)(

p̂

2
+ 2α− κ̂w

)

+

(

2κ̂w

3
− 4α

)

κ̂2
w = 0 .

(12)

with the associated torque given by Equation 9. Two
special limits are worth noting. If p̂ = 0, Equation 12
becomes

κ̄3
w − 6κ̄2

w − 12κ̄w + 24 = 0 . (13)

with the smallest positive solution κ̄w = 1.320. Thus,
for the unpressurized tube, wrinkling occurs before the
Brazier instability κ̄B =

√

8/3 = 1.633. The other limit
applies when the pressure is in the “balloon range” and
the tube is thin (α ≪ 1) such that α is negligible in Equa-
tion 12, leading to κ̂3

w − 4p̂κ̂w + 2p̂2 = 0. We therefore

obtain κ̂w = p̂
2 +O(p̂2).
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FIG. 2. Comparison of analytical and numerical re-
sults for torque-curvature relation and onset of wrin-
kling for typical elastic properties of E. coli (SM II
Table 1, α ≈ 0.005). (A) Shell normalization for low pres-
sures. (B) Balloon normalization for high pressures. The
dashed lines are given by the formulas in Equation 9, while
the solid lines are based on numerical minimization of ∆Φ
(SM VII). The black cross is the onset of wrinkling predicted
by Equation 12. The color dots indicate the onset of wrinkling
computed numerically. It is within 1% of the numerical com-
puted value. The critical curvatures for systems with different
α are shown in SM VIII.
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Numerical results.— The torque-curvature relation
(Equation 9) for the two normalizations is plotted in Fig-
ure 2 for various relevant dimensionless pressures where
they can be compared with numerical results based on
minimization of the energy functional ∆Φ in Equation 2
(SM VII). Included in Figure 2 on each of the torque-
curvature curves are solid dots marking the onset of the
wrinkling instability computed numerically. They agree
well with the crosses, which are the wrinkling curvatures
predicted (Equation 12). Over the entire range of pres-
sures, in shell normalization or balloon normalization,
wrinkling precedes attainment of the maximum moment,
increasingly so as the pressure increases. Note that in the
balloon regime wrinkling occurs on the initial linear seg-
ment of the torque-curvature curve for which M̂ ≈ πκ̂.
The validity of the incremental formulation is limited to
relatively small incremental strains, not greater than 0.2.
The maximum axial strains due to bending are of the
order of κR. Note that for p̂ = 0.4 the critical wrinkling
curvature is κwR ≈ 0.2 . Thus, the wrinkling predictions
are expected to be valid in the range p̂ < 0.4.

A method to measure turgor pressure.— Our results
can be utilized to provide a novel protocol for measur-
ing turgor pressure in bacteria (Figure 1 (C) and SM
IX), a task which has proved challenging over decades
[9]. Previous works have shown that one may grow fil-
amentous bacteria with large length to diameter ratios,
and bend them either with optical tweezers [10] or with
force generated by viscous drag due to fluid flow [11].
According to our results and for the relevant parameter
range for E. coli, as long as the wrinkling instability is
not reached cell bending will be approximately linear in
the force and independent of pressure, as validated exper-
imentally [11]. Note, however, that here the incremental
modulus Sz can depend on p. If the osmolarity of the
media surrounding the cell is suddenly increased (by e.g.
adding sugar) the turgor pressure drops abruptly [12],
while the torque on the cell remains unperturbed. If the
new turgor pressure is sufficiently low such that the wrin-
kling instability is reached – as quantified by Equation
12 – the cell would immediately buckle. Therefore by
repeating this experiment for varying degrees of the hy-
perosmotic shock, the turgor pressure can be accurately
measured. In fact, preliminary results using this proto-
col have shown it is feasible to achieve cell buckling upon
osmotic shock for wild-type filamentous E. coli [13]. A

priori one might have envisioned that an alternative way
to infer turgor pressure is from the M − κ curve as in-
dicated by Equation 9. However, for the parameters of
E. coli, the M − κ curve shows barely any non-linearity
before the instability point, as shown in Figure 2.

Discussion.— In this work we revisited the long-
standing problem of the Brazier effect, albeit for the
understudied yet highly relevant scenario of a pressur-
ized tube. While in structural mechanics applications
the relevant pressure regimes are typically assumed to
be associated with “shells”, where the pressure is suf-
ficiently small in comparison with the bending rigidity,

microbes such as bacteria are found to be in a quali-
tatively different “balloon-like” regime with tremendous
pressures outside the scope of previous theoretical work.
By treating the problem using an Elastica framework we
were able to obtain analytical formulas for the two poten-
tial instabilities that may arise when bending such highly
pressurized tubes: one associated with a maximum in the
torque-curvature relation, and the other associated with
the onset of wrinkling at a critical compressive stress. We
corroborated our results numerically, finding good agree-
ment between the approximate theory (assuming a par-
ticular mode of deformation dominates) and the precise
numerics.

Within our theoretical approach, we found that the
torque-curvature relations are well approximated by a
linear dependence with a pressure-independent slope,
and a cubic curvature contribution that strongly depends
on the pressure as 1

1+pR3/3Dθ

. Thus, for high pressures

this factor scales inversely with the pressure. This flat-
tening of the torque-curvature relation can be associated
to the ovalization of the cross-sections, that become ap-
proximately elliptical as the tube is bent. The high pres-
sure resists this effect and tends to maintain a circular
cross-section. Indeed, the dominant mode of deforma-
tion of the cross-section scales as sin(2θ), and its magni-
tude follows the same functional dependence on p as the
non-linear term in the torque-curvature relation. Inter-
estingly, Calladine solved the related problem of defor-
mation of a pressurized straight shell subject to periodic
loading, and found that the effect of pressure is to repress
the cross-section deformation via precisely the same func-
tional form described above [7].

Another point of biological relevance regards the exis-
tance of the turgor pressure in wild-type E. coli. We note
that using Equation 13, in the absence of turgor pressure
the cells would buckle at the remarkably small curvature
of 0.6% 1

R ; in other words, the cell wall would collapse
upon any minor mechanical perturbation. The turgor
pressure therefore plays an important role in stabilizing
the shell, though this point has been largely overlooked in
the biological literature. For the E. coli parameters, the
critical curvature for the wrinkling instability is predicted
to be of the order of the inverse cell radius, allowing the
cell to undergo severe mechanical deformations. This is
consistent with the remarkable flexibility of growing cells
to adapt to narrow microfludic constrictions [14].

In summary, we have provided here an analysis of the
Brazier instability in thin, pressurized tubes, and fully
characterized the dramatic role of pressure in suppress-
ing the instability. This can be naturally used as a tool
for measuring turgor pressure in bacteria, and potentially
other cell-walled organisms such as plants. Our results
pave the way to future studies on pressurized shells. In
particular, while here the analysis is performed at the
level of linear incremental constitutive laws (though geo-
metrical non-linearities are fully accounted for), it would
be interesting to see how the results would carry over to
the case of neo-hookean elastic models, or more elaborate
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models of bacterial cell walls. Furthermore, in the future
it would be interesting to explore how sensitive the onset
of the instability is to imperfections, as has been studied
in the context of other elastic instabilities of pressurized
shells, albeit with external pressure larger than the inter-
nal one, leading to implosions [15][16]. Finally, it would
be interesting to explore – analytically, numerically and

experimentally – the development of the onset of wrin-
kling into an instability, as was studied in other systems
in previous works [17][18].
Acknowledgements: We thank Felix Wong, Efi Efrati
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INCREMENTAL MODEL AND CORRESPONDING ENERGY EXPRESSION

The incremental material response measured from the cylindrical pressurized state is taken to be linear and governed
by the general orthotropic relation for stress and strain increments in the axial and circumferential directions:

∆εz =
∆σz − νzθ∆σθ

Ez
, ∆εθ =

∆σθ − νθz∆σz

Eθ
(S1)

with νzθ/Ez = νθz/Eθ. The incremental moduli and contraction ratios should be evaluated in the cylindrically
pressurized state. For a tube under appreciable pressure, such as the E. coli, the cylindrical deformation due to p may
involve nonlinear elastic deformation, depending on its constitutive model. The relations between the increments of
resultant membrane stresses and shell wall bending moments and the increments of stretching strains and curvatures
which follow from Equation S1 are

∆Nz = Sz(∆εz + νθz∆εθ),∆Nθ = Sθ(∆εθ + νzθ∆εz)

∆Mz = Dz(∆Kz + νθz∆Kθ),∆Mθ = Dθ(∆Kθ + νzθ∆Kz)
(S2)

where Sz = Ezt/(1− νθzνzθ), Sθ = Eθt/(1− νθzνzθ), Dz = Szt
2/12 and Dθ = Sθt

2/12.

The two contributions to the elastic energy that Brazier chose to characterize this problem are the circumferential
bending energy and the axial stretching energy. The elastic energy change from the cylindrical state per unit length
in this Brazier approximation is:

∆ΦE = ∆Φs +∆Φb =

∫ 2πR

0

(

N0
z∆εz +

1

2
∆Nz∆εz

)

ds+

∫ 2πR

0

(

1

2
∆Mθ∆Kθ

)

ds . (S3)

As explained in the main text, the axial strain change in the bending step varies linearly across the cross-section
according to ∆εz = ∆ε0 + κy, where ∆ε0 is the change of axial strain at y = 0 (the bottom of the cross-section,
see Figure S1) and κ is the overall imposed curvature along the bottom of the shell at y = 0. Using the expressions
∆εz = ∆ε0 + κy, ∆εθ = 0 and Equation S2, we have:

∆Φs = pπR2

(

∆ε0 +
κ

2π

∫ 2π

0

ydµ

)

+
1

2

∫ 2π

0

Sz(∆ε0 + κy)2Rdµ . (S4)

For the circumferential bending energy, ∆Kθ = dφ/ds is the circumferential curvature change and ∆Mθ is the
associated change of circumferential bending moment per length carried by the shell. So we have

∆Kθ =
dβ

ds
−

1

R
=

1

R

d(φ + µ)

dµ
−

1

R
=

1

R

dφ

dµ
. (S5)

Also neglecting the curvature change in the longitudinal direction ∆Kz and using Equation S2 we have:

∆Φb =
1

2

∫ 2πR

0

∆Mθ∆Kθds =
1

2

∫ 2πR

0

DθK
2
θds =

1

2

∫ 2π

0

Dθ

R2

(

dφ

dµ

)2

Rdµ . (S6)

To calculate the tube volume change per unit length ∆V , we define the width in the x direction of the cross section
as ∆x(y) and the length of the tube L(y) as a function of y as shown in Figure S1. Ignoring end effects, the volume

http://arxiv.org/submit/3861451/pdf
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FIG. S1. Geometry notation for volume calculation. Left: Cross section of the bent tube. Right: Side view of the bent
tube.

of the tube can be expressed as:

V =

∫ ymax

0

∆x(y)L(y)dy

=

∫ ymax

0

∆xL(1 + ∆εz)dy

= L

∫ ymax

0

∆x(1 + ∆ε0 + κy)dy

= L

∫ π

0

2x(1 + ∆ε0 + κy)

(

dy

dµ

)

dµ

= L

∫ 2π

0

xR(1 + ∆ε0 + κy) sin(µ+ φ)dµ .

(S7)

So the tube volume change from the straight pressurized state per unit length is

∆V =

∫ 2π

0

xR(1 + ∆ε0 + κy) sin(µ+ φ)dµ − πR2 . (S8)

Thus the change of energy per unit length for deformation function φ(µ) is:

∆Φ = ∆Φs +∆Φb − p∆V

=
1

2

∫ 2π

0

[

Dθ

R2

(

dφ

dµ

)2

+ Sz(∆ε0 + κy)2

]

Rdµ

+ pπR2

(

1 + ∆ε0 +
κ

2π

∫ 2π

0

ydµ

)

− pR2

∫ 2π

0

x

R
(1 + ∆ε0 + κy) sin(µ+ φ)dµ .

(S9)
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TYPICAL ELASTIC PROPERTIES OF E. COLI CELLS

In this section we review the various elastic properties of E. coli cells in literature.

Properties of E. coli cells Estimated value Typical value chosen for numerics

Cell wall axial Young’s modulus, Ez 20-30 MPa [1] [2] [3] 25 MPa

Circumferential Young’s modulus, Eθ 50-75 MPa [1] [4] 60 MPa

Cell wall thickness, t 3-6 nm [3] [5] 5 nm

Cell wall Poisson ratio, ν 0.2 [3] 0.2

Turgor pressure, p 0.3-2 atm [1] [6] [7] 1 atm

Cell cross section radius, R 0.5 µm 0.5 µm

TABLE S1. Typical elastic properties of E. coli cells

DETERMINATION OF ∆ε0

Here we show two equivalent ways to determine the strain ∆ε0 = ∆Ez(y = 0): energy minimization with regard
to ∆ε0 and the force-balance equation. Consider the expression for the total energy change of the system (Equation
S9),

Φ =
1

2

∫ 2π

0

[

Dθ

R2

(

dφ

ds

)2

+ Sz(∆ε0 + κy)2

]

Rdµ+ pπR2

(

1 + ∆ε0 +
κ

2π

∫ 2π

0

ydµ

)

− pR2

∫ 2π

0

(1 + ∆ε0 + κy)(x/R) sin(µ+ φ)dµ .

(S10)

We define A as the area of deformed cross section and ∆A as the change of cross section area from the circular state.

A =

∫ 2π

0

xR sin(µ+ φ)dµ, ∆A = A− πR2 . (S11)

The energy minimization with regard to ∆ε0 gives us:

0 =
dΦ

d∆ε0
=

SzR

2

∫ 2π

0

2(∆ε0 + κy)dµ+ pπR2 − pA ,

∆ε0 =
p∆A

2πSzR
−

κ

2π

∫ 2π

0

ydµ .

(S12)

We can also derive the expression for ∆ε0 through the force-balance equation. Recall the expression of stress in z
direction Nz:

Nz = Sz∆εz +Nz0 = Sz (∆ε0 + κy) +
pR

2
. (S13)

Since we are discussing a pressurized capped tube, the ends are pushed outward by inner pressure while held by stress
along z direction in the tube. Force balance in the z-direction requires:

pA =

∫ 2πR

0

Nzds =

∫ 2π

0

Sz (∆ε0 + κy)Rdµ+ pπR2 , (S14)

where p is the inner pressure, A is the area of deformed cross section. Thus the expression for ∆ε0 is,

∆ε0 =
p∆A

2πSzR
−

κ

2π

∫ 2π

0

ydµ , (S15)

which agrees with equation S12.
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CALCULATION OF DEFORMATION COEFFICIENTS

We begin with the energy expression (Equation S9):

∆Φ =
1

2

∫ 2π

0

[

Dθ

R2

(

dφ

dµ

)2

+ Sz(∆ε0 + κy)2

]

Rdµ+ pπR2

(

1 + ∆ε0 +
κ

2π

∫ 2π

0

ydµ

)

− pR2

∫ 2π

0

(1 + ∆ε0 + κy)(x/R) sin(µ+ φ)dµ , with ∆ε0 =
p∆A

2πSzR
−

κ

2π

∫ 2π

0

ydµ .

(S16)

Noticing
∫ 2π

0 (∆ε0 + κy)dµ = 2π∆ε0 + κ
∫ 2π

0 ydµ, we add a constant c = − p2R3

8Sz

− pπR2 to the energy expression and
get:

Φ =
1

2

∫ 2π

0

[

Dθ

R2

(

dφ

dµ

)2

+ Sz(ε0 + κy)2

]

Rdµ− pR2

∫ 2π

0

(1 + ∆ε0 + κy)(x/R) sin(µ+ φ)dµ , (S17)

in which

ε0 =
pA

2πSzR
−

κ

2π

∫ 2π

0

ydµ ,

A =

∫ 2π

0

x sin(µ+ φ)Rdµ = −
∫ 2π

0

y cos(µ+ φ)Rdµ ,

(S18)

We discretize the function φ(µ) using the Fourier series:

φ(µ) =
1

2
a0 +

N
∑

n=1

an sin(nµ) +

N
∑

n=1

bn cos(nµ) . (S19)

The system is symmetric about the y-axis, which requires φ(µ) = −φ(2π − µ). So a0 and bn all vanish. We also
require the cross-section is closed: x(2π) = x(0) = 0. So we have

φ(µ) =

N
∑

n=1

an sin(nµ) ,

0 =

∫ 2π

0

cos(µ+ φ(µ))dµ .

(S20)

In section VII we will obtain numerical solutions using Equation S20 with no restrictions on the amplitudes of an.
Here we assume that an are small so that we can Taylor expand sin(µ+φ) and cos(µ+φ) (the integrands of the x(µ)
and y(µ) expressions) about φ(µ) and keep only the lowest order term in the Taylor Expansion.
Using the balloon non-dimensionalization we have

Φ̂ =
1

2

∫ 2π

0

[

α2

(

dφ

dµ

)2

+
(

ε0 + κ̂
y

R

)2
]

dµ− p̂V̂ , (S21)

in which

α =

√

Dθ

SzR2
, Φ̂ =

Φ

SzR
, p̂ =

pR

Sz
, κ̂ = κR , V̂ =

∆V + πR2

R2
=

∫ 2π

0

(1 + ∆ε0 + κy)(x/R) sin(µ+ φ)dµ . (S22)

For the shell non-dimensionalization we have

Φ̄ =
1

2

∫ 2π

0

[

(

dφ

dµ

)2

+
(

ε̄0 + κ̄
y

R

)2
]

dµ− p̄V̄ , (S23)

in which

Φ̄ =
R

Dθ
Φ , p̄ =

pR3

Dθ
, κ̄ =

κR

α
, ε̄0 =

ε0
α

, V̄ = V̂ . (S24)



v

Zero pressure case

We use shell non-dimensionalization for this subsection. When the pressure is zero, the energy expression is:

Φ̄ =
1

2

∫ 2π

0

[

(

dφ

dµ

)2

+
(

ε̄0 + κ̄
y

R

)2
]

dµ , (S25)

We Taylor expand sin(µ + φ) and cos(µ+ φ) (the integrands of the x(µ) and y(µ) expressions) about φ(µ) and keep
only the lowest order term in the Taylor Expansion.

x(µ)

R
=

∫ µ

0

cos(µ′ + φ(µ′))dµ′ ,

≈
∫ µ

0

(cos(µ′)− φ(µ′) sin(µ′))dµ′ ,

= sinµ+
a1
4

[sin(2µ)− 2µ] +
∞
∑

n=2

[

an sin(n+ 1)µ

2(n+ 1)
−

an sin(n− 1)µ

2(n− 1)

]

.

(S26)

y(µ)

R
=

∫ µ

0

sin(µ′ + φ(µ′))dµ′ ,

≈
∫ µ

0

(sin(µ′) + φ(µ′) cos(µ′))dµ′ ,

= 1− cosµ+
a1
4
(1− cos(2µ)) +

∞
∑

n=2

[

an(1− cos(n+ 1)µ)

2(n+ 1)
+

an(1− cos(n− 1)µ)

2(n− 1)

]

.

(S27)

The boundary condition x(2π) = 0 requires a1 = 0. So we have:

ε̄0 + κ̄
y

R
= −κ̄

[(a2
2

+ 1
)

cosµ+
a3
4

cos 2µ
]

− κ̄
∞
∑

n=3

an−1 + an+1

2n
cosnµ , (S28)

and thus

2Φ̄

π
=

∞
∑

n=2

n2a2n + κ̄2
∞
∑

n=1

(

an−1 + an+1

2n

)2

, (S29)

in which we assign a0 = 2 for mathematical convenience. Note that a0 does not correspond to any form of deformation.
Requiring dΦ

dan

= 0, we have:

2n2an + κ̄2

[

an−2 + an
2(n− 1)2

+
an + an+2

2(n+ 1)2

]

= 0 . (S30)

So far we assumed that the coefficients are small so that we can Taylor expand the integrands of the x and y expression.
The even coefficients (a2k, k ∈ N) and odd ones (a2k+1, k ∈ N) are decoupled. Clearly setting all odd terms zero
(a2k+1 = 0, k ∈ N) is one solution. Also notice that in the undeformed state, an = 0. So a2k+1 = 0 is a stable set of
solution for the odd coefficients. For the even terms, assuming a2k ≫ a2k+2 (k ∈ N), we have:

2n2an + κ̄2

(

an−2

2(n− 1)2

)

= 0 ,

an = −
κ̄2

4(n− 1)2n2
an−2 .

(S31)

When n ≥ 4, the reduction ratio 1
4(n−1)2n2 ≤ 1

576 if κ̄ is of order unity. As we show in the main text, the buckling

curvature under zero pressure κ̄w ≈ 1.320 is of order unity. Thus we know the assumption a2k ≫ a2k+2 holds.

Furthermore, note that |a2| = κ̄2

8 ≫ |an|(n 6= 2) is the dominant coefficient.
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Positive pressure case

We use the balloon non-dimensionalization for this derivation. We want to minimize the dimensionless energy Φ̂ as
a function of the rotation angle φ(µ):

Φ̂ =
1

2

∫ 2π

0

[

α2

(

dφ

dµ

)2

+
(

ε0 + κ̂
y

R

)2
]

dµ− p̂V̂ , (S32)

in which

α =

√

Dθ

SzR2
, Φ̂ =

Φ

SzR
, p̂ =

pR

Sz
, κ̂ = κR ,

ε0 =
pA

2πSzR
−

κ

2π

∫ 2π

0

ydµ , A =

∫ 2π

0

x sin(µ+ φ)Rdµ = −
∫ 2π

0

y cos(µ+ φ)Rdµ ,

V̂ =

∫ 2π

0

(1 + ∆ε0 + κy)(x/R) sin(µ+ φ)dµ .

(S33)

As before, we Taylor expand sin(µ+ φ) and cos(µ+ φ) about a2:

y(µ)

R
=

∫ µ

0

sin(µ′ + φ(µ′))dµ′ ,

≈
∫ µ

0

(

sinµ′ + a2 cosµ
′ sin 2µ′ −

a22
2

sinµ′ sin2 2µ′

)

dµ′ +O(a32) ,

= (1 +
a2
2

−
a22
4
)(1 − cosµ) + (

a2
6

−
a22
24

)(1 − cos 3µ) +
a22
40

(1− cos 5µ) +O(a32) ,

(S34)

leading to:

A

R2
= −

∫ 2π

0

y

R
cos(µ+ φ)dµ ,

≈ −
∫ 2π

0

[(

1 +
a2
2

−
a22
4

)

(1 − cosµ) +

(

a2
6

−
a22
24

)

(1− cos 3µ) +
a22
40

(1 − cos 5µ) +O(a32)

]

[(

1−
a2
2

−
a22
4

)

cosµ+

(

a2
2

+
a22
8

)

cos 3µ+
a22
8

cos 5µ+O(a32)

]

dµ

Ā =
A

πR2
=

(

1 +
a2
2

−
a22
4

)(

1−
a2
2

−
a22
4

)

+

(

a2
6

−
a22
24

)(

a2
2

+
a22
8

)

+
a22
40

·
a22
8

+O(a32) ,

= 1−
2a22
3

+O(a32) .

(S35)

So we have,

ǫ0 + κ̂
y

R
=

p̂

2

(

1−
2a22
3

)

−
(

1 +
a2
2

−
a22
4

)

κ̂ cosµ−
(

a2
6

−
a22
24

)

κ̂ cos 3µ−
a22
40

κ̂ cos 5µ+O(a32) , (S36)

thus

∫ 2π

0

(ǫ0 + κ̂
y

R
)2dµ =

πp̂2

2

(

1−
4a22
3

)

+ κ̂2π

(

1 + a2 −
2

9
a22

)

+O(a32) . (S37)

For the zero pressure case, we showed in the previous subsection that the dominant coefficient is a2, corresponding

to φ(µ) = − κ̄2

8 sin(2µ). Here, we will make the assumption that this is also the case for the pressurized case.
This assumption is corroborated by the numerical results shown in Figure 2 in the main text which do not make
this simplifying assumption in the Fourier series expansion. The system is then symmetric about both y axis and
horizontal centerline (the dashed line in Figure S1). Thus we can simplify the V̄ expression as:
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V̂ =

(

1 + ∆ε0 + κ
1

2π

∫ 2π

0

ydµ

)
∫ 2π

0

(x/R) sin(µ+ φ)dµ ,

=

(

1 +
p∆A

2πSzR

)

A

R2
=

[

1 +
p̂

2

(

−
2a22
3

)]

π

(

1−
2a22
3

)

+O(a32) .

(S38)

The energy expression thus takes the form:

Φ̂ = 2α2a22π +
πp̂2

4

(

1−
4a22
3

)

+
κ̂2π

2

(

1 + a2 −
2

9
a22

)

− πp̂

[

1 +
p̂

2

(

−
2a22
3

)](

1−
2a22
3

)

+O(a32) ,

= 2α2a22π +
κ̂2π

2

(

1 + a2 −
2

9
a22

)

+
2a22
3

πp̂− πp̂+
π

4
p̂2 +O(a32) .

(S39)

By requiring dΦ
da2

= 0, we have:

0 = 4α2a2 +
κ̂2

2

(

1−
4

9
a2

)

+
4a2
3

p̂+O(a22) . (S40)

For each term we just keep the lowest order term of a2, Thus

4α2a2 +
κ̂2

2
+

4a2
3

p̂+O(a22) ≈ 0 . (S41)

Finally we obtain:

a2 = −
1

α2 + p̂/3

κ̂2

8
= −

1

1 + p̄/3

κ̄2

8
. (S42)

TORQUE CURVATURE RELATIONSHIP

From the dimensionless energy expression (Eqn S39) and the expression of a2 (Eqn S42), we have

Φ̂ = 2πα2ζ2κ̂4 +
πκ̂2

2

(

1 + ζκ̂2
)

+
2πζ2p̂

3
κ̂4 − p̂π +

π

4
p̂+O(κ̂6) , (S43)

in which

ζ = −
1

8(α2 + p̂/3)
, a2 = ζκ̂2 . (S44)

We can calculate the torque by M = ∂Φ
∂κ , in which Φ is the energy of the system per unit length:

M =
∂∆Φ

∂κ
= SzR

2∂Φ̂

∂κ̂

= SzR
2πκ̂+ SzR

2πζκ̂3 +O(κ̂5)

≈ SzR
2π

[

κ̂−
κ̂3

8(α2 + p̂/3)

]

= SzR
2π



κR−
κ3R3

8
(

α2 + pR
3Sz

)



 .

(S45)

Since M̂ = M
SzR2 , we have:

M̂ = π

[

κ̂−
κ̂3

8(α2 + p̂/3)

]

. (S46)

In shell non-dimensionalization, this relation can be expressed as

M̄ = π

[

κ̄−
κ̄3

8(1 + p̄/3)

]

. (S47)
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WRINKLING CRITICAL CURVATURE UNDER ZERO AND LARGE PRESSURE

The critical wrinkling curvature satisfies the following equation:

Nz =
pR

2
+ Sz(∆ε0 + κy(µ)) = −σct = −

2

ρ(µ)

√

DzSθ = −
2

ρ(µ)

√

DθSz , (S48)

in which 1
ρ is the circumferential curvature and ∆ε0 is the change of strain at position y = 0:

1

ρ
=

1

R

dβ

dµ
=

1

R

(

1 +
dφ

dµ

)

=
1

R
(1 + 2a2 cos 2µ) =

1

R

(

1−
κ̂2

4(α2 + p̂/3)
cos 2µ

)

,

∆ε0 =
p∆A

2πSzR
− κ

1

2π

∫ 2π

0

ydµ .

(S49)

Clearly y = 0 (µ = 0) is the place with the largest compressive stress Nz. It is also the place with the largest local
circumferential curvature ρ, thus the smallest σc. Therefore the wrinkling instability will happen at y = 0 (µ = 0).
This leads to the following equation for the critical wrinkling point:

pR

2
+ Sz∆ε0 = −

2

ρ(y = 0)

√

DθSz ,

⇒
pA

2πSzR
− κ

1

2π

∫ 2π

0

ydµ = −2

√

Dθ

SzR2
(1 + 2a2) ,

(S50)

When we use the ansatz φ(µ) = a2 sin(2µ), we have expressions for y(µ) (Equation S34) and A (Equation S35) leading
to:

1

2π

∫ 2π

0

ydµ = 1 +
2a2
3

+O(a22) ,

A = πR2

[

1−
2a22
3

+O(a32)

]

.

(S51)

So we have

8

(

α2 +
p̂

3

)(

p̂

2
+ 2α− κ̂w

)

+

(

2κ̂w

3
− 4α

)

κ̂2
w = 0 (S52)

When the pressure p = 0, we have a simple equation for the critical wrinkling curvature κw:

(

κwR

α

)

−
1

12

(

κwR

α

)3

= 2−
1

2

(

κwR

α

)2

. (S53)

And the smallest positive solution for κw is

κ̄w =
κwR

α
= 1.320 . (S54)

When the pressure is in the “balloon range” and the tube is thin (α ≪ 1) such that α is negligible in Equation S52,
we have:

κ̂3
w − 4p̂κ̂w + 2p̂2 = 0 . (S55)

This can be rewritten as

κ̂w =
p̂

2
+

κ̂3
w

4p̂
. (S56)

For p̂ < 1, we can expand κ̂w in series of p̂ and the first order approximation is

κ̂w0 ≈
p̂

2
. (S57)

We note that for E. coli, p̂ ≈ 0.4 (Table S1).
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NUMERICAL ENERGY MINIMIZATION

We use Lagrange multipliers to minimize the total energy change ∆Φ (Equation S9) under the boundary constraint:

∫ 2π

0

cos(µ+ φ(µ))dµ = 0 . (S58)

We define the function F as

F = ∆Φ+ λ

∫ 2π

0

cos(µ+ φ(µ))dµ . (S59)

For optimization under constraints, we wish to find a point (a1, a2, ..., λ) such that

∇~aF = ∇~a(∆Φ) + λ∇~a

(
∫ 2π

0

cos(µ+ φ(µ))dµ

)

= 0 ,

∇λF =

∫ 2π

0

cos(µ+ φ(µ))dµ = 0 .

(S60)

This is equivalent to

∇F (~a, λ) = 0 . (S61)

We use Newton’s method to find the point satisfying ∇F (~a, λ) = 0 and allow up to four terms (a1, a2, a3, a4) in the
Fourier expansion. We verify that a4 is already small a4 ≪ a2. So we expect the result to be unchanged with more
coefficients in the Taylor expansion. Please refer to https://github.com/LuyiQiu/buckling_thin_shell for the
code and more details.

THE INSTABILITY POINT FOR DIFFERENT SYSTEMS
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FIG. S2. Comparison of analytical and numerical results for the critical curvatures for Shell (Left) and Balloon
(Right) normalizations.

The dependence of κw (Equation S52) and the κB (from the maximum of Equations S46, S47) on pressure p and α
is shown in Figure S2 for the two normalizations. On each κ−p curve are solid or open dots present the corresponding
instability points computed numerically. In the shell regime in Figure S2(A), the parameter α has no effect on κB

and a small influence on κw. In the balloon regime in Figure S2(B), α has very little influence on κB and a modest
influence on κw.

https://github.com/LuyiQiu/buckling_thin_shell
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TURGOR PRESSURE MEASUREMENT EXPERIMENT

FIG. S3. An illustration of a turgor pressure measurement experiment.

We now propose an experiment relying on the theoretical results derived here and enabling the inference of the
turgor pressure in live cells. First, one would grow filamentous E. coli cells in a mother machine. By applying
hyperosmotic shock during flow, one may instantaneously lower the turgor pressure and the cell would buckle when
the critical buckling curvature is reached (for the particular torque exerted by the flow). We can back out the turgor
pressure from the lowest osmolarity in which the cell is observed to buckle. To see this, we define c1 < c2 as the two
successive medium concentration for which the cell changes from non-buckling to buckling. c1 would give us a lower
bound of the turgor pressure according to Equation S57:

κex1 < κw(p) =
p(c1)

2Sz
, (S62)

in which Sz = Ezt/(1 − νθzνzθ), κex1 is the curvature of the cell measured from the experiment (at the tip of the
microfluidic channel, where it is maximal) and p(c) = p0 − ∆p(c) is the turgor pressure after the osmotic shock
(p0 is the turgor pressure before the osmotic shock). The osmolarity can be calculated by the Morse equation
∆p = RT (Cin − Cout). So we have

p0 > 2Szκex1 +∆p(c1) . (S63)

Similarly, we can calculate an upper bound of p0 from c2, leading to:

2Szκex1 +∆p(c2) > p0 > 2Szκex1 +∆p(c1) . (S64)

The accuracy of the measurement can be increased by reducing the gap between successive solute concentrations
used in the experiment. Using a continuous change in the concentration by the appropriate design of the microfluidic
device would allow one to directly measure the critical curvature and turgor pressure.
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A thin-walled tube, e.g., a drinking straw, manifests an instability when bent by localizing the
curvature change in a small region. This instability has been extensively studied since the seminal
work of Brazier nearly a century ago. However, the scenario of pressurized tubes has received much
less attention. Motivated by rod-shaped bacteria such as E. coli, whose cell walls are much thinner
than their radius and are subject to a substantial internal pressure, we study, theoretically, how this
instability is affected by this internal pressure. In the parameter range relevant to the bacteria, we
find that the internal pressure significantly postpones the onset of the instability, while the bending
stiffness of the cell wall has almost no influence. This study suggests a new method to infer turgor
pressure in rod-shaped bacteria from bending experiments.

Introduction.—As can be intuited from everyday expe-
rience, a thin-walled cylindrical tube such as a drinking
straw subject to bending reaches a critical curvature at
which instability occurs, localizing most of the curvature
change into a narrow region (Figure 1 (A) and (B)). This
instability has been extensively studied since the sem-
inal work of Brazier nearly a century ago [1]. Brazier
calculated, approximately, the external torque needed
to bend the tube to a given curvature of its long axis,
and found that the dependence is non-monotonic with
a maximum value. Localization of the curvature change
is expected at the curvature where the torque reaches a
maximum. This instability is characterized by its depen-
dence on the geometry rather than material nonlinearity.
Another candidate for instability of a thin-walled tube
is the wrinkling effect. As identified independently by
Timoshenko [2], Lorenz [3] and Southwell [4], when the
lateral compressive stress reaches a critical value the sys-
tem will develop periodic structures on the surface to
minimize elastic energy. Under increasing overall curva-
ture, the wrinkles grow and trigger localization of the
overall curvature. An extensive study of the competition
between wrinkling and the Brazier instability for thicker
metal shells which undergo plastic deformation prior to
experiencing bending instability has been given by Kyri-
akides and Corona in their book on buckling of undersea
pipelines [5].

As the tube is bent, whenever the Brazier or the wrin-
kling instability is reached, the stress localizes, resulting
in the characteristic kinks shown in Figure 1 (A) and (B).
It is not apparent a priori which of the two instabilities
will occur first and this will be addressed. Further, we
shall show that the structural instability can be used to
infer the mechanical properties of the system, e.g. turgor
pressure, for rod-shaped bacteria.

Model.— Here we consider a pressurized capped cylin-
drical tube of radius R, thickness t and length L � R
with inner pressure larger than the external pressure by p.
We bend the pressurized shell to a longitudinal curvature
κ with no axial constraint. Away from the capped ends,
each cross-section behaves identically, and we take one
cross-section in the (x, y) plane as representative in Fig-

FIG. 1. Buckling of (A) a straw, (B) a birthday bal-
loon and (C) an E. coli cell in a mother machine.
(D) Geometry notation. A deformed cross-section is
shown here. The points on the curve can be described by
r(s) = x(s)i + y(s)j as a vector pointing from the coordinate
origin to it. s is the distance measured along the curve. µ
is corresponding dimensionless parameter µ = s/R. β is the
angle between the x-axis and the vector tangent to the curve
in the deformed configuration. φ(µ) is the rotation angle, i.e.,
φ(µ) = β − µ.

ure 1 (D). The incremental material response measured
from the cylindrical pressurized state is taken to be lin-
ear though the cylindrical swelling due to p may involve
nonlinear elastic deformation, depending on the consti-
tutive model. For rod-shaped bacteria such as E. coli,
elasticity of the cell wall is believed to be non-isotropic,
presumably due to the preferential organization of the
stiffer glycan strands in the circumferential direction and
softer peptides along the longitudinal direction. Note
also that the stresses on a pressurized cylinder are such
that the circumferential stress is twice as large as the
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axial one, which for finite strains will also lead to non-
isotropy. Therefore, we use the general orthotropic re-
lation for stress and strain increments in the axial and
circumferential directions (SM I). For mathematical con-
venience and clarity, the deformation occurring during
bending after p has been applied is assumed to be inex-
tensional in the circumferential direction. This is similar
to the hypothesis used by Euler in his Elastica frame-
work. The deformation occurring during bending is then
fully characterized by the rotation function φ(µ) defined
in Figure 1 (D), the imposed curvature κ of the axial line
element lying along y = 0 and the axial strain change
∆ε0 of that line element.

Prior to bending, the resultant membrane stresses are
N0
θ = pR and N0

z = pR/2 , and the bending moments
in the tube wall are negligible. The change in the energy
due to bending of the system under fixed p includes the
sum of the changes in bending energy, stretching energy
and potential energy of pressure [6]. Under the circum-
ferential inextensibility assumption, the circumferential
membrane strain remains unchanged upon bending. The
contribution to the bending energy in the wall of the tube
associated with axial curvature, ∆Kz ≈ −κ, is negligible
compared to the axial stretching energy and is ignored.
With ∆Φ as the change in energy per unit length from
the straight pressurized state, we have (SM I):

∆Φ =

∫ 2πR

0

(
N0
z∆εz +

1

2
∆Nz∆εz +

1

2
∆Mθ∆Kθ

)
ds

− p∆V .
(1)

Here ∆εz = ∆ε0 + κy is the change of axial strain,
∆Kθ = dφ/ds is the circumferential curvature change,
∆V is volume change per unit length, ∆Nz = Sz∆εz
is the increment of resultant membrane stresses and
∆Mθ = Dθ∆Kθ is the increment of shell wall bending
moments. Sα = Eαt/(1− νθzνzθ) and Dα = Sαt

2/12 (α
can be z or θ) are determined by material elastic prop-
erties. For imposed κ, ∆Φ can be expressed in terms of
∆ε0 and φ(µ) (SM I):

∆Φ =
1

2

∫ 2π

0

[
Dθ

R2

(
dφ

dµ

)2

+ Sz(∆ε0 + κy)2

]
Rdµ

+ pπR2

[
1 + ∆ε0 +

κ

2π

∫ 2π

0

ydµ

]
− pR2

∫ 2π

0

x

R
(1 + ∆ε0 + κy) sin(µ+ φ)dµ .

(2)

For the convenience of calculation and presentation, it
is useful to define and use non-dimensional parameters.
The equations can be rendered dimensionless in multiple
ways. We can define a dimensionless geometry/material

parameter in this system: α =
√

Dθ
SzR2 =

√
Eθ

12Ez
t
R . Note

that for thin tubes, α � 1. For E. coli cells, 0.001 <
α < 0.01 (SM II). For thin shells, it is common to use

the following dimensionless variables:

Φ̄ =
R

Dθ
∆Φ , p̄ =

pR3

Dθ
, κ̄ =

κR

α
, M̄ =

M

αSzR2
, (3)

in which M is the external torque needed to bend the
tube. The shell normalization is employed under the tacit
assumption that p̄ is of order unity [7]. However, for E.
coli, p̄ = O(104) (SM II). Consequently, in this pressure
range it is more natural to use the following balloon nor-
malization favoring the stretching stiffness:

Φ̂ =
∆Φ

SzR
, p̂ =

pR

Sz
, κ̂ = κR , M̂ =

M

SzR2
. (4)

Note that p̄ = α2p̂ such that for the E. coli cells p̂ is of
order unity (SM II). In the results to follow we will illus-
trate both the shell and balloon normalizations. While
the dimensionless quantities are different from one an-
other, the form of the underlying governing equations is
the same.
The state of the system for any imposed κ can be de-
termined by minimizing ∆Φ with respect to the rota-
tion function φ(µ) and ∆ε0. ∆ε0 can also be determined
by a force-balance equation (SM III). To further pro-
ceed, φ(µ) is discretized using a Fourier series represen-
tation. Symmetry of the system about the y-axis re-
quires φ(µ) = −φ(2π − µ), and the boundary condition:
x(2π) = x(0) = 0 must be enforced. These lead to:

φ(µ) =

N∑
n=1

an sin(nµ) ,

0 =

∫ 2π

0

cos(µ+ φ(µ))dµ .

(5)

For the special case of zero pressure, one can develop
an approximate analytical solution for an by expanding
the integrands of x(µ) = R

∫ µ
0

cos(µ′+ φ)dµ′ and y(µ) =

R
∫ µ

0
sin(µ′+φ)dµ′ using Taylor expansions of φ (SM IV).

In the shell non-dimensionalization,

an = − κ̄2

4(n− 1)2n2
an−2 , a1 = 0 , a2 = − κ̄

2

8
. (6)

The dominant coefficient a2 is much larger than all the
others. This agrees with Brazier’s result for zero pressure.
For non-zero positive pressure, we use the ansatz φ(µ) =
a2 sin(2µ) as an approximation whose accuracy will be
verified by numerical solutions shown later. Following the
same Taylor expansion approximation, we obtain (SM
IV):

a2 = − κ̄2

8(1 + p̄/3)
= − κ̂2

8(α2 + p̂/3)
, (7)

∆ε0 = −κ̂
(

1 +
2

3
a2

)
− 1

3

(
p̂− 4

5
κ̂

)
a2

2 +O(a3
2) . (8)
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This allows us to compute the overall torque-curvature
relation and the dependence of the maximum torque on
the pressure. To compute the torque-curvature relation
we use M = ∂∆Φ

∂κ which gives for the two normalizations
(SM V):

M̄ = π

[
κ̄− κ̄3

8(1 + p̄/3)

]
or M̂ = π

[
κ̂− κ̂3

8(α2 + p̂/3)

]
.

(9)
The critical curvature κB for the Brazier instability oc-
curs at the maximum of external torque M :

κ̄B =

√
8

3
+

8

9
p̄ or κ̂B =

√
8

3
α2 +

8

9
p̂ . (10)

Equation 10 reveals that the pressure can greatly post-
pone the onset of the Brazier instability. Interestingly,
a2 at the maximum torque is a constant −1/3 indepen-
dent of material properties and the inner pressure. In
other words, the shape of the cross-section at the critical
state is always the same for the Brazier instability. At
the maximum torque, the tube cross-section is squeezed
in the y-direction by about 22% and its second moment
is reduced by about 40%.

An accurate estimate of the onset of the wrinkling in-
stability is obtained by making use of the formula for the
axisymmetric buckling of a pressurized circular cylindri-
cal shell of radius ρ and thickness t subject to a compres-
sive axial stress σ. For a shell with the present incremen-
tal orthotropic properties, the critical compressive stress
σc and the associated axial wavelength l of the sinusoidal
wrinkling mode are

σct =
2

ρ

√
DzSθ , l = 2π

(
Dz

Sθ
ρ2

)1/4

. (11)

These formulas apply approximately to the wrinkling in-
stability of the tube under bending if one identifies the
critical stress with the maximum compressive stress in
the ovalized tube, and ρ is the circumferential radius of
curvature at the position of maximum compression. The
validity of the approximation is because the wrinkling
mode has a wavelength proportional to

√
ρt which is short

compared to the radius of the tube. Detailed calculations
in the shell buckling literature [8] have shown that the
critical stress given by Equation 11 underestimates the
local compressive stress at the onset of wrinkling in a
thin elastic shell under bending by only a few percent.
The thinner the shell, the more accurate the approxima-
tion. In summary, the onset of the wrinkling instability
is attained when the curvature κ is sufficiently large so
that N0

z + ∆Nz = −σct according to the critical stress
in Equation 11. Employing the balloon normalization
(Equation 4) with the expressions for a2 (Equation 7)
and ∆ε0 (Equation 8), one can obtain the following di-
mensionless equation for the overall curvature κ̂w at the
onset of wrinkling (SM VI):

8

(
α2 +

p̂

3

)(
p̂

2
+ 2α− κ̂w

)
+

(
2κ̂w

3
− 4α

)
κ̂2
w = 0 .

(12)

with the associated torque given by Equation 9. Two
special limits are worth noting. If p̂ = 0, Equation 12
becomes

κ̄3
w − 6κ̄2

w − 12κ̄w + 24 = 0 . (13)

with the smallest positive solution κ̄w = 1.320. Thus,
for the unpressurized tube, wrinkling occurs before the
Brazier instability κ̄B =

√
8/3 = 1.633. The other limit

applies when the pressure is in the balloon range and the
tube is thin (α� 1) such that α is negligible in Equation
12, leading to κ̂3

w − 4p̂κ̂w + 2p̂2 = 0. We therefore obtain

κ̂w = p̂
2 +O(p̂2).
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FIG. 2. Comparison of analytical and numerical re-
sults for torque-curvature relation and onset of wrin-
kling for typical elastic properties of E. coli (SM II
Table 1, α ≈ 0.005). (A) Shell normalization for low pres-
sures. (B) Balloon normalization for high pressures. The
dashed lines are given by the formulas in Equation 9, while
the solid lines are based on numerical minimization of ∆Φ
(SM VII). The black cross is the onset of wrinkling predicted
by Equation 12. The color dots indicate the onset of wrinkling
computed numerically. It is within 1% of the numerical com-
puted value. The critical curvatures for systems with different
α are shown in SM VIII.
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Numerical results.— The torque-curvature relation
(Equation 9) for the two normalizations is plotted in Fig-
ure 2 for various relevant dimensionless pressures where
they can be compared with numerical results based on
minimization of the energy functional ∆Φ in Equation 2
(SM VII). Included in Figure 2 on each of the torque-
curvature curves are solid dots marking the onset of the
wrinkling instability computed numerically. They agree
well with the crosses, which are the wrinkling curvatures
predicted (Equation 12). Over the entire range of pres-
sures, in shell normalization or balloon normalization,
wrinkling precedes attainment of the maximum moment,
increasingly so as the pressure increases. Note that in the
balloon regime wrinkling occurs on the initial linear seg-
ment of the torque-curvature curve for which M̂ ≈ πκ̂.
The validity of the incremental formulation is limited to
relatively small incremental strains, not greater than 0.2.
The maximum axial strains due to bending are of the
order of κR. Note that for p̂ = 0.4 the critical wrinkling
curvature is κwR ≈ 0.2 . Thus, the wrinkling predictions
are expected to be valid in the range p̂ < 0.4.

A method to measure turgor pressure.— Our results
can be utilized to provide a novel protocol for measur-
ing turgor pressure in bacteria (Figure 1 (D) and SM
IX), a task which has proved challenging over decades
[9]. Previous works have shown that one may grow fil-
amentous bacteria with large length to diameter ratios,
and bend them either with optical tweezers [10] or with
force generated by viscous drag due to fluid flow [11].
According to our results and for the relevant parameter
range for E. coli, as long as the wrinkling instability is
not reached cell bending will be approximately linear in
the force and independent of pressure, as validated exper-
imentally [11]. Note, however, that here the incremental
modulus Sz can depend on p. If the osmolarity of the
media surrounding the cell is suddenly increased (by e.g.
adding sugar) the turgor pressure drops abruptly [12],
while the torque on the cell remains unperturbed. If the
new turgor pressure is sufficiently low such that the wrin-
kling instability is reached – as quantified by Equation
12 – the cell would immediately buckle. Therefore by
repeating this experiment for varying degrees of the hy-
perosmotic shock, the turgor pressure can be accurately
measured. In fact, preliminary results using this proto-
col have shown it is feasible to achieve cell buckling upon
osmotic shock for wild-type filamentous E. coli [13]. A
priori one might have envisioned that an alternative way
to infer turgor pressure is from the M − κ curve as in-
dicated by Equation 9. However, for the parameters of
E. coli, the M − κ curve shows barely any non-linearity
before the instability point, as shown in Figure 2.

Discussion.— In this work we revisited the long-
standing problem of the Brazier effect, albeit for the
understudied yet highly relevant scenario of a pressur-
ized tube. While in structural mechanics applications
the relevant pressure regimes are typically assumed to
be associated with “shells”, where the pressure is suf-
ficiently small in comparison with the bending rigidity,

microbes such as bacteria are found to be in a quali-
tatively different “balloon-like” regime with tremendous
pressures outside the scope of previous theoretical work.
By treating the problem using an Elastica framework we
were able to obtain analytical formulas for the two poten-
tial instabilities that may arise when bending such highly
pressurized tubes: one associated with a maximum in the
torque-curvature relation, and the other associated with
the onset of wrinkling at a critical compressive stress. We
corroborated our results numerically, finding good agree-
ment between the approximate theory (assuming a par-
ticular mode of deformation dominates) and the precise
numerics.

Within our theoretical approach, we found that the
torque-curvature relations are well approximated by a
linear dependence with a pressure-independent slope,
and a cubic curvature contribution that strongly depends
on the pressure as 1

1+pR3/3Dθ
. Thus, for high pressures

this factor scales inversely with the pressure. This flat-
tening of the torque-curvature relation can be associated
to the ovalization of the cross-sections, that become ap-
proximately elliptical as the tube is bent. The high pres-
sure resists this effect and tends to maintain a circular
cross-section. Indeed, the dominant mode of deforma-
tion of the cross-section scales as sin(2θ), and its magni-
tude follows the same functional dependence on p as the
non-linear term in the torque-curvature relation. Inter-
estingly, Calladine solved the related problem of defor-
mation of a pressurized straight shell subject to periodic
loading, and found that the effect of pressure is to repress
the cross-section deformation via precisely the same func-
tional form described above [7].

Another point of biological relevance regards the exis-
tance of the turgor pressure in wild-type E. coli. We note
that using Equation 13, in the absence of turgor pressure
the cells would buckle at the remarkably small curvature
of 0.6% 1

R ; in other words, the cell wall would collapse
upon any minor mechanical perturbation. The turgor
pressure therefore plays an important role in stabilizing
the shell, though this point has been largely overlooked in
the biological literature. For the E. coli parameters, the
critical curvature for the wrinkling instability is predicted
to be of the order of the inverse cell radius, allowing the
cell to undergo severe mechanical deformations. This is
consistent with the remarkable flexibility of growing cells
to adapt to narrow microfludic constrictions [14].

In summary, we have provided here an analysis of the
Brazier instability in thin, pressurized tubes, and fully
characterized the dramatic role of pressure in suppress-
ing the instability. This can be naturally used as a tool
for measuring turgor pressure in bacteria, and potentially
other cell-walled organisms such as plants. Our results
pave the way to future studies on pressurized shells. In
particular, while here the analysis is performed at the
level of linear incremental constitutive laws (though geo-
metrical non-linearities are fully accounted for), it would
be interesting to see how the results would carry over to
the case of neo-hookean elastic models, or more elaborate
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models of bacterial cell walls. Furthermore, in the future
it would be interesting to explore how sensitive the onset
of the instability is to imperfections, as has been studied
in the context of other elastic instabilities of pressurized
shells, albeit with external pressure larger than the inter-
nal one, leading to implosions [15][16]. Finally, it would
be interesting to explore – analytically, numerically and

experimentally – the development of the onset of wrin-
kling into an instability, as was studied in other systems
in previous works [17][18].
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