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Abstract
Two distinct mechanisms of crack initiation and advance by void growth have been identiﬁed in the literature on the
mechanics of ductile fracture. One is the interaction a single void with the crack tip characterizing initiation and the
subsequent void by void advance of the tip. This mechanism is represented by the early model of Rice and Johnson and
the subsequent more detailed numerical computations of McMeeking and coworkers on a single void interacting with a
crack tip. The second mechanism involves the simultaneous interaction of multiple voids on the plane ahead of the
crack tip both during initiation and in subsequent crack growth. This mechanism is revealed by models with an embedded fracture process zone, such as those developed by Tvergaard and Hutchinson. While both mechanisms are
based on void nucleation, growth and coalescence, the inferences from them with regard to crack growth initiation and
growth are quantitatively diﬀerent. The present paper provides a formulation and numerical analysis of a twodimensional plane strain model with multiple discrete voids located ahead of a pre-existing crack tip. At initial void
volume fractions that are suﬃciently low, initiation and growth is approximately represented by the void by void
mechanism. At somewhat higher initial void volume fractions, a transition in behavior occurs whereby many voids
ahead of the tip grow at comparable rates and their interaction determines initiation toughness and crack growth
resistance. The study demonstrates that improvements to be expected in fracture toughness by reducing the population
of second phase particles responsible for nucleating voids cannot be understood in terms of trends of one mechanism
alone. The transition from one mechanism to the other must be taken into account. Ó 2002 Elsevier Science Ltd. All
rights reserved.
Keywords: Fracture toughness; Ductile fracture; Void nucleation and growth

1. Introduction
Two distinct mechanisms of crack initiation and advance by void growth have been modeled in the
literature on the mechanics of ductile fracture. One view has crack growth initiation as the consequence of a
single void interacting with the crack tip at each point along the crack front. Voids more removed from the
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tip are assumed to have little eﬀect on the onset of crack growth. Similarly, subsequent growth is imagined
to occur by advance of the tip, void by void, along the crack front. This mechanism is represented by the
early model of Rice and Johnson (1970) and the subsequent more detailed ﬁnite strain computations of
McMeeking (1977), Aravas and McMeeking (1985) and Hom and McMeeking (1989) on the interaction of
a crack tip with a single neighboring void. The second view involves the simultaneous growth and interaction of multiple voids on the plane ahead of the crack tip during crack growth initiation and subsequent
crack advance. This mechanism emerged from models employing an embedded fracture process zone, such
as those explored by Tvergaard and Hutchinson (1992). While both mechanisms are based on void nucleation, growth and coalescence, the inferences from them with regard to crack growth initiation and
growth are quantitatively diﬀerent, particularly with respect to predicted toughness.
Models for each of the mechanisms predict that the fracture toughness as measured by the value of the
J-integral at initiation of crack growth has the form
JIc ¼ CrY X0

ð1Þ

where rY is the initial tensile yield stress and X0 is the spacing between voids on the fracture plane or the
spacing between the crack tip and the nearest void. Here, C is a numerical coeﬃcient which depends on a
number of factors including the strain hardening index, N, yield to modulus ratio, rY =E, initial void volume
fraction, f0 , nucleation strain for voids not present at the start of straining, initial void shape and orientation, among others. For the single void model it will be denoted by CSV , and by CMV for the multiple void
model. The earliest predictions for a single pre-existing spherical void such as those of Rice and Johnson
(1970) and McMeeking (1977) give CSV ranging from about 2 at f0 ¼ 0:01 to 4 at f0 ¼ 0:001, with a relatively weak dependence on strain hardening and rY =E. Here, the nominal initial void volume fraction is
3
deﬁned in terms of the initial radius of the void, R0 , by f0 ¼ ð2R0 =X0 Þ . These calculations do not account
for the inﬂuence of the void on the near-tip stress ﬁeld, but Aravas and McMeeking (1985) carried out a
two-dimensional ﬁnite strain computation for the nonlinear interaction of an initial circular cylindrical void
ahead of a blunting crack tip. These authors showed that the earlier results signiﬁcantly overestimate the
initiation of crack growth. They obtained CSV ﬃ 1 in the absence of strain hardening and values with about
a 25% elevation for a strain hardening exponent N ¼ 0:2. Subsequently, Hom and McMeeking (1989)
performed three-dimensional ﬁnite strain studies of the growth of a single line of spherical voids periodically spaced along crack front.
By contrast, the model of multiple void interaction of Tvergaard and Hutchinson (1992) for pre-existing
spherical voids on the extended crack plane gives CMV ﬃ 0:5, with a weak dependence on both strain
hardening and f0 . Further discussion of these results will be given in the body of the paper.
The present study will demonstrate that each of the two mechanisms applies to a distinct regime of initial
void populations, with the multiple void mechanism applicable at larger void volume fractions and the
single void mechanism approached as the initial void volume fraction becomes smaller and smaller. It will
be seen that the transition between the two mechanisms takes place within a range of initial void volume
fractions representative of many ductile structural alloys. For this reason, the diﬀerence between the two
models as reﬂected by the coeﬃcients CMV or CSV has practical consequences for understanding the connection between processing improvements and toughness increases in metal alloys. By (1), each model
indicates that toughness improvements can be achieved by increasing the spacing between voids (or between the void nucleating particles). Each model also predicts that a slight improvement in toughness can
be expected by decreasing f0 with X0 held ﬁxed. However, this eﬀect is not nearly as large as can be expected
when f0 falls within the transition between the two mechanism regimes. Then, decreasing f0 results in C
increasing from CMV towards CSV , corresponding to a larger increase in JIc than can be expected from either
mechanism alone.
The geometry of the two-dimensional plane strain model employed in this study is shown in Fig. 1. It is
the multiple void version of the Aravas and McMeeking (1985) model. All voids are pre-existing. Ap-
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Fig. 1. Geometry of the two-dimensional, plane strain small scale yielding model.

preciable resistance of voids to nucleation will give rise to higher toughness and crack growth resistance
than predicted by the present model. It has discrete, initially circular cylindrical voids arranged ahead of the
crack tip on the crack plane. Small scale yielding is invoked such that crack is taken to be semi-inﬁnite and
loaded remotely by a mode I elastic crack tip ﬁeld speciﬁed by the applied stress intensity factor, KI . The
associated applied, or remote, value of the J-integral is J ¼ ð1  m2 ÞKI2 =E, where E is Young’s modulus and
m is Poisson’s ratio. The material is characterized by isotropic hardening with an initial tensile yield stress,
rY , and strain hardening exponent, N. A ﬁnite strain, ﬁnite element formulation is used. A ﬁne mesh
surrounds the crack tip and each void such that the growth of each void is accurately represented. Details of
the numerical model are described in Section 2. A criterion for severing the load transmitted by the ligament
connecting the current crack tip and void just ahead of it will also be introduced. The two parameters
characterizing the initial void geometry are X0 and R0 (see Fig. 1), or, equivalently, X0 and a measure of the
initial void volume fraction ahead of the crack deﬁned as f0 ¼ pðR0 =X0 Þ2 for the two-dimensional geometry.
The role of the initial radius of the crack tip, r0 , will also be studied. The model is used to compute the
history of J as the crack advances through the array of voids. Deﬁnitions of JIc will be discussed, including
those consistent with current toughness testing standards. Trends of JIc as a function of X0 , f0 and r0 will
be computed. In addition, solutions will be displayed and inspected at diﬀerent values of f0 with the purpose
of identifying which of the two growth mechanisms best describes the behavior.
The approach adopted here is based on model capable of providing high resolution of the growth and
interactions of voids ahead of the crack tip, albeit for an idealized arrangement of two-dimensional voids.
An alternative possibility for conducting the present investigation would have been to make use of the
highly eﬀective computational models of ductile fracture developed over the past decade which employ
void-containing elements based on constitutive models such as that of Gurson (1977). There is now an
extensive literature on these models represented by papers of Needleman and Tvergaard (1987), Rousselier
(1987), Brocks et al. (1995) and Gao et al. (1998). While these models do not resolve the growth of individual voids with the accuracy of the present approach, they should be capable of elucidating the two
mechanisms referred to above. To our knowledge, this task has not yet been undertaken by any of the
groups involved in developing and implementing the computational models of ductile fracture based on
void containing elements. The thrust of the eﬀorts of these groups so far has been devoted to calibration of
the models for speciﬁc structural alloys and application to geometries and loadings of practical interest.
This class of models does not appear to have been used to explore fundamental connections between
microstructure and toughness. Nevertheless, a close inspection of results for toughness presented in the
literature on these models does reveal some evidence of the trend alluded to above wherein JIc =ðrY X0 Þ
increases much more rapidly with decreasing initial void volume fraction than either of the two mechanisms
acting alone would imply.

2. Numerical model
The numerical crack calculations carried out here have focus on the growth of voids on the plane in front
of the initial crack tip and on the interaction of these voids with crack tip blunting. The analyses are carried
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out for conditions of small scale yielding, under plane strain mode I loading. The elastic–plastic material is
described in terms of J2 -ﬂow theory with isotropic hardening, and the voids are discretely modeled as a
number of pre-existing holes in front of the crack. A number of earlier investigations have studied the
interaction of a blunting crack tip with one nearby void. The special feature of the present analysis is that
several voids in front of the crack are modeled, so that also the interaction between neighboring voids is
described during the coalescence process leading to crack growth.
The initial geometry of the solid near the crack tip is illustrated in Fig. 1. Six voids on the crack plane are
modeled as circular cylindrical holes with the initial radius R0 and spacing X0 . The crack tip is taken to have
a small initial radius r0 , to facilitate the numerical modeling of blunting, and also the spacing of the tip and
the nearest void is taken to be X0 . Far away from the crack tip, the region analyzed is terminated by an
outer circular boundary with radius A0 . On this outer boundary displacements are speciﬁed according to the
K-ﬁeld around the initial crack tip, such that loading is applied by incrementally increasing the amplitude K
of the edge displacements. Due to symmetry of the solution about the crack plane only half of the region,
above the crack plane, is analyzed numerically.
Finite strains are accounted for in the analysis, using a convected coordinate, Lagrangian formulation of
the ﬁeld equations, in which gij and Gij are metric tensors in the reference conﬁguration and the current
conﬁguration, respectively, with determinants g and G, and with gij ¼ ð1=2ÞðGij  gij Þ as the Lagrangian
strain tensor. The contravariant components, sij , of the Kirchhoﬀ stressp
tensor
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ on the current base vectors
are related to the components of the Cauchy stress tensor, rij , by sij ¼ G=grij . Then, in the ﬁnite strain
generalization of J2 -ﬂow theory, the incremental stress–strain relation is of the form s_ ij ¼ Lijkl g_ ij with the
tensor of instantaneous moduli given by


E
1 ik jl
m
3
E=Et  1
sij skl
ðG G þ Gil Gjk Þ þ
Gij Gkl  b
Lijkl ¼
1þm 2
1  2m
2 E=Et  ð1  2mÞ=3 r2e
1
 ðGik sjl þ Gjk sil þ Gil sjk þ Gjl sik Þ
ð2Þ
2
1=2

Here, the eﬀective Mises stress is re ¼ ð3sij sij =2Þ , sij is the stress deviator, and the value of b is 1 or 0 for
plastic yielding or elastic unloading, respectively. The true stress–logarithmic strain curve in uniaxial tension is speciﬁed by the power law

r=E;
r 6 rY
e¼
ð3Þ
1=N
ðrY =EÞðr=rY Þ ; r P rY
where E is Young’s modulus, rY is the initial yield stress, and N is the power hardening exponent. In (2), the
tangent modulus Et is the slope of the uniaxial stress–strain curve (3) at the stress level re .
Approximate solutions for the stress and strain states in the solid are obtained by a linear incremental
method, based on using a ﬁnite element approximation of the displacement ﬁelds in the incremental version
of the principle of virtual work. The elements used are quadrilaterals each built-up of four triangular,
linear-displacement elements. Examples of the meshes used in the near crack tip region are shown (see
ahead to Figs. 5a and 6a) for two diﬀerent values of the ratio R0 =X0 . High mesh reﬁnement is in place
around each void and around the initial crack tip. In fact, this reﬁnement is absolutely necessary to enable
the computation of the large void growth and crack tip blunting that occur in some of the cases analyzed. It
is noted that the program used to generate the mesh will automatically account for any number of voids
speciﬁed in front of the crack tip. For the present computations six voids in front of the tip has been
considered suﬃcient.
The value of the J-integral is calculated on several contours to check agreement with the prescribed
amplitude K of the edge displacements. In the ﬁnite-strain context the expression for J is (Rice, 1968;
Eshelby, 1970)
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Z
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C

W ¼

Z

gij

sij dgij
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ð4Þ

0

where C is a path in the reference conﬁguration, from the lower crack surface to the upper crack surface, ds
is an arc length along this path, and T i are the nominal tractions on the boundary of the region enclosed by
the contour C. In the present computations the radius A0 of the outer boundary has been speciﬁed such that
it is much larger than the maximum plastic zone size, and in all cases analyzed very good agreement has
been found between the prescribed K value and the J values found on several outer contours.
In the present crack growth analyses, growth is analyzed by describing coalescence of neighboring voids
or coalescence of the ﬁrst void with the blunting crack tip. In this way it is possible to predict the crack
growth resistance curve. However, to fully describe coalescence by ligaments necking down to zero
thickness several re-meshings would be necessary, as has been carried out by Tvergaard (1997) in a cell
model study for a single void. In the present analysis a simpliﬁed procedure has been adopted, by simply
assuming that coalescence occurs when the ligament thickness has been reduced to a ratio vc times the
initial ligament thickness. In some analyses the critical value vc ¼ 0:33 or 0.5 is used, while in a few analyses
the slightly larger value vc ¼ 0:6 has been used to in order to avoid numerical break down due to strong
mesh distortion. The criterion in the original studies by Rice and Johnson (1970) and McMeeking (1977)
assumed the ligament failed when its length dropped to one half the deformed width of the void, corresponding approximately to vc ¼ 0:5 by the present criterion. When the critical value vc has been reached in
a ligament, the requirement of zero normal displacement on the symmetry line at the center of the ligament
is dropped, and the corresponding nodal forces on this symmetry plane of the ligament are stepped down
to zero over several subsequent increments. The number of increments used to step down these nodal forces
is important for the numerical stability of the solution, and in the computations to be presented the number
of increments used for this step down process is usually 800 or up to several times that number.

3. Initiation of crack growth
Practical criteria for crack growth initiation, such as the one proposed by ASTM (1997) for toughness
testing of ductile structural alloys, typically require the identiﬁcation of a critical crack tip loading parameter after a small amount of crack advance. In this section, we begin by adopting the criterion that has
been widely used in theoretical modeling of the initiation of crack growth by assuming that initiation occurs
with failure of the ligament between the tip and the nearest void, as detailed in Section 2. In eﬀect, this
implies that initiation occurs after a crack advance of approximately the void spacing, X0 . Sensitivity of
predictions to the extent of crack advance at initiation will be addressed in Section 4.
With the adoption of the criterion based on failure of the ﬁrst ligament, the computational model described in Section 2 gives rise to predictions in the form of (1), where dimensional analysis implies that the
dimensionless coeﬃcient in (1) is a function of the following combination of parameters:


r0 rY
C ¼ F f0 ; ; ; N ; m
ð5Þ
X0 E
Recall that the initial volume fraction of the voids on the plane ahead of the tip, f0 , has been deﬁned in
2
terms of the initial geometry of the plane strain model in Fig. 1 as f0 ¼ pðR0 =X0 Þ , and the initial radius of
the crack tip is r0 . In this paper, emphasis will be placed on the roles of f0 and r0 =X0 . There is a relatively
weak dependence on the value of vc , characterizing the point at which the ligaments fail, which will also be
demonstrated. The inﬂuences of the other dimensionless parameters, rY =E, N and m, are similar for each of
the two basic models and will not be investigated here. For all the results presented in this paper,
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Fig. 2. Model results for C ¼ JIc =ðrY X0 Þ as a function of f0 ¼ pðR0 =X0 Þ2 . All results for N ¼ 0:1, rY =E ¼ 0:003 and m ¼ 0:3. Results are
determined with either vc ¼ 0:2 or 0.3 and with r0 =X0 ¼ 1/10, 1/15 and 1/30, as indicated.

rY =E ¼ 0:003;

N ¼ 0:1;

m ¼ 0:3

ð6Þ

Computed values of C JIc =rY X0 are displayed against the initial void volume fraction, f0 , in Fig. 2 for
values of f0 ranging from smaller than 0.001 to almost 0.03. As f0 decreases over this range, there is a clear
trend for C to increase from values representative of the multiple void model, CMV , toward values representative of the single void model, CSV , as determined by Aravas and McMeeking (1985). The range of
initial void volume fractions in Fig. 2 falls within the transition between the two mechanisms. The two to
threefold increase of C with decreasing f0 is considerably greater than any prediction from either model by
itself, excluding the earliest single void models which do not account for the inﬂuence of the void on the
near-tip ﬁeld. The range of initial void volume fractions in Fig. 2 spans a wide class of material systems of
practical interest, although representative values f0 for some of the toughest alloys could be even smaller
than 0.001.
The eﬀect of the ligament reduction, vc , at ligament failure is also reﬂected in Fig. 2 for results computed
with vc ¼ 1=2 and 1=3. For the smaller of the two values of vc , C is approximately 0.1 larger than for the
larger vc for all values of f0 . Thus, the eﬀect of this parameter is not large. It does, however, have a fairly
strong impact on the diﬃculty of the numerical calculations. The smaller is vc , the greater is the distortion
of elements in the ligaments at the point of failure, with corresponding increases in computational time and
convergence diﬃculty. The computation at the smallest value considered, f0 ¼ 0:000873, with vc ¼ 1=3
would have required re-meshing, which has not been employed. Most of the results in Fig. 2 have been
computed with an initial crack tip radius given by r0 =X0 ¼ 0:1. There is almost no eﬀect if smaller values of
initial tip radius are chosen. This has been veriﬁed by additional computations with r0 =X0 ¼ 1=15 and 1=30
for f0 ¼ 0:0035. As long as r0 =X0 does not exceed about 0.1 and as long as vc is less than about 1=2, C
depends primarily on f0 , with some dependence on N which is not determined in this paper.
Dramatic evidence for the distinct behavioral mechanisms is revealed by the void growth plots of Fig. 3.
The ratio of the area of the void to its initial area, A=A0 (A0 ¼ pR20 ), is plotted as a function of crack tip
loading, J =rY X0 , for each void ahead of the crack tip with numbering starting with 1 for the closest void, 2
for the next closest, etc. All the growth curves pertain to growth without any failed ligaments. At the
smallest initial void volume fraction, f0 ¼ 0:00087, only the closest void undergoes any signiﬁcant growth,
reaching about 40 times its initial area before failure of the ﬁrst ligament. This is indicative of the single void
mechanism. By contrast, the behavior displayed in Fig. 3 for the largest of the three values of f0 , shows that
many voids ahead of the tip are growing simultaneously with very little diﬀerence in the rate of growth for
the three closest voids to the tip. In fact, there is a range of J =rY X0 when the second void grows slightly
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Fig. 3. Model predictions for growth of individual voids ahead of the tip prior to failure of the ﬁrst ligament as a function of remote
loading for three initial void volume fractions. The voids are numbered in relation to their position from the crack tip with #1 as the
closest. The current cross-sectional area of a void is A and its initial value is A0 . The smallest f0 lies nearly within the regime of the
single void mechanism while the largest f0 falls within the regime of the multiple void mechanism. All results for N ¼ 0:1,
rY =E ¼ 0:003, m ¼ 0:3 and r0 =X0 ¼ 0.1.

faster than the ﬁrst. This case illustrates the multiple void mechanism. The void growth curves shown in
Fig. 3 for the intermediate value of f0 illustrates a case clearly in the transition between the single and
multiple void mechanisms. The void closest to the tip experiences the greatest growth, but appreciable
growth of the voids further away from the tip occurs as well. Indeed, it can be seen that the rate of growth
of the more distant voids exceeds that of the closest void at the larger values of crack tip loading.
This same data on computed void growth rates is plotted in a diﬀerent manner in Fig. 4. Here, A=A0 is
plotted against void position ahead of the tip at several levels of J =rY X0 , again in each case for loading
prior to any ligament failures. The behavior described in connection with Fig. 3 is again evident. Very little
growth of other than the ﬁrst void takes place for the material with the smallest value of f0 , while

Fig. 4. Model predictions for growth of individual voids ahead of the tip prior to failure of the ﬁrst ligament at various levels of remote
loading for three initial void volume fractions. These are the same results plotted in Fig. 3, but here as a function of position ahead of
the crack tip.

3588

V. Tvergaard, J.W. Hutchinson / International Journal of Solids and Structures 39 (2002) 3581–3597

Fig. 5. (a) Initial mesh and (b) deformed mesh at the point where the ﬁrst ligament has been reduced to 1/2 its original width for
f0 ¼ 0:00087 corresponding to an initial void volume fraction within the regime of the single void mechanism (N ¼ 0:1, rY =E ¼ 0:003,
m ¼ 0:3 and r0 =X0 ¼ 0.1).

Fig. 6. (a) Initial mesh and (b) deformed mesh at the point where the ﬁrst ligament has been reduced to 1/2 its original width for
f0 ¼ 0:014 corresponding to an initial void volume fraction within the regime of the multiple void mechanism (N ¼ 0:1, rY =E ¼ 0:003,
m ¼ 0:3 and r0 =X0 ¼ 0.1).
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appreciable growth of all six voids ahead of the tip occurs for the case of the largest value of f0 . The results
for f0 ¼ 0:0035 clearly illustrate transitional behavior, as already noted.
The computational ﬁnite element meshes in the initial geometry and in the deformed conﬁguration just
prior to failure of the ﬁrst ligament are equally revealing. Fig. 5a, shows the portion of the initial mesh that
contains the crack tip and the six voids ahead of the tip for the case f0 ¼ 0:00087. The deformed state of this
mesh at the point where the ligament has been reduced to about 1=2 of its initial value is seen in Fig. 5b. The
predominance of the growth of the ﬁrst void is evident. The corresponding meshes for the case with
f0 ¼ 0:014 are shown in Fig. 6a and b, revealing the tendency for all the voids near the tip to experience
growth. One feature of the growth of the voids that can be seen in both cases is their tendency to become
oblate, as is expected from basic results for growth of voids at high stress triaxiality (Budiansky et al., 1982),
and as noted also by Aravas and McMeeking (1985).

4. Crack advance
The calculations reported for crack growth initiation were continued past the failure of the ﬁrst ligament
to allow the crack tip to advance to the next ligament, fail it, etc. As discussed in Section 2, the nodal forces
transmitted by the elements in a given ligament are reduced to zero when the ratio of the deformed crosssectional width of the ligament to the initial width reaches vc . Advance, Da, takes place in discrete increments of length X0 . Between failure of one ligament and the next, the change in J is computed. In this way,
the history of J versus Da (i.e. the crack growth resistance, JR ðDaÞ) can be obtained using the model introduced in Section 2. Computed resistance curves for seven values of f0 are presented in Fig. 7. For each

Fig. 7. Crack growth resistance curves for various f0 as predicted by the two-dimensional discrete void model in each case for N ¼ 0:1,
rY =E ¼ 0:003, m ¼ 0:3 and r0 =X0 ¼ 0:1. The point corresponding to failure of the ﬁrst ligament is plotted at the normalized crack
advance, Da=X0 ¼ 1=2, to failure of the second ligament at Da=X0 ¼ 3=2, etc. For the three smallest f0 the criterion for failure of the
ligaments was speciﬁed by vc ¼ 0:6, while vc ¼ 0:5 for all the others.
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curve, the value of J at initiation corresponds to failure of the ﬁrst ligament, as before, and is plotted at
Da=X0 ¼ 1=2. The value of J at the failure point of the second ligament is plotted at Da=X0 ¼ 3=2, and so
forth.
The resistance curves for the two largest values of f0 display very little increase in J for growth out to
four voids from the initial position of the tip. For f0 ¼ 0:014, Fig. 8a shows the portion of the mesh
surrounding the initial tip and all the voids at the point just after the fourth ligament has been released. By
comparing this plot with the corresponding one in Fig. 6b for the same system at the point of failure of the
ﬁrst ligament, it can be seen that relatively small additional void growth is required to fail four ligaments.
Accordingly, the crack growth resistance curve is almost ﬂat. Crack growth resistance becomes substantial
at smaller values of f0 . At the smallest value considered here, f0 ¼ 0:00087, J increases by more than 50% by
advancing one void spacing. The mesh just after failure of the second ligament in this case is shown in Fig.
8b, where it can clearly be seen that the mechanism is void by void growth. (In the interest of reducing
computational diﬃculty, the criterion for failure of the ligaments was taken to be vc ¼ 0:6 in the results in
Figs. 7 and 8 for the three smallest initial void volume fractions while vc ¼ 0:5 for the others.) The calculations for two intermediate initial void volume fractions, f0 ¼ 0:0029 and 0.0024, in Fig. 7 reveals that
initiation appeared to be represented by the single void mechanism. However, as J increases and the crack
advances, voids beyond the one closest to the tip begin to experience signiﬁcant growth and the behavior
becomes increasingly similar to that of the multiple void mechanism.
Deﬁne S as the slope following initiation of the dimensionless resistance curve in Fig. 7, i.e.
S¼

dðJ =rY X0 Þ
1 dJ
¼
dða=X0 Þ
rY da

ð7Þ

For the smallest initial void volume fraction, f0 ¼ 0:00087, this slope is 0.5, corresponding to experimentally measured slopes of some of the toughest structural alloys. Thus, we believe that the smallest initial

Fig. 8. (a) Deformed mesh following failure of the fourth ligament for f0 ¼ 0:014 and (b) deformed mesh following failure of the second
ligament for f0 ¼ 0:00087 showing clear evidence of the void by void growth mechanism.
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void volume fraction considered in the present plane strain model, f0 ¼ 0:00087, is representative of tough
alloys with very high tearing resistance. For such materials, the deﬁnition of JIc has always been problematic because of the lack of a precise event characterizing the initiation of crack growth. The ASTM
(1997) standard proposes that JIc be taken as the value of J at Da ¼ 0:2 mm. In the numerical modeling in
this paper, JIc is identiﬁed as J at failure of the ﬁrst ligament, which is eﬀectively when Da ¼ X0 . Values of X0
in the range from 0.1 to 0.2 mm are not uncommon for the primary population of void nucleating particles
in some tough pressure vessel steels (Gao et al., 1998). Thus, for these materials the present deﬁnition is not
too diﬀerent from the ASTM proposal. However, for materials with large S (i.e. suﬃciently small f0 ) but X0
much smaller than 0.2 mm, the criterion for initiation employed here will obviously underestimate JIc as
deﬁned by the ASTM proposal. For such materials, according to the ASTM proposal, initiation of growth
takes place after the tip has advanced past multiple voids.

5. Relationship of present model to a model with an embedded fracture process zone
In this section, a quantitative connection is made between the present two-dimensional, discrete void
model and the earlier embedded fracture process model of ductile crack initiation and growth of Tvergaard
and Hutchinson (1992). Speciﬁc properties of the cohesive separation law used to represent the fracture
process in the earlier model were derived from a three-dimensional model of interacting voids. These results
will be compared with results computed for the present two-dimensional geometry for the purpose of
correlating corresponding values of f0 . In addition, the present results for crack growth resistance will be
related to the predictions of the earlier model, as will the results for the transition from the multiple to
single void mechanisms.
Traction–separation curves representing the ductile fracture process are presented in Fig. 9 for uniform
planar arrays of two- and three-dimensional void geometries, in each case for the material properties

Fig. 9. Traction–separation curves for the multiple void mechanism as computed for an inﬁnite planar slab of initial height X0 subject
to uniform normal separation of the top and bottom faces: (a) for initially spherical voids as modeled by the Gurson model under
conditions of uniaxial straining (Tvergaard and Hutchinson, 1992) and (b) for two-dimensional cylindrical voids as computed using the
present ﬁnite strain, plane strain formulation. Deﬁnitions of the initial void volume fractions are given in the text. For both cases,
N ¼ 0:1, rY =E ¼ 0:003 and m ¼ 0:3.
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speciﬁed in (6). The initial height of the slab containing the plane of voids is taken to be the same as the
spacing between the voids, X0 . The top and bottom of the slab undergo a uniform relative normal displacement, d, with zero tangential displacement such that all the voids undergo the same deformation
history. The curves for the three-dimensional initially spherical voids in Fig. 9a were computed using the
Gurson (1977) model under conditions of uniaxial straining, as described in Tvergaard and Hutchinson
(1992). The centers of the voids are imagined to be in a doubly periodic array lying in the center plane of the
slab. The initial void volume fraction, f0 , is taken to be the same as that used in the Gurson model: with R0
as the radius of the initial spherical void and the outer surface of the spherical shell in the model taken as
3
X0 =2, the interpretation of f0 would be ðf0 Þ3D ¼ ð2R0 =X0 Þ . The curves for the two-dimensional, initially
cylindrical voids were computed using the same ﬁnite strain, ﬁnite element formulation used in the present
study but applied to a unit periodic cell of dimension X0 by X0 subject to plane strain and overall uniaxial
staining. In this case, the initial volume fraction is the same at that used in the previous sections: with R0
as the initial radius of the cylindrical void, ðf0 Þ2D ¼ pðR0 =X0 Þ2 .
The traction–separation curves in two- and three-dimensions in Fig. 9 are reasonably close at similar
values of f0 . This suggests that the present two-dimensional plane strain model of crack growth should
provide a reasonable approximation to three-dimensional models that would be far more computationally
intensive. 1RThe two fracture process parameters of most importance are the work of separation per unit
area, C0 ¼ r dd, and the peak separation stress, r^. The work of separation depends somewhat on the point
at which localization of deformation in the ligaments between the voids sets in. Localization sets in when
the void volume fraction reaches a level of approximately f ¼ 0:2, corresponding to d=X0 ﬃ 0:2. 2 The work
of separation (i.e. the area under a given curve in Fig. 9) is approximately
C0 ﬃ 0:5rY X0

ð8Þ

for both the two- and three-dimensional models with only a weak dependence on f0 . The dependence of the
peak stress on f0 is highly signiﬁcant, however, since the peak stress has an exceptional eﬀect on the total
toughness (see below). The normalized peak stress is displayed for each of the two models in Fig. 10. The
estimate from the two-dimensional model lies below that from the three-dimensional model, but the difference is not great. Further details for the three-dimensional model, including the inﬂuences of N and rY =E
on C0 and r^, are given by Tvergaard and Hutchinson (1992).
In the regime in which the multiple void mechanism is operative, the traction–separation relation derived
from the above slab model can be used to model a cohesive failure plane ahead of a crack tip. In this spirit,
a traction–separation law characterized by C0 and r^ is embedded as a cohesive zone within an elastic–
plastic continuum. Tvergaard and Hutchinson (1992) computed resistance curves for plane strain mode I
crack growth in small scale yielding. According to the embedded process zone model, initiation of growth
occurs when the remote J attains the work of the fracture process, i.e.
JIc ¼ C0

ð9Þ

The resistance curve, JR ðDaÞ, approaches a steady-state value CSS as the crack extends to distances that are
on the order of the plastic zone size. The curve of CSS =C0 as a function of r^=rY as computed from the
embedded cohesive zone model is presented in Fig. 11a for the material properties in (6). As discussed more
fully by Tvergaard and Hutchinson (1992), values of r^=rY above about 3 give rise to a substantial plastic
1
In passing, it can be noted that the correspondence between the two- and three-dimensional results in Fig. 9 can be improved if the
initial void volume fraction in the three-dimensional model uses the volume of a cube of dimension X0 as the reference volume per unit
cell rather than a sphere of radius X0 =2. Then, f0 ¼ ð4p=3ÞðR0 =X0 Þ3 , which reduces the initial volume fraction associated with each of
the curves in Fig. 9a by a factor p=6.
2
See Pardoen and Hutchinson (2000) for a discussion of more reﬁned criteria for the ﬁnal localization in the ligaments.
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Fig. 10. Dependence of the peak separation stress, r^, in the multiple void mechanism as determined from the results in Fig. 9 on f0 for
the two- and three-dimensional models. Deﬁnitions of the initial void volume fractions are given in the text. For both cases, N ¼ 0:1,
rY =E ¼ 0:003 and m ¼ 0:3.

Fig. 11. (a) Steady-state toughness as predicted by a cohesive zone model based on the multiple void mechanism as a function of
normalized peak separation stress and (b) the computed length of the fracture process zone as a function of the peak separation stress.
For N ¼ 0:1, rY =E ¼ 0:003 and m ¼ 0:3 (Tvergaard and Hutchinson, 1992).

zone surrounding the cohesive zone causing signiﬁcant additional irreversible dissipation and providing a
large ampliﬁcation of the work of the fracture process.
The computed length L of the cohesive fracture process zone is plotted as a function of r^=rY in Fig. 11b.
This length is normalized by
R0 ¼

1
EC0
2
3pð1  m Þ r2Y

ð10Þ

which, by (9), is the standard estimate of the half height of the plastic zone at the initiation of crack growth
2
in small scale yielding, i.e. RP ﬃ ð1=3pÞðKIc =rY Þ . By (8), R0 can be rewritten in terms of the spacing between
voids, X0 , as
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R0 ¼ 0:053

E
X0
ð1  m2 ÞrY

ð11Þ

For rY =E ¼ 0:003, R0 ﬃ 18X0 . Inspection of Fig. 11b reveals that, indeed, the length of the fracture process
zone is many times the void spacing when r^=rY < 4, consistent with the assumption of a multiple void
mechanism. However, as r^=rY approaches 4, L plummets and at some point the embedded process zone
model predicts that the cohesive zone will become on the order of X0 . The embedded process zone based on
the multiple void mechanism is then no longer valid, and the transition towards the single void mechanism
occurs.
The predictions for the transition from the multiple to single void mechanisms from the cohesive zone
model are similar to those from the two-dimensional discrete void model analyzed in Section 3. The cohesive zone model based on the Gurson model estimates of the fracture process parameters predicts the
transition to occur at f0 ﬃ 0:005, while the present discrete void calculation of Section 3 gives the slightly
lower estimate as f0 ﬃ 0:003. It must be emphasized that these values have been computed for one speciﬁc
value of the strain hardening exponent, N ¼ 0:1, and it is expected that the transition will depend to some
extent on N. It is also worth noting that the estimate of JIc from the cohesive zone model from (8) and (9),
JIc ﬃ 0:5rY X0 , agrees reasonably closely with the values computed for the discrete void model when the
initial void volume fraction is such that the multiple void mechanism applies.

6. Conclusions
The discrete void model analyzed in this paper clearly reveals two distinct limiting mechanisms of ductile
crack growth––growth by multiple void interaction and void by void growth. The underlying mechanism is
the same in each limit, i.e. void nucleation, growth and coalescence, and in this sense there is really only one
basic mechanism. However, the distinction between the two limits is useful in constructing models of the
fracture process. The two types of models employed in the past (single void/crack interaction and cohesive
zone modeling of multiple voids) are quite diﬀerent, yet both eﬀective in their respective regimes. The
transition between the two mechanisms is primarily governed by the initial void volume fraction, f0 . The
best estimate of the transition that can be inferred from the present calculations is that it occurs for f0 in a
fairly broad range from about 0.001 to 0.005. This level of f0 is thought to be representative of initial void
populations (or populations of void nucleating particles) of many structural alloys. As a practical matter,
the importance of recognizing the existence of the two mechanisms and the transition between them lies in
the fact that the toughness implications of the two models diﬀer by more than a factor of two. Equation (1)
applies to both models, but CSV is two or more times CMV . The discrete model analyzed here (c.f. Fig. 2)
brings out the transition between CMV and CSV as f0 decreases. In the transition between the two mechanisms, where many structural alloys would appear to lie, processing changes to diminish f0 will have a
signiﬁcantly larger inﬂuence on increasing toughness than either of the limiting models would predict.
While highly idealized, the present model provides insight into earlier attempts to correlate experimentally measured initiation toughness with micro-structural data on initial void populations and to relate
these to the predictions of single void models. Fig. 12 is derived from Fig. 12 in the paper by McMeeking
(1977). As in the original plot, the experimental points have plotted as the crack tip opening displacement at
initiation normalized by void spacing, dt =X0 , against the ratio of the particle spacing to the size of the void
nucleating particles, X0 =ð2R0 Þ. The early prediction for the single void model from Rice and Johnson (1970)
and McMeeking (1977) is included in this ﬁgure. As already emphasized, this prediction signiﬁcantly
overestimates toughness for pre-existing voids due to the neglection of interaction eﬀects. In small scale
yielding in plane strain, dt =X0 ﬃ 0:5JIc =ðrY X0 Þ ¼ 0:5C where C is the dimensionless factor deﬁned in (1).
The scale for C is superimposed on Fig. 12. In three dimensions, the ratio, X0 =ð2R0 Þ, is also approximately
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Fig. 12. Original experimental data of critical crack tip opening displacement, dt =X0 versus dimensionless void nucleating particle
characteristic, X0 =ð2R0 Þ, assembled by McMeeking (1977), including the upper curve as the theoretical prediction for model of Rice and
Johnson (1970) based on the single void mechanism. As discussed in the text, a new ordinate, C JIc =ðrY X0 Þ ¼ 2dt =X0 , and a new
abscissa, f0 ¼ ð2R0 =X0 Þ3 , have been superimposed on the ﬁgure. The prediction from the present two-dimensional discrete void model
is included (the result from Fig. 2 with vc ¼ 0:3, r0 =X0 ¼ 0:1, N ¼ 0:1, rY =E ¼ 0:003 and m ¼ 0:3).

ð1=f0 Þ1=3 , and a scale for f0 is superimposed on the abscissa in the same ﬁgure. The relation between C and
f0 from Fig. 2 as determined by the present model (with r0 ¼ 0:1, vc ¼ 1=2 and N ¼ 0:1) is also plotted in
Fig. 12. The present result approaches the single void model result of Aravas and McMeeking (1985)
(C ﬃ 1:1 for N ¼ 0:1 and f0 ﬃ 103 ) when the single void mechanism pertains at small f0 and drops below
those results at larger f0 . At f0 ¼ 102 , the present result is about one half that predicted by Aravas and
McMeeking (1985). Thus, the present results are seen to bridge the limiting results from single and multiple
void models.
With the exception of two of the experimental points, the curve from the present study passes through,
or lies below, most of the data. In addition to the intrinsic diﬃculty of measuring and assigning values to
X0 =ð2R0 Þ for actual materials, the comparison of theory and experiment in Fig. 12 is complicated by void
nucleation eﬀects that can substantially increase toughness when nucleation is delayed. Void shape and
distribution eﬀects have not been taken into account, nor has there been any attempt to match hardening of
the test materials with that in the models. Nevertheless, the present model does give reasonable agreement
with experimental toughness measurements for materials whose void nucleating particles have relatively
large initial void volume fractions. The present work suggests that some of the discrepancy between the
data and the single void model predictions in this range is due to the inapplicability of this model. Otherwise, the signiﬁcant overestimate of toughness would be diﬃcult to understand since the model results
were derived under the assumption that voids nucleate at zero strain and thus would be expected to underestimate toughness initiation.
While a model based on discrete voids such as the one employed here has been highly successful at
revealing basic aspects of the mechanism of crack growth, its computational complexity renders it impractical for engineering crack growth studies. This would certainly be the true if one were to attempt to
analyze more realistic three-dimensional void populations or even of two-dimensional void populations
where the voids did not all lie on the fracture plane. We believe that an intermediate approach based on
void-containing ﬁnite elements oﬀers a practical alternative that should be able to capture most of the
behaviors exposed here. These are the ﬁnite element approaches based on dilatational plasticity models,
such as that of Gurson (1977), which rely on calibration using experimental crack growth data for a given
material to determine micro-structural parameters such as X0 and f0 . The extensive literature on this class of
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models, alluded to earlier, presents a convincing case for its utility in engineering analysis. As emphasized in
Section 1, these models have not yet been used to any extent to explore trends in toughness and crack
growth resistance as related to changes in micro-structure as reﬂected in the population of initial voids or
void-nucleating particles. Recent extensions of the Gurson model to include void shape and distribution
eﬀects (Pardoen and Hutchinson, 2000) open up opportunities in this direction. There continues to be a role
for discrete void models in more fundamental studies of the present type, at the very least to help calibrate
and assess the engineering models.
A ﬁnal issue related to potential void size eﬀects should be raised. The present study of ductile fracture,
like nearly all others that have proceeded it, has employed conventional plasticity theory. By conventional,
one means a theory of plasticity that has been developed and calibrated for applications at macroscopic
scales greater than the micron scale. Recent studies (Fleck and Hutchinson, 1997) have shown that signiﬁcant hardening enhancements arise when non-uniform plastic deformation takes place at the micron
scale. Tests on wire torsion, sheet bending, and indentation hardness all display eﬀective strength increases
of factors of two to three when the controlling dimension is measured in microns. It seems highly unlikely
that void growth should escape these size eﬀects, and theoretical studies of void growth based on micron
scale plasticity (Fleck and Hutchinson, 1997) conﬁrm this. In practical terms, this means that voids smaller
than a certain characteristic size will experience increased resistance to growth. Firm estimates of this
characteristic size are not yet available, but it appears likely to be on the order of 1 lm. If materials could be
processed such that the initial voids or void-nucleating particles fell below this characterize size, toughness
enhancements would ensue over and above those predicted by the various models cited in this paper, all of
which are based on conventional plasticity.
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