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Two modes of plastic ﬂow localization commonly
occur in the ductile fracture of structural metals
undergoing damage and failure by the mechanism
involving void nucleation, growth and coalescence.
The ﬁrst mode consists of a macroscopic localization,
usually linked to the softening effect of void
nucleation and growth, in either a normal band
or a shear band where the thickness of the band
is comparable to void spacing. The second mode
is coalescence with plastic strain localizing to the
ligaments between voids by an internal necking
process. The ductility of a material is tied to the
strain at macroscopic localization, as this marks
the limit of uniform straining at the macroscopic
scale. The question addressed is whether macroscopic
localization occurs prior to void coalescence or
whether the two occur simultaneously. The relation
between these two modes of localization is studied
quantitatively in this paper using a three-dimensional
elastic–plastic computational model representing a
doubly periodic array of voids within a band conﬁned
between two semi-inﬁnite outer blocks of the same
material but without voids. At sufﬁciently high stress
triaxiality, a clear separation exists between the two
modes of localization. At lower stress triaxialities,
the model predicts that the onset of macroscopic
localization and coalescence occur simultaneously.
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Figure 1. The five generic scenarios of ductile fracture in single phase polycrystals at temperatures far below melting
temperature. The objective of the paper is to investigate the competition between mechanisms 3 and 4, with implications for
mechanism 5. (Online version in colour.)

1. Introduction
Ductile fracture is the main failure mechanism impacting forming process analysis and is central
in structural integrity assessment together with fatigue and corrosion. One of the obvious reasons
is that the properties of structural metallic alloys are continually improved to avoid cleavage
and other types of intergranular fracture leaving void nucleation, growth and coalescence as
the dominant damage mechanism. Beginning with the early observational [1] and mechanics
[2,3] work on the role of void growth in ductile fracture, the micromechanics-based approach of
ductile fracture has been developed to overcome some of the limitations of fracture mechanics
when dealing with ductile, tough structural alloys providing a direct link with the material
microstructure and physics [4–11]. This link is essential for guiding materials scientists in the
development of better alloys. Furthermore, a micromechanics-based approach can also be used
to address plastic-forming processes, e.g. [12–14]. Although the ﬁeld of ductile fracture has
received attention for more than 50 years, continually striving for more reliable damage models
and localization criteria, the ﬁeld is rich with new challenges. These include capitalizing on
recent experimental and theoretical developments related to stress state dependence [15–18],
development of computational models capable of predicting both crack initiation and crack
advance [7–11,19–22], applications to extensive tearing of plates and sheets [23–26], further
progress in void growth and coalescence models [27–32] and the challenge of localization and
fracture under distinctly non-proportional straining and stressing histories such as those often
encountered in forming processes.
Figure 1 provides a schematic of some of the many possible failure scenarios, or mechanisms,
that are usually covered by the term ‘ductile fracture’. Figure 1 also serves to position the scope
of this work within the larger scheme. The focus of this paper is on the micromechanics of the

.........................................................

failure by localized
plastic flow

rsta.royalsocietypublishing.org Phil. Trans. R. Soc. A 373: 20140121

or

2

Downloaded from http://rsta.royalsocietypublishing.org/ on February 25, 2015

3
.........................................................

rsta.royalsocietypublishing.org Phil. Trans. R. Soc. A 373: 20140121

last two stages of void nucleation, growth and coalescence. Nucleation of voids or microcracks
by cracking and debonding of second phase particles is often an essential step in the failure
process. Increasing nucleation resistance is an important means for improving ductility, and
advances in the micromechanics of nucleation are also essential to improving alloy ductility. High
temperature ductile fracture, where creep and viscoplasticity can play an important role as well as
complexities associated with composite or multiphase alloys have not been addressed in ﬁgure 1.
Similarly, adiabatic localization under high strain rate deformation is not covered in ﬁgure 1 and
in our analysis.
Mechanism 1 takes place for very pure metals only. Clean single crystal or polycrystalline metals
sometimes fail without any occurrence of damage owing to the absence of void nucleation sites.
After a stage of homogeneous plastic deformation, plastic ﬂow localizes inside a diffuse neck or
in a shear band, and the ﬂow continues until material separation. High pressure superimposed
on a material can suppress other mechanisms as well allowing this mechanism to prevail.
Mechanism 2 corresponds to the localization of plasticity into shear bands within a non-porous
material owing to various possible softening mechanisms, often arising at the scale of the single
crystal grains. Subsequently, following the accumulation of large plastic strains inside the band,
voids nucleate, grow and coalesce to produce ﬁnal material separation. This mechanism can occur
at the tip of a crack. Recent work by Morgeneyer et al. [33], using a three-dimensional in situ
laminography technique, clearly reveals that plastic localization in front of a crack in an Al alloy
occurs prior to void nucleation.
Mechanism 3 involves damage nucleation in the material prior to macroscopic localization.
The softening induced by the accumulated porosity is sufﬁcient to counteract the strainhardening capacity of the material and leads to plastic localization in a narrow band. A
general framework for analysing macroscopic localization in elastic–plastic solids represented by
continuum constitutive models was presented by Rice [34]. Mechanism-based continuum models
which incorporate the softening effects of void nucleation and growth appeared at roughly the
same time [35]. Fracture surfaces of materials failing under mechanisms 2 or 3 exhibit dimples
representing the ﬁnal state of the voids that have greatly enlarged during the growth and
coalescence taking place after the onset of macroscopic localization when all the straining occurs
in the band. The connection between the voids in the initial and ﬁnal states is often not easily
readily apparent owing to large shear distortions.
Mechanism 4 has macroscopic localization and coalescence occurring simultaneously without
requiring prior localization owing to the growth mechanism. In this case, the onset of coalescence
dictates the onset of macroscopic localization. One of the primary aims of the present paper is to
clarify the distinction between mechanisms 3 and 4 and to ascertain when they occur separately
or simultaneously. Void coalescence has received a considerable attention in recent years with
signiﬁcant reﬁnements of the early models of Thomason [36], as illustrated in references [28,31].
Void coalescence has also been incorporated in an ad hoc manner in the continuum models for
porous elastic–plastic solids [5].
Mechanism 5 could be regarded as a subset of mechanism 4, but it is identiﬁed separately
in ﬁgure 1 to distinguish between coalescence localizations extending over many voids and
those involving just a few voids—one might say to distinguish between macroscopic and cluster
localizations. This paper focuses on macroscopic localizations whether owing to void growth or
coalescence. Nevertheless, experiments relying on in situ three-dimensional microtomography
[37,38] provide ample evidence that cluster localizations commonly occur. Furthermore, crack
advance in ductile structural metals suggests that the two mechanisms are distinct [39]. Crack
growth can occur by the void-by-void mechanism modelled by Rice & Johnson [40], wherein
the crack tip coalesces with the closest void, or it may occur in a manner in which an extended
macroscopic normal localization zone forms ahead of the tip, as modelled by Tvergaard &
Hutchinson [41]. In a structural alloy subjected to non-uniform deformation, cluster coalescence
will often take place in a region involving a few more closely spaced voids and/or experiencing
larger local stress triaxiality or plastic strain. Coalescence of these few voids can lead to a
microcrack which then propagates through repeated coalescence between the crack tip and the

Downloaded from http://rsta.royalsocietypublishing.org/ on February 25, 2015

A three-dimensional ﬁnite-element (FE) framework is developed to investigate the localization of
plastic ﬂow in an inﬁnite block containing a porous band. The FE model is similar in some respects
to the models introduced by Tvergaard [45], Barsoum & Faleslog [15] and Dunand & Mohr [16].
The model is assumed to be composed of three regions: two semi-inﬁnite blocks of uniform
material but void-free, separated by an inﬁnite planar band containing a doubly periodic array of
initially spherical voids, as depicted in ﬁgure 2. Apart from the existence of the voids in the band,
the material is uniform through the three regions. This class of models generates a detailed threedimensional FE analysis of growth and interaction of the voids within the band. Macroscopic
localization is identiﬁed as the point in the overall straining history when a limit is reached
such that elastic unloading occurs within the two outer blocks and plastic straining continues in
the band. This deﬁnition of macroscopic localization is consistent with that introduced in Rice’s
[34] general localization analysis carried out within the framework of continuum constitutive
behaviour and with the earlier two-dimensional model of sheet metal necking of Marciniak &
Kuczynski [46]. The explicit three-dimensional analysis of the void growth and interaction in
the band eliminates the need to invoke a continuum constitutive model of a porous elastic–
plastic material. Thus, the present class of models has much in common with periodic cell models
employed in many earlier studies [43–45,47,48]. However, by incorporating the outer blocks into
the present model, it is possible to more realistically capture the behaviour in the localization band
after the onset of macroscopic localization. By continuing the analysis in the band beyond the
onset of macroscopic localization, one is able to study and compute the onset of void coalescence,
as will be done in this paper.
Figure 2 shows both the global coordinate system with axes xi and the local coordinate system
attached to the band (and therefore rotating with the band) with axes ξi (i = 1, 2, 3). The band
contains a square array of voids periodically distributed in the ξ1 - and ξ3 -directions. The top and
bottom surfaces of the band are parallel to the ξ1 -axis, and the ξ3 - and x3 -axes are parallel to each
other. The orientation angle of the band in the undeformed (initial) state is noted ψ u . The semiinﬁnite outer blocks are subjected to overall uniform straining parallel to the principal stress axes
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neighbouring voids. The rest of the failure process is thus a ductile tearing process. Compared
with modelling efforts to understand mechanism 3 and 4, relatively little effort has gone into
modelling cluster localization and fully account for effects of heterogeneities [42].
The onset of macroscopic localization serves as an effective indicator of a material’s ductility
for engineering purposes because it is the precursor to failure and it marks the limit of the
uniform strain that can be imposed on the material. Nevertheless, there appears to be considerable
confusion in the literature between the two types of plastic localizations: macroscopic localization
driven by damage softening (mechanism 3) where plastic ﬂow engulfs the voids in the band whose
width is set largely by void spacing, and void coalescence (mechanism 4) where the band width is
more narrow with continuing plastic deformation limited to the ligaments between neighbouring
voids. The distinction between these two modes of localization was evident in the pioneering
computational work on void growth and localization of Koplik & Needleman [43] and Tvergaard
[44]. Perhaps the more recent confusion surrounding the two modes stems from the fact that
coalescence may occur as a secondary localization within an earlier localization and that the
earlier work did not attempt to quantify the distinction between them. As noted above, this is
one of the primary objectives of this paper. In addition, in the discussion of the results, we raise
the issue of whether the class of models used here, and in almost all computational studies to
date which employ aligned periodic arrays of voids, might be too idealized to realistically capture
when macroscopic localization precedes coalescence.
The model, along with details related to its numerical implementation issues, is presented in
§2 with some details given in the electronic supplementary material. Results of the simulations
are presented and discussed in depth in §3. Section 4 contains the ﬁnal summary, discussion of
open questions and suggestions for further research.
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Figure 2. The model is assumed to be composed of three regions: two semi-infinite blocks of uniform material but void-free
separated by an infinite planar porous band, the dark grey region. The band contains an array of initially spherical voids that
is doubly periodic in the ξ1 - and ξ3 -directions. Owing to the periodic distribution of the voids, the band can be modelled
as a parallelepiped unit cell containing a void in its centre, as shown in the figure. The orientation angle of the band in the
undeformed (initial) state, ψ u , is a variable in the problem and all possible orientations have to be considered. Note that
L10 = L0 × cos(ψ u ), L20 = L0 / cos(ψ u ), and L30 = L0 , and the initial volume of the unit cell is V cell = 8L30 for any angle ψ u .

which are in turn ﬁxed with respect to the xi axes, leading to a triaxial stress state with Σ22 ≡ ΣI >
Σ33 ≡ ΣII > Σ11 ≡ ΣIII , where Σij is the Cauchy stress tensor and ΣI , ΣII , ΣIII are the principal
stresses components. For the loading considered, the normal to the plane of the localization band
can be anticipated to always be perpendicular to the ξ3 - and x3 -axes. The orientation angle of the
band at any stage of deformation, ψ, evolves with the deformation of the outer blocks as
⎫
⎬
tan(ψ) = e(E22 −E11 ) tan(ψ u )
(2.1)
and
ψ̇ = 12 sin(2ψ)(Ė22 − Ė11 ),⎭
where E11 , E22 and E33 are the logarithmic strains in the outer blocks deﬁned in terms of the
stretches as
E11 = ln(λ1 ),

E22 = ln(λ2 ),

E33 = ln(λ3 ).

(2.2)

The stress triaxiality T, Lode parameter L and effective stress Σeq describing the stress state in the
outer blocks are
T=

ΣI + ΣII + ΣIII
,
3Σeq

2ΣII − ΣI − ΣIII
ΣI − ΣIII

1
[(ΣI − ΣII )2 + (ΣI − ΣIII )2 + (ΣII − ΣIII )2 ].
Σeq =
2
L=

and

(2.3)
(2.4)
(2.5)

Calculations are performed under constant prescribed T and L values in the outer blocks over the
relevant range of initial band orientations with true stress increments satisfying
⎫
Σ̇22 = Σ̇I , Σ̇11 = QΣ̇I , Σ̇33 = RΣ̇I ,
⎪
⎬

1
⎪
[(1 − R)2 + (1 − Q)2 + (R − Q)2 ].⎭
Σ̇eq = Σ̇I
2
The constant coefﬁcients satisfy Q ≤ R ≤ 1 and can be directly expressed in terms of T and L.

(2.6)

.........................................................
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Mijkl =

9Sij Sij
1+ν
ν
(δik δjl + δil δjk ) − δij δkl +
,
2E
E
h σM (EPeq )2

(2.7)

where Sij is the stress deviator and h = dσM (EPeq )/dEPeq . With DPij denoting the plastic part of the


Eulerian strain rate and ĖPeq = 3DPij DPij /2, EPeq = ĖPeq is the accumulated equivalent logarithmic
plastic strain. Equation (2.7) applies for plastic loading; for elastic loading, the last term in (2.7) is
deleted. The inverse of (2.7) is denoted by Σ̂ij = Lijkl Dkl .
In the outer blocks in the xi -coordinates, Ė11 = D11 , Ė22 = D22 and Ė33 = D33 , and the true
stress rates coincide with the Janmann rates such that Σ̇I = Σ̂22 , etc. The incremental strain–stress
relationship can be expressed in terms of the applied maximum principal stress rate, Σ̇I , and the
speciﬁed T- and L-values using (2.7). The corresponding displacement ﬁeld in the upper block
outside the band reads
u1 = (λ1 − 1)x1 +

1,

u2 = (λ2 − 1)x2 +

2,

u3 = (λ3 − 1)x3 ,

(2.8)

u2 = (λ2 − 1)x2 −

2,

u3 = (λ3 − 1)x3 .

(2.9)

and in the lower block outside the band
u1 = (λ1 − 1)x1 −

1,

The additional rigid body displacements of the outer blocks relative to one another (2 1 and
2 2 ) reﬂect the fact that band is weaker than the outer blocks and undergoes different strains. By
symmetry, there is no relative displacement of the outer blocks in the x3 -direction. The additional
displacements 1 and 2 would vanish if the band contained no voids.
In setting the boundary conditions for one of the periodic unit cells within the band, it is
assumed that the initially planar interfaces between the band and the outer blocks remain planar
and parallel as deformation proceeds. In reality, the planar periodic array of voids within the
band slightly perturbs the cell/block interface with the same periodicity. This effect, however, is
considered to be very small and neglected in the present model. The displacement rates at the top
and bottom faces of the band read
U̇1 = λ̇1 x1 ± ˙ 1 ,

U̇2 = λ̇2 x2 ± ˙ 2 ,

U̇3 = λ̇3 x3 .

(2.10)

Owing to the symmetries of the problem, the faces of the unit cell with a normal in the x3 -direction
remain planar, and the boundary conditions on these faces correspond to a normal displacement
increment given by the third equation in (2.10) and zero shear tractions. The faces with a normal
in the x1 -direction in the undeformed cell (denoted as ‘surface-left’ and ‘surface-right’ in ﬁgure 3)
distort as deformation proceeds: they become non-planar, but with the normal at any point
lying in the (x1 , x2 ) plane. These faces must satisfy periodicity conditions on displacement and
traction increments with the left and right faces displacing relative to one another in a manner
consistent with the displacements at the top and bottom edges of the faces. Equations involving
the unknown displacement increments, 1 and 2 , are obtained by imposing continuity of
average tractions increments across the (top and bottom) interfaces between the outer blocks and
the cell.
The average equivalent strain in the band, Ebeq , and that in the outer blocks, Eeq , play important
roles in the results. The former is deﬁned in as follows. Noting from (2.8) and (2.9) that the strain

.........................................................

between the Eulerian strain rate, Dij , and the Jaumann stress rate, Σ̂ij , is Dij = Mijkl Σ̂kl with
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The material in the outer blocks, as well as that in the band containing the voids, is modelled
by ﬁnite strain J2 ﬂow theory with isotropic elasticity. The inputs characterizing the material
are Young’s modulus, E, Poisson’s ratio, ν, and the relation of the true stress to the effective
logarithmic plastic strain in uniaxial tension, σM (EPeq ). In Cartesian coordinates, the relation
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Figure 3. Finite-element mesh for the one-fourth of the unit cell used for modelling the band —see also figure 2—together
with the nomenclature denoting different surfaces and edges to which the boundary conditions are applied. The origin of the
reference coordinate system, ξi , corresponds to the centre of the void in the undeformed configuration. For the unit cell shown,
the initial porosity is f0 = 0.01, the initial orientation angle of the band is ψ u = 0◦ . Unlike for ψ u = 0◦ , for ψ u = 0◦ , the x1
and ξ1 are not coincident but separated by the angle ψ u . For ψ u = 0◦ , the front and back faces of the unit cell take the form
of a parallelogram as shown in figure 2 while the names of different surfaces and edges to which the boundary conditions are
applied remain the same. The axes of the initially spherical void are aligned along the ξi coordinate axes for all values of ψ u .
(Online version in colour.)

in the band is the sum of the uniform strain outside the band plus the additional strain associated
with the displacements, 1 and 2 , one can express the average Eulerian strain rate in the band by
⎫
⎪
⎪
⎪
⎪
⎪
˙
˙
⎬
2 2 cos(ψ) − 2 1 sin(ψ) ⎪

Db11 = cos2 (ψ)Ė11 + sin2 (ψ)Ė22 , Db33 = Ė33 ,
Db22 = cos2 (ψ)Ė22 + sin2 (ψ)Ė11 +
and

2Db12 = sin(2ψ)(Ė22 − Ė11 ) +

H

2 ˙ 1 cos(ψ) + 2 ˙ 2 sin(ψ)
H

⎪
⎪
⎪
⎪
⎪
⎪
⎭

(2.11)

Here, the components of Dbij are expressed in the band coordinates ξi , whereas the components of
the strain rate in the outer blocks, Ėij , are with respect to xi . The current thickness of the band is
H, which evolves according to Ḣ = Db22 H. The equivalent strain rate in the band is the logarithmic


rate, Ėbeq = 3Dbij Dbij /2, with Ebeq = Ėbeq as the accumulated value. The equivalent strain in the

outer blocks, Eeq , is deﬁned similarly with Ėeq = 3(Ė211 + Ė222 + Ė233 )/2.
Following the same approach as [34,49], let Nij be the Cartesian components of the
unsymmetrical nominal stress tensor (the ﬁrst Piola–Kirchoff stress). Throughout the remainder
of the paper, when a quantity is deﬁned both for the outer blocks and the band, the quantity

.........................................................
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cell with respect to the ξ coordinate system (ﬁgure 1), and the integration is carried out over AT
the area of the top surface of the cell in the current conﬁguration (the electronic supplementary
material). The top and bottom surfaces of the band, as well as the ξi coordinate system attached to
the band, rotate with the cell. In the FE simulations, it is convenient to work in the xi coordinate
system. Therefore, it is necessary to transform (2.12) to the xi coordinates as now described.
The nominal stress rates in (2.12) and the Cartesian components of the Jaumann stress rate are
related through
Ṅij = Σ̂ij − Σjk Ėki + Σik Wjk + Σij Ėkk ,

(2.13)

with Wij = (u̇i,j − u̇j,i )/2 as the rotation rate. The outer blocks do not rotate with respect to the xi
axes, and thus (2.13) immediately provides the connection between the two stress rates in the
blocks. By enforcing continuity of tractions across the (top and bottom) interfaces between the
outer blocks and the cell, the force increments exerted by the blocks on the top surface of the unit
cell read
Ḟ2 = AT Ṅ22 cos(ψ),

Ḟ1 = −AT Ṅ11 sin(ψ),

(2.14)

where ψ is the current orientation angle of the band and AT is the current area of the top (or
the bottom) surface of the cell. The force increments given in (2.14) are used to determine the
corresponding displacement increments, ˙ 1 and ˙ 2 , as detailed in the electronic supplementary
material.
In this paper, attention is restricted to a square doubly periodic array of initially spherical voids
of radius R0 whose centres lie on the mid-plane of the band and whose centre-to-centre spacing
in the initial state is 2L0 in both the ξ1 - and ξ3 -directions. The initial thickness of the band is taken
to be 2L0 such that the initial volume of the unit cell is V cell = 8L30 (ﬁgure 2). The initial void to cell
volume fraction is used to characterize the void volume fraction in the band

V void π R0 3
,
(2.15)
f0 = cell =
6 L0
V
with χ0 = R0 /L0 as the radius to half-cell size ratio, it follows that χ0 = (6f0 /π )1/3 ; these equations
are valid for any initial orientation angle of the band, ψ u .
The computational model is reduced to the analysis of a single unit cell with a set of boundary
conditions derived from conditions of continuity of displacements and average tractions across
the band/block interface and from periodicity conditions on the cell surfaces within the band.
Prior to the onset of macroscopic localization, increments of 1 and 2 can be prescribed with the
increments of the stresses and strains in the outer blocks as computed quantities. For a normal
band (ψ u = 0◦ ), increments of 2 can be prescribed and the normal traction computed (see the
electronic supplementary material). Beyond the onset of macroscopic localization, one is required
to prescribe some combination of increments of 1 and 2 , because the outer blocks undergo
elastic unloading with almost no further straining. The combination of increments of 1 and 2
that occurs beyond macroscopic localization is not unique in that it depends on the manner in
which the motion of the outer blocks is constrained. In the simulations of coalescence following
the onset of macroscopic localization in this paper, we have set the ratio of the increments,
˙ 1 / ˙ 2 , to be the same as that occurring just prior to the onset of macroscopic localization. This
continues the straining in the band in an approximately proportional manner which should lead
to coalescence with the least straining beyond the onset of macroscopic localization.

.........................................................

˙ bξ denote the average nominal traction rates on the top and bottom surfaces of the unit
where N̄
ij
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corresponding to the band is distinguished by a superscript ‘b’. Continuity of average normal
and tangential traction rates across the band interfaces dictates


bξ
ξ
bξ
ξ
˙ bξ = 1
˙ bξ = 1
T
dA
=
Ṅ
,
N̄
(2.12)
Ṅ
Ṅ dAT = Ṅ21 ,
N̄
22
22
21
AT A 22
AT A 21
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As discussed in the Introduction, the aim of this study is to quantify the occurrence of two
distinct types of localizations, designated here as macroscopic localization owing to void growth
and localization owing to void coalescence. Results of numerical simulations using the band
model described in §2 are presented which reveal when the two levels of localization occur
simultaneously and when macroscopic localization precedes coalescence.
The computations have been carried out using the following inputs for the J2 ﬂow theory
base material:
⎧
⎨Eε
if ε ≤ ε0 ,
N
σ=
(3.1)
⎩σ0 ε
if ε > ε0 ,
ε0
where σ0 represents the initial yield stress, N is the strain-hardening exponent, E is the Young
modulus and ε0 = σ0 /E. The speciﬁc numerical values employed in generating the results are:
E = 167 GPa and σ0 = 418 MPa, such that ε0 = 0.0025, and ν = 0.3. Of the inputs for the base
material, the strain-hardening exponent has the most inﬂuence on the issues studied in this paper
and results will be presented for N = 0.1 and 0.2.

(a) A specific case revealing the distinction between first localization and coalescence
To introduce the issues, detailed results are ﬁrst presented for a speciﬁc case which has a clear
separation between macroscopic localization induced by void growth softening and localization
associated with void coalescence. Consider a material with a hardening exponent, N = 0.1, and
an initial void volume fraction in the band, f0 = 0.001. The overall macroscopic stress state in the
blocks of material outside the band involves high triaxiality, T = 3, and an axisymmetric state with
ΣI > ΣII = ΣIII (L = −1) is applied. Results will be presented for void growth and localization for
a band oriented perpendicular to the maximum principal stress, ψ u = 0◦ , as well as for the critical
band orientation, ψ u = ψ cu .
The ratio of the effective strain in the band to the effective strain in the blocks outside the band
is plotted against the effective strain in the blocks, Eeq in ﬁgure 4a, with a similar plot for the
ratio of the void volume fraction to the initial void volume fraction in ﬁgure 4b. Macroscopic
localization occurs when plastic straining ceases in the outer blocks with continuing plastic
deformation in the band. The macroscopic localization is marked by the ‘x’ on these curves. Elastic
unloading begins in the outer blocks at the point of ﬁrst localization; however, this is not evident
in the plots in ﬁgure 4, because the change in effective strain in the blocks is very small after
the onset of localization. Effectively, the outer blocks appear rigid after the onset of localization.
Coalescence localization sets in, as marked by the ‘ﬁlled circles’ on the curves, after much larger
strains occur within the band and when the void volume fraction reaches about 10 times that at
ﬁrst localization. The deﬁnition of the onset of coalescence is given in the next paragraph. For
the normal band, ψ u = 0◦ , ﬁrst localization begins at Eeq ∼
= 0.02 when Ebeq ∼
= 0.03 with f /f0 ∼
= 6,
∼
0.08
and
f
/f
80.
The
corresponding
values
for
the
whereas coalescence begins when Eb ∼
=
0=
eq

critical band angle are Eeq ∼
= 0.01, Ebeq ∼
= 0.02 and f /f0 ∼
= 3 at ﬁrst localization with Ebeq ∼
= 0.10 and
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Owing to the symmetries involved in the problem, attention can be conﬁned to a reduced cell
one quarter of the unit cell, as shown in ﬁgure 3. The FE calculations are performed within a ﬁnite
strain setting employing J2 ﬂow theory, using the commercial software Abaqus [50]. Results will
be presented for cases in which the band is normal to the maximum principal stress (ψ u = 0◦ )
and cases in which the initial band angle is oriented to give the smallest value of Eeq at ﬁrst
localization, referred to in the sequel as the critical band orientation, ψ cu . To obtain the critical
orientation, simulations are repeated for many speciﬁc initial angles over a range of contending
orientations. In this paper, the search for the critical initial band orientation resolves this angle
to within about 3◦ . Further details related to the computations and to implementation of the
boundary conditions are given in the electronic supplementary material.
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Figure 4. Evolution of (a) Eeqb /Eeq , and (b) f /f0 with Eeq for f0 = 0.001, T = 3.00, L = −1, N = 0.1 and ψ u = 0◦ . The vertical
axis is plotted by using a base 10 logarithmic scale for (b). (Online version in colour.)

f /f0 ∼
= 28 at the onset of coalescence. These values regarding the strain and porosity at the onset of
void coalescence agree with earlier results of ‘classical’ void cell calculations with fully periodic
boundary conditions [48]. The critical band orientation is ψ u = 39◦ in the undeformed state and
ψc ∼
= 39.5◦ at the onset of ﬁrst localization.
The distinction between the ﬁrst (macroscopic) localization and coalescence localization is
evident in ﬁgure 5 which reveals the distribution of effective plastic strain rate in the cell
following the two localization events for both the normal band and the critical band orientation.
Immediately after the ﬁrst localization, the void continues to undergo nearly spherical expansion
with signiﬁcant continued straining above and below the void as well as in the ligaments between
neighbouring voids in the band. Interaction between voids is occurring but the deformation
is dominated by spherical expansion of the void. The softening necessary to give rise to the
localization of deformation is due to the growth of the voids and is not a consequence of
coalescence between voids. By contrast, after the onset of the coalescence localization, the effective
strain rate in the cell is much larger in the ligaments than in the regions away from the plane of
ligaments. Void growth is no longer even approximately spherical. Instead, the equator of the void
expands laterally within the band, whereas the patches of area of the void surface farthest from
the void plane undergo little additional straining. After the onset of the coalescence localization
almost all the additional plastic deformation is conﬁned to the ligaments between the voids, as
envisioned in the early modelling of coalescence of Thomason [36] and subsequent researchers
[28,31]. In this paper, the deﬁnition of the onset of coalescence is taken to be that point in the
history when the ratio of the maximum to the minimum effective plastic strain rate at the void
surface ﬁrst exceeds 15. Alternative choices for this ratio, for example using 10 or 20, would make
relatively little difference in the results presented for the onset of coalescence in this paper. In
the example in ﬁgure 4, even though the void has expanded in volume by a factor of about 10
from ﬁrst localization to the onset of coalescence, its volume fraction is still relatively small when
coalescence begins, i.e. f ∼
= 0.07.
Figure 6 shows the average true stress and nominal stress perpendicular to the band
plotted against the average effective strain in the band for the case when the band is oriented
perpendicular to the maximum principal stress (ψ u = 0◦ ). At this level of high triaxiality, there
is little difference in the two stress quantities, because the overall deformation remains relatively
small. After localization starts, the changes in the true stress and the nominal stress are essentially
identical, because elastic unloading in the outer blocks effectively suppresses any signiﬁcant area
change of the block/band interface. The two stress quantities decrease with increasing strain in
the band until coalescence localization begins, as marked by the ‘ﬁlled circles’. In this example,
the stress at the onset of coalescence is considerably below the stress at ﬁrst localization. While
ﬁrst localization produces a sharp change in the slope of the curve of stress versus strain in the
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Figure 5. Distribution of the equivalent strain rate: (a,c) at the onset of the macroscopic localization of the plastic flow in the
band, and (b,d) at the onset of void coalescence. For all four figures, f0 = 0.001, T = 3.00, L = −1 and N = 0.1. ψ u = 0◦ for
(a) and (b), and ψ u = 39◦ for (c,d). All meshes are plotted in the deformed configuration. (Online version in colour.)

band in ﬁgure 6, the subsequent onset of coalescence is not accompanied by a notable slope
change. For ψ u = 0◦ , beyond the onset of the ﬁrst localization, the outer blocks constrain the
deformation in the cell to be uniaxial straining on average. Owing to this constraint, the stress
triaxiality within the band generally increases sharply following localization, thereby promoting
further void growth and the onset of coalescence. This feature was captured in an early model
of void growth within a normal localization band by Andersson [51]. Models with periodicity
conditions imposed on all faces of the representative void-containing cell generally take the stress
triaxiality within the cell to be constant throughout the entire deformation history and therefore
do not reﬂect the inﬂuence of enhanced triaxiality that accompanies localization.

(b) The effect of stress triaxiality on localization and coalescence for axisymmetric stress
states (L = −1)
Figure 7 shows the effective strain in the band at the onset of ﬁrst localization and at the onset of
coalescence as a function of the prescribed stress triaxiality in the outer blocks, T, for two values of
the initial void volume fraction, f0 = 0.001 and f0 = 0.01 and for two values of the strain-hardening
exponent, N = 0.1 and 0.2. The band angle, ψ u = 0◦ , has been restricted to be perpendicular to the
maximum principal stress in these simulations. It is essential to plot the strain in the band, Ebeq ,

11
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for (a), and N = 0.2 for (b). The vertical axis is plotted by using a base 10 logarithmic scale for both figures. (Online version
in colour.)
rather than the strain outside the band Eeq to reveal the separation between ﬁrst localization and
coalescence because, as noted above, the strain outside the band undergoes very little change
in strain after the onset of the ﬁrst localization. It is signiﬁcant that for each case considered
in ﬁgure 7, a clear separation between macroscopic localization and coalescence localization
occurs for T > 1, whereas for T < 1, the onset of ﬁrst localization is essentially simultaneous
with coalescence. The transition value, T ∼
= 1, has been found in all the simulations with the
present model, for both the normal band orientation and for the critical orientation. Thus, for
L = −1, the present model predicts that the onset of localization is coincident with void coalescence at
stress triaxialities below T ∼
= 1 and that void coalescence occurs subsequent to macroscopic localization for
T > 1. We return to this transition in the ﬁnal discussion in the paper where the issue of whether
the perfect void alignment assumed in the present model may unrealistically favour the onset
of coalescence.
In addition to the strong dependency on triaxiality, ﬁgure 7 reveals that the ﬁrst (macroscopic)
localization has a strong dependence on both the initial void volume fraction, f0 , and the strainhardening index, N, as expected. In the range of high triaxiality, the onset coalescence localization
is less sensitive to these parameters. Companion results for the history of the true and nominal
stress normal to the band are plotted in ﬁgure 8. The growth history of the void is plotted as f /f0
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versus Eeq in ﬁgure 9a and the values of f /f0 at ﬁrst localization and at the onset of coalescence
as a function of T in ﬁgure 9b. The separation between ﬁrst localization and coalescence for T > 1
is brought out clearly in the latter ﬁgure. Figure 9b also reveals that there is some uncertainty in
identifying the onset of coalescence owing to the fact that each simulation must be monitored
step by step to identify the point where the localization condition is met. For T < 1, the onset
of localization and coalescence occurs when the void volume fraction reaches f ∼
= 0.03 in this
example, a relatively small value which, nevertheless, is 30 times the initial value. Thus, while
macroscopic localization and coalescence occur simultaneously when T < 1, extensive prior void
growth has occurred to set the stage for these events which is not predicted by a coalescence
model. This illustrates the important point that, even though macroscopic localization and
coalescence occur simultaneously, a coalescence analysis by itself cannot be used to predict the
dependence of localization on the initial void volume fraction.
The results for the effective strain in the band at ﬁrst localization and at the onset of coalescence
as a function of T are plotted in ﬁgure 10 for the critical band angle where they can be compared
with the corresponding results for the case with the normal band, ψ = 0◦ . In addition, the
macroscopic effective strain in the outer blocks, Eeq , at ﬁrst localization is plotted in ﬁgure 11.
As emphasized earlier, the value of Eeq at ﬁrst localization is a measure of macroscopic ductility.
The critical band orientations in the undeformed state and at ﬁrst localization are plotted in
ﬁgure 12. It is interesting to note that the value of the critical angle does not change signiﬁcantly
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∼ 1. Furthermore, the difference between the
for triaxialities above or below the transition at T =
localization strain as a function of the band angle remains moderate.

(c) The effect of the lode parameter on the two localizations
The role of the Lode parameter on void growth and macroscopic localization has been studied
extensively in references [15,16,47]. These studies have shown that, at a given triaxiality T, the
smallest effective strain at ﬁrst localization is associated with shearing stress states (L = 0), see
also [17]. Here, the primary objective is to reveal the role that the Lode parameter plays in
the competition between ﬁrst localization and coalescence. For N = 0.1 and f0 = 0.001, ﬁgure 13
plots the effective strain in the band, Ebeq , at ﬁrst localization and at the onset of coalescence
as a function of T for shearing stress states (L = 0) and for both types of axisymmetric stress
states, ΣI > ΣII = ΣIII (L = −1) and ΣI = ΣII > ΣIII (L = 1). The macroscopic effective strain at ﬁrst
localization, Eceq , is shown in ﬁgure 14. The results in ﬁgures 13 and 14 are associated with the
critical band orientation. Figure 13 indicates that the separation trend between ﬁrst localization
and the onset of coalescence is similar over the entire range of the Lode parameter with ﬁrst
localization and coalescence being coincident for T < 1. Thus, it appears that the Lode angle does
not play a strong role in determining the value of triaxiality at the transition from macroscopic
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localization to coalescence. In addition, the trend of relative magnitudes of the localization strains
for the three types of stress states, L = −1, 0, 1, with T in ﬁgure 14 is similar to that found in
references [15,16].
It is worth noting that the slope of the dependence of log Eeq versus T in ﬁgure 14a is essentially
the same for the three values of the Lode parameter: d(log Eeq )/dT = 3q1 /2, where q1 ∼
= 1.3. This
value is not very different from values of the similarly deﬁned factor q1 Tvergaard introduced to
calibrate the Gurson model, see [5].

4. Discussion and conclusion
Compared with a majority of earlier analyses of void growth and coalescence based on FE cell
calculations with fully periodic conditions, the FE framework developed for this study allows
macroscopic localization to be explicitly simulated owing to the embedding of an internal porous
layer inside two semi-inﬁnite non-porous outer blocks. Earlier axisymmetric analyses which
approximate periodic conditions have shown that the onset of coalescence sometimes occurs after
the maximum true stress peak is attained, indicating that macroscopic localization can take place
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prior to void coalescence. In these calculations, constant stress triaxiality is enforced in the porous
cell throughout the simulation. However, the present framework captures the change of constraint
occurring in the band after macroscopic localization when the stress triaxiality may increase
dramatically, hence accelerating the occurrence of the void coalescence mechanism. Furthermore,
the present framework accounts for all possible band orientations identifying the orientation
corresponding to the earliest possible macroscopic localization. The main results that emerge from
the present investigation are the following:
— The transition between macroscopic localization preceding coalescence and the
simultaneous occurrence of macroscopic localization occurs at a stress triaxiality around
1. In the simulations carried out here, this transition is relatively independent of the
initial void volume fraction, the strain-hardening exponent and the Lode parameter. At
a triaxiality larger than 1, a macroscopic localization band occurs with void coalescence
requiring additional plastic straining in the band. One implication is that at high stress
triaxiality, the proper failure criterion to be used for engineering fracture analysis should
be a macroscopic localization criterion based on void growth and not one based on
void coalescence. The difference between such predictions can be signiﬁcant when the
triaxiality is high.
— This conclusion does not mean that a void coalescence criterion is not needed for
high stress triaxiality fracture modelling. For example, in simulations of ductile crack
propagation in a solid described by a porous plasticity model, such as the Gurson
model or other such models, macroscopic localization will emerge naturally, but void
coalescence must be properly modelled to accurately account for all the energy dissipated
in the failure process.
— When macroscopic localization dominates, the effect of the strain-hardening exponent
is, as expected, a key parameter in establishing the strain to localization. The material
more effectively resists fracture when the strain-hardening capacity is high. A high strainhardening capacity, all other parameters taken constant, thus promotes higher fracture
toughness.
— As predicted in earlier studies, the critical band orientation leading to the smallest
localization strain is not normal to the maximum principal stress but instead closer to
45◦ in the deformed conﬁguration, independent whether macro localization precedes the
coalescence or is simultaneous with it. Nevertheless, the difference between the strains at
localization obtained for different angles is not very large. This means that in a structural
alloy, the band orientation might be dictated, for example, by the direction in which the
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